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We consider an LTI system of relative degree r > 2 that can be stabilized using r — 1 output derivatives.
The derivatives are approximated by finite differences leading to a time-delayed feedback. We present
a new method of designing and analyzing such feedback under continuous-time and sampled measure-
ments. This method admits essentially larger time-delay/sampling period compared to the existing results
and, for the first time, allows to use consecutively sampled measurements in the sampled-data case.
The main idea is to present the difference between the derivative and its approximation in a convenient
integral form. The kernel of this integral is hard to express explicitly but we show that it satisfies certain
properties. These properties are employed to construct the Lyapunov-Krasovskii functional that leads to
LMI-based stability conditions. If the derivative-dependent control exponentially stabilizes the system,
then its time-delayed approximation stabilizes the system with the same decay rate provided the time-
delay (for continuous-time measurements) or the sampling period (for sampled measurements) are small

enough.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Control laws that depend on output derivatives are used to
stabilize LTI systems with relative degrees greater than one. To
estimate the derivatives, which can hardly be measured directly,
one can use the finite differences, i.e., y ~ (y(t) — y(t — h))/h.
Such approximation leads to time-delayed feedback that pre-
serves the stability if the delay h > 0 is small enough (Borne,
Kolmanovskii, & Shaikhet, 2000; French, Ilchmann, & Mueller,
2009; Karafyllis, 2008). For a given h, the delay-induced stabil-
ity can be checked using frequency-domain techniques (Abdal-
lab, Dorato, & Benites-Read, 1993; Kharitonov, Niculescu, Moreno,
& Michiels, 2005; Niculescu & Michiels, 2004; Ramirez, Mondié,
Garrido, & Sipahi, 2016) or complete Lyapunov-Krasovskii func-
tionals (Egorov, 2016; Gu, Kharitonov, & Chen, 2003; Kharitonov,
2012), which give necessary and sufficient conditions.

The delay-induced stability can be also studied using linear
matrix inequalities (LMIs) (Gu, 1997; Seuret & Gouaisbaut, 2013,
2015). The advantage of LMIs is that, though being conservative,
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they allow for performance and robustness analysis, can cope with
certain types of nonlinearities (Fridman, 2014), and can deal with
stochastic perturbations (Fridman & Shaikhet, 2016, 2017). Simple
and yet efficient LMIs for the delay-induced stability were obtained
in Fridman and Shaikhet (2016, 2017). The key idea was to use
Taylor’s expansion of the delayed terms with the remainders in
the integral form that are compensated by appropriate terms in
the Lyapunov-Krasovskii functional. Compared to Gu (1997) and
Seuret and Gouaisbaut (2013, 2015), the resulting LMIs have a
lower order, contain less decision variables, and were proved to
be feasible for small delays if the derivative-dependent feedback
stabilizes the system.

Another advantage of LMI-based conditions is that they can be
extended to sampled-data systems. This has been done using dis-
cretized Lyapunov functionals with a Wirtinger-based term in Liu
and Fridman (2012). Another LMIs for sampled-data stabilization
were derived in Seuret and Briat (2015) by employing impulsive
system representation and looped Lyapunov functionals. The high-
order LMIs obtained in Liu and Fridman (2012) and Seuret and Briat
(2015) contain many decision variables, which make them hard to
solve numerically. Using the ideas of Fridman and Shaikhet (2016,
2017), simple LMIs for sampled-data delay-induced stabilization
were derived in Selivanov and Fridman (in press-b). These condi-
tions were proved to be feasible for a small enough sampling period
if the continuous-time derivative-dependent feedback stabilizes
the system.

In this paper, we essentially improve the results of Fridman and
Shaikhet (2017) for continuous-time measurements (Section 2)
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and the results of Selivanov and Fridman (in press-b) for sampled
measurements (Section 3). Namely, we derive simple LMIs that
are feasible for significantly larger values of time-delay (Remark 2)
and sampling period (Remark 3). Such improvement is achieved
using an original integral representation of the difference between
the derivative and its approximation (Proposition 1). The kernel
of this integral is hard to express explicitly but we show that it
satisfies certain properties (Proposition 2). These properties are
employed to construct Lyapunov-Krasovskii terms that bound the
approximation errors and lead to LMI-based stability conditions.
Compared to Fridman and Shaikhet (2017) and Selivanov and
Fridman (in press-b), such approach leads to a more natural design
of the controller gains in the delayed feedback. Moreover, the
considered sampled-data delayed controller uses consecutive mea-
surements, while Selivanov and Fridman (in press-b) used distant
measurements (cf. (25) and (29)). All these improvements allow to
use less memory and slower sampling when one uses time-delays
to implement derivative-dependent feedback. Finally, we show
that if the derivative-dependent controller exponentially stabilizes
the system with a decay rate o’ > 0, then the LMIs are feasible
for any decay rate @ < o’ and small enough time-delay/sampling
period.

The part of this paper corresponding to the sampled-data imple-
mentation of the first order derivative was presented in Selivanov
and Fridman (2018). These results were used in Selivanov and
Fridman (in press-a) to study sampled-data implementation of PID
control.

Notations. Ng = NU{0},1, =[1,...,1]T e R", I, € R™™ is the
identity matrix, ® stands for the Kronecker product, diag{R;}|_; is

the block-diagonal matrix with R; being on the diagonal, 0 < P ¢
R™" denotes that P is symmetric and positive-definite, C' is a class
of i times continuously differentiable functions.

Auxiliary lemmas.

Lemma 1 (Exponential Wirtinger Inequality, Selivanov & Fridman,
2016). Let f : [a,b] — R" be an absolutely continuous function
with a square integrable first order derivative such that f(a) = 0 or
f(b) = 0. Then

4(b — a)?
72

b b
/ e fT(OWF(t)dt < eIt~ / 2 FT(OWS(t) dt

foranya € Rand0 < W € R™".

Lemma 2 (Jensen’s Inequality, Solomon & Fridman, 2013). Let p :
[a,b] — [0,00)and f : [a,b] — R" be such that the integration
concerned is well-defined. Then for any 0 < Q € R™",

b T b
[ / p(S)f(S)dS] Q [ / P(s)/(s) ds]

b b
< / p(s)ds / p(s)T()QF(s) ds.

a

2. Continuous-time control

Consider the LTI system
X(t) = Ax(t) + Bu(t),
y(t) = Cx(t),

with relative degree r > 2, i.e.,

xeR ueR™yeR (1)

CAB=0, i=0,1,....,r—2, CAT'B#£0. (2)

Relative degree is how many times the output y(t) needs to be
differentiated before the input u(t) appears explicitly. In particular,
(2) implies

y =cAlx, i=0,1,...,r—1. (3)
To prove (3), note that it is trivial fori = 0 and, if it has been proved
fori <r — 1,itholds fori + 1:

Y = (y0) 2 (calxy 2 ca'lax + Bul £ cax.

For LTI systems with relative degree r, it is common to look for a
stabilizing controller of the form

u(t) = Koy(t) + Kiy™D(e) + - - - + Ky 1 (t). (4)

Remark 1. The control law (4) essentially reduces the system’s
relative degree fromr > 2 tor = 1.Indeed, due to (2), the transfer
matrix of (1) has the form

s=r 4 ...
W(s) = Br + 4 B
ST oS - a
with 8, = CA™'B # 0. Taking u(t) = Kouo(t) + Kyul(t) + - - +
Kr_ul~V(t), one has
(Brs" " 4 BudKeas ! - 4 Ko) ”
S" oS+t oay 0

y(s) =

where y and iig are the Laplace transforms of y and ug. If ﬁrfq,l #*
0, the latter system has relative degree one. If it can be stabilized
by up = Ky then (1) can be stabilized by (4) with K; = KiK.

The controller (4) depends on the output derivatives, which are
hard to measure directly. Instead, the derivatives can be approxi-
mated by finite-differences y;(t) ~ y®(t):

Yo(t) = y(t), )
Fi(t) = Yici(t) = yi—a(t — h)
1 i .h (5)
1
= — (=1)*y(t —kh), ieN
i 2 ()

with a delay h > 0 and the binomial coefficients (]) = ﬁ
Replacing y® in (4) with their approximations j;, we obtain the

delay-dependent control
r—1 r—1

u(t) = Y Kgi(t) 2 Y Kiy(t — ih), (6)
i=0 i=0

where we set! y(t) = y(0) for t < 0 and

r—=1 .
Kiz(_l)iZ(i,)];ljkj, i=0,...,r—1 (7)

Jj=i

If (1) can be stabilized by the derivative-dependent control (4),
then it can be stabilized by the delay-dependent control (6) with
small enough delays (French et al., 2009). In this section, we derive
simple and yet efficient LMIs that allow to obtain appropriate value
of the delay h > 0. The first step is to present the approximation
error yO(t)— ¥;(t) in a convenient form suitable for the analysis via
Lyapunov-Krasovskii functionals.

Proposition 1. If y € C' and yV is absolutely continuous with i € N,
then y; defined in (5) satisfies

7i(0) = yO() f ot — $Y(s) ds, ()
t—ih

1 Then y®(0) with i > 0 are approximated by 0.
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where ¢1(£) = % and for i € N,
&
@i(A) h—¢&
/0 p dk+T & € [0, h],
£ ogin .
pir1(§) = / ga;l )dk, & € (h, ih), 9)
£—h
ih
/ oir) g, & e [ih, ih + h].
g-n B

Proof. Fori € N, Taylor’s expansion with the remainder in the
integral form gives

t
y“%t—mszWn—me—]na—h—wW“%Ma
t—h
Reorganizing the terms, we obtain

(i=1)(f) _ yi—1)(f _ . Y h—(t=s)
yoo) -yt —h) = (1) — / wy(”'l)(s)ds.
h t—h h

(10)

Relations (5) and (10) imply (8) for i = 1. Let (8) be true for some
i > 1.Then

Y —yi(t—h (i) —viO(t —h
Fa(ry 2 240 i(t ) ® y(t) ;’l(t )

. U h—(t— )
‘mem—/ e S Ol
t—h

where (see Fig. 1)

t
i(t — i
/ wy(Jrl)(;)d;
t—ih
t—h
T e =h=0)
/t‘—h—zh h (;-)
t
i t— i i
= [ R0 -y e -] de
t—il
f[ ot —¢) /{ Y*2(s) ds dg
t—in N t—h
. t E ot —
Fig. 1 / |:/ pi(t—¢) d;]y(i“)(s)ds
t—h s h
B Y R (e S I
+ f [ / 7@} y*2)(s) ds
t—ih s h
t—ih s+ _
+/ [/ oilt )d{] (i+2)(5) gs.
t—ih—h LJe—in h

Therefore, (8) holds for i + 1 with

Yot —1) h—(t—s)
/; h d¢ + h ’

T =

se[t—h,t],

wi(t = ¢)

s+h
A (t—5) =
pinlt —s) / -

s+h
it —¢)
dz,
Lm o

Taking A =t — ¢ and £ =t — s, we obtain (9). [ |

de¢, se (t—ih,t —h),

se[t—ih—h,t —ih].

Using (3), the closed-loop system (1), (4) can be written as

r—1
Xt)=Dx(t), D=A+BY KCA. (11)

i=0

S A
t—h- y ////

t —ihr 4 y

t—ih—h- o

t—ih t

DY

Fig. 1. Change of the integration order in Z.

"
“
N, S
0 ke SR | i S

0 h 2h 3h 4h 5h

Fig. 2. Plotsof ¢; fori=1,...,5.

Using (3) and (8), the system (1) and (6) can be written as

x(t) :Dx(t)—i—BX_:/q(t) (12)

with the same D and
- f .
Ki(t) = —1<,-/ oi(t — sy F(s)ds, i=1,...,r—1. (13)
t—ih

If (4) stabilizes (1), then D is Hurwitz. In our analysis we derive
the conditions ensuring that the errors «; do not ruin the stability
of (12). For that sake we need several properties of the functions g;
(see Fig. 2).

Proposition 2. The functions ¢; defined in (9) satisfy
1) ¢; € C'[0, ih],

2) ¢ <0,

3) 0<¢; <1

4) ¢i(§) +wi(th—§)=1,
5) [y pi()ds = .

Proof. Most properties are proved using induction on i.
1) Clearly, 1(£) = £ € C'[0, h].If ¢; € C', then

wi(§) 1

PR & €10, h],
9 4(&) = w, £ e (h, ih), (14)
eiE—h)

P & e [ih,ith +h]
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is continuous on [0, (i + 1)h]. (Continuity at h and ih follows from
¢i(0) = 1 and ¢;(ih) = 0, respectively.)
2) Fori = 1we have

’ _ h—%‘ ,__1
‘P](S)—(ih ) i < 0.

If 2) holds for some i > 1, then all expressions in (14) are negative
since ¢;(0) = 1, ¢; < 0,and ¢; > 0.
3) Relation 0 < ¢; easily proved using induction and (9).
Relations ¢;(0) = 1and ¢] < 0imply ¢; < 1.
4) Clearly, it is enough to prove 4) for £ € [0, %]. Fori = 1,
h-¢§ h—-(h-§)

p1E)+p1(h - &)= P + p =1

Let 4) be true for some i > 1.If & € [0, h], the change of variable
X = ih — X in the second integral leads to

@ir1(§) + i (i + 1Dh = &)

1 (¢ h—g 1 [h

- Efo poya+ "5 +HfH (1)

1 [ h—g 1 (¢ S
= [ omyar+ =2 4 2 | win—i)di
hfoso,()+h+h/0<p,(z )

1 (¢ h—
(;‘)7/ 1+ =8 g
A h

If € € (h, 2], the change of variable A = ih — A in the second
integral leads to

@ir1(8) + @i ((i+ Dh = §)

1 3
(é’f/ 1dr = 1.
h &E—h

5) Using the change of variable & = ih — &, we obtain
ih

ih d
/ pi(§)ds = /
0 0

ih ih

=/7<pi(s)ds+/7¢fah—§)ds
0 0

ih
vi(§)ds + / vi(§) d

_ /7 [0i(&) + piih — £)] de,

0

which implies 5) in view of 4). [ ]

Theorem 1. Consider the LTI system (1) of relative degree r > 2,
i.e., satisfying (2).

(i) The delay-dependent feedback (6) with a time-delay h > 0 and
controller gains (7) exponentially stabilizes (1) with a decay rate
o > 0if there exist
0 <P eR™",

O<R eR™™ i=1,...,r—1

such that> M < 0, where M is the symmetric matrix composed
from
r—2 (lh)2
My = D'P + PD + 2aP + Z T[KiCA'H]TR,- [K,'CA:+1] .
i=1
My, = 17, ® PB,
(r—1)h

[K—+CA'D]'R,_s,

My = — diag{e‘za”‘Ri}?;f,
(r — 1)h

= _ T
Ma; = 11 ® [K—1CA™'B] Re1,

M3z = —Ry 1

with D = A + BY | KiCA'.

If the derivative-dependent feedback (4) with controller gains
K e R"™! i =0,...,r — 1, stabilizes (1) with a decay rate
o' > 0, then for any o € (0, ') there exists a sufficiently
small h > 0 such that the delay-dependent control (6) with the
controller gains (7) stabilizes (1) with the decay rate c.

(ii

=

Proof. (i) Consider V = Vy + ZL‘: Vi, where

Vo = x"Px,
ih ¢ _ T ro 15
V= [ e e - R O] R Ry )] as 1
t—ih
with

ih
vn(s)=f oD =1, T =1, (16)
3

Due to the properties of ¢; given in Proposition 2, we have

¥i(§) = 0,

Therefore, V > 0 is smooth for t > (r — 1)h. We have

¥i € C'[0, ih], VE € [0, ih].

r—1
Vo +2aVo = 2x'PDx + 2x"PB > ki + 2ax" P
i=1

with k; defined in (13). Proposition 2 implies

/ @it —s)ds = ¥;(0) = ﬂ ieN.
t—ih 2

Moreover, (16) implies
Yi(ih) =0, ¥{(§) = —gi(8).
Using these properties, we obtain
Gt 2 = Ry 0] R Ry 0]
ih [t
) t—ih

[Ry ™ (s)]' R [y ™ ()] dis

e—Za(t—s)(pi(t _ S)X

Lemma 2 ih2 = (i (i
% [Ky™0(0)] R [y V(e)]

- e_zaihKiT(t)RiKi(t).

2 MATLAB codes for solving the LMIs are available at https://github.com/
AntonSelivanov/Aut18a.
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substituting yi+) £ cA x fori = 1,
we obtain

. My; My
V+2aV <ul
TV = p [M]TZMZZ]M

PR _
+ %;‘J [Kr_1CA™ "] Ry [K_1CA ] %,

,r—2and y) = CA™'%,

where 1 = col{x, k1, ..., kr—1}. Substituting (12) for x and using
the Schur complement, we deduce that M < 0 guarantees V <
—2aV, which implies the exponential stability.

(ii) If (4) stabilizes (1) with a decay rate ' > 0, for any o €
(0, o’) there exists 0 < P € R™" such that
D'P +PD + 2aP < 0. (18)
By the Schur complement, M < 0 is equivalent to
M1 My, 2
h‘F <0, —R,_ 0 19
[z e <o ki <o (19

where 1Vln = D"P + PD + 2P and symmetric F does not depend

on h. Due to (18), by, ﬁ;z < 0 for R; = cly, with large enough
¢ € R. Therefore, (195 holds for small enough h implying M < 0.
By Theorem 1(i), (6) exponentially stabilizes (1) with the decay

rate . ]

Remark 2. A different approach to the analysis of (1), (6) has
been proposed in Fridman and Shaikhet (2017), where Taylor’s

expansion was used for each y(t —ih)withi=1,...,r — 1:
-1 )(t t
y(t — ih) = Z f @it — s)yM(s) ds. (20)
— ! t—ih

Here
_ (¢ —ihy—' .

i = —-—, l:],...,r_l.
i(§) 1)

The approximation errors were bounded using functionals similar
to V,; from (15). The values fo @i(£)d& play a key role in such
analysis: the smaller these values are, the smaller the effect of the
errors is (see(17)) When h — oo, |fm pi(§)dE| = 'h) grow faster

than f i(§)dg = 2 used here. Thus, our results admit larger
time-delay h.

Moreover, in Fridman and Shaikhet (2017), the errors were
multiplied by K; that grow when h — 0 (similarly to (7)), while we
multiply the errors by K; independent of h (see (13)). This allows to
obtain larger interval for the time-delay h (see Example 1).

These benefits are achieved using an original representation (8),
where the errors are related to the finite differences y; defined in
(5), while in Fridman and Shaikhet (2017) the errors were related
to y(t — ih). However, for r = 2 the results coincide, since (8) and
(20) are equivalent.

Example 1 (Chain of three integrators). Consider (1) with

1
0
0
(2

These parameters satisfy (2)
derivative-dependent control (4

ith the relative degree r = 3. The
4) with

Ky =—0.06, K,=—0.342 (22)

stabilizes (1) and (21). The LMIs of Theorem 1 are feasible for
h € (0,2.529], « = 0. Therefore, the delay-dependent controller
(6) also stabilizes the system (1), (21). The method developed
in Fridman and Shaikhet (2017) leads to a smaller interval h €
(0, 2.32]. Fig. 3 shows ||x|| for x(0) = [1, —1, 1]".

Ko = —2 x 1074,

25 T T T T
20

15
Il |

0 1 1 1 T
0 200 400 600 800 1000

Fig. 3. Example 1 (Chain of three integrators): dynamics of (1) and (21) under the
derivative-dependent feedback (4) (black solid line), time-delay feedback (6) with
h = 2.529 (blue dashed line), and sampled-data feedback (25) with h = 1.436 (red
dotted line).

60 70

Fig. 4. Example 2 (Chain of four integrators): dynamics of (1) and (23) under the
derivative-dependent feedback (4) (black solid line), time-delay feedback (6) with
h = 0.169 (blue dashed line), and sampled-data feedback (25) with h = 0.1 (red
dotted line).

Example 2 (Chain of four integrators). Consider (1) with

0100]0
00 10|0

[25]2 000 1]0 (23)
000 01
100 00

These parameters satisfy (2) with the relative degree r = 4. The
derivative-dependent control (4) with

Ko = —0.0208, K; = —0.32, K, = —1.18, K3 = —0.7 (24)

stabilizes (1), (23). These gains are taken from Fridman & Shaikhet
(2017). The LMIs of Theorem 1 are feasible for h € (0, 0.169], @ =
0. Therefore, the delay-dependent controller (6) also stabilizes the
system (1), (23). The method developed in Fridman and Shaikhet
(2017) leads to a smaller interval h € (0, 0.138]. Fig. 4 shows ||x||
forx(0) =[1,0,0, —1]".

3. Sampled-data control

In this section, we assume that only sampled in time measure-
ment y(t;) are available to the controller, where t, = kh are the
sampling instants with a sampling period h > 0 and k € Ny.
The derivative-dependent controller (4) is approximated by the
sampled-data controller

r—1
= Z Kyi(ty)
i=0

r—1

= Ki/(tii), £ € [t tigr),

i=0

k € Ny (25)
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with y; from (5) and K; from (7). We set® y(t,_;) = y(to) for
k < i Fort € [ty tyr1) with k > r — 1, we present the sampled
measurements as

mm=ym—f

173

t t

%m$=ﬂﬂ—fﬂﬂﬁ

t
t

ﬂm=%m—fim&

tk

t t
@Wm—/ wvwwmm$—/ﬁmm
t—ih tx

i=1,...,r—1
Then the controller (25) can be written as
r—1 r—1
u= Zl(,-y(') + 8o + 2(51 + ki),
i=0 i=1
where, for t € [ty, tyr1),
t
8i(t) = —I_<1-/ yi(s)ds, i=0,...,r—1,
o (26)
Ki(t) = —1‘<,-f @it — sy (s)ds, i=1,...,r—1
t—ih
The closed-loop system (1), (25) takes the form (cf. (12))
r—1
X:DX+B50+BZ(51+K1) (27)

i=1
with D defined in (11). If (4) stabilizes (1), then D is Hurwitz. In our
analysis we derive the conditions ensuring that the errors §; and «;
do not ruin the stability of (27).

Theorem 2. Consider the LTI system (1) of relative degree r > 2,
i.e., satisfying (2).

(i) The sampled-data feedback (25) with a sampling period h > 0
and controller gains (7) exponentially stabilizes (1) with a decay
rate o > 0 if there exist

0<PeR™, 0<W,eR™™
0<W,eR™™ O0<ReR™™ i=1,...,r—1
such that* N < 0, where N is the symmetric matrix composed
from
Ni1 =D'P + PD + 2aP
r—2
+ Z h2e2eih [kiCAH_l]TWj [I?,CAM]
i=0
r—=2 ..
(h)? —  aT =
+ Z] — KA T Ri[kica™ ],
1=
Ni2 =1] ® PB,

Ni3=1]_, ® PB,

Nyg = h[K,_1CA'D]'H,

w? 2ah 4 1
Ny = —797 “" diag{W;}i2,
Nos = h1, ® [K,_1CA™'B]'H,
N33 = — diag{e_zmhRi},r;:,
Nag =h1,_; ® [K_1CA™'B]'H,
Nyys =—H

3 Then y)(0) with i > 0 are approximated by 0.

4 MATLAB codes for solving the LMIs are available at https://github.com/
AntonSelivanov/Aut18a.

with
r—1
D=A+ BZK,CA',
i=0 = (28)
r —
H=W“WM4+<2 >&+

(ii) If the derivative-dependent feedback (4) with controller gains

Ki e R™L i =0,...,r — 1, stabilizes (1) with a decay rate
o’ > 0, then for any a € (0, ') there exists a sufficiently small
sampling period h > 0 such that the sampled-data control (25)
with the controller gains (7) stabilizes (1) with the decay rate a.

Proof. (i) Fort > (r — 1)h consider the functional
r—1
V=Vo+Vso+ > (Vai + Vyi + Vi),
i=1

where Vj, V,; are given in (15) and
t _ . T _ .
w=#/emwﬂmm]mkwﬂw
tk

2 ¢

T

—Ze_zah/ e 298 (s)Wisi(s) ds, € € [tk, tir1)
79

t
Vyi = hzezo‘ih/ e 2=t — s)[f(,-y("“)(s)]TWf [Ky ™+ 1(s)] ds.
t—ih

Since §;(t) = —f(i);/i(t) and §i(ty) = 0, Lemma 1 implies Vs5; > 0
fori = 0,...,r — 1.Since ¢; > 0 and v; > 0, we have V > 0.
Calculating the derivatives, we obtain

r—1
Vo + 20V 2 2x"PDx + 2xTPBSo + 2x"PB > (8 + i) + 20X Px,

i=1
y AR 7 m? —2;h T
Vsi + 2aVsi = h [K,-y,-] W; [K,-yi] — ZB (31- Wié;.
The functional Vy; is introduced to compensate the term h2 (K]

W;[Kiy;] in the above expression. Since ¢;(0) = 1, ¢i(ih) = 0, and
@] < 0(Proposition 2),

U+ 20V, = W2 Ry 0] W, [Ryf V)
t
+h262aihf e 291t — )[Ry ()] Wi [Ry ™V (s)] dis
t—ih

Lemma 2
<

h2e2eih [kiy(m)]TWi [I_(iy(i+1)]

t =1 At
—#(/ P%U—m$> / ol(t —s)x
t—ih t—ih

t

i(t — ) [Ky"(s)] ds.
t—ih

Differentiating (8), we obtain

[y (s)] " ds w;

t
¥ = _f ot — sy (s)ds, ieN.
.

ih
The latter and

t
f (—¢i(t —s))ds = ¢i(0) — gi(ih) = 1
t—ih
lead to
. G- - . _.qT .
Vyi + 20V < B[Ry 0] w; [Ky ™ 0] — b2 [m] Wi [1(1511-] .

The term —h? [f(if/i]TWi [Kiy;] in the above expression will cancel the
positive term of Vs 4+ 2aV;;. The derivative of V,; is given in (17).
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Substituting yt+1) @ cAtixfori=1,....r—2and Y = CA 1%,
we obtain

V 4 2aV < 9Ny + " h?[K._CA™""H[K,_,CA" "],

where n = col{x, o, ..., 8_1,&1,...,kr_1}, H is defined in (28),
and N is obtained from N by removing the last block-column and
block-row. Substituting (27) for x and using the Schur complement,
we deduce that N < 0 guarantees V < —2aV, which implies the
exponential stability.

(ii) The proof is similar to the proof of Theorem 1(ii). |

Remark 3. In Selivanov and Fridman (in press), the system (1) was
studied under the sampled-data feedback

r—1
u(t) =Y Kiy(te — qih), t € [t 1), k€ No (29)
i=0

with integer delays 0 = qo < g1 < --- < ¢y_1. In Selivanov and
Fridman (in press), the errors due to sampling y(t, —q;h)—y(t —q;h)
were multiplied by K; that grow when g;h — 0. Consequently,
one had to increase discrete delays g; while reducing the sampling
period h to maintain K; bounded. Here, due to the representation
u(t) = Z;;(}I(&f(t) (see (6)), we can consider the errors due to
sampling ¥;(ty) — yi(t) that are multiplied by K; independent of
h (see §; in (26)). This allows to use q; = i (cf. (25) and (29))
and, therefore, smaller memory is required to implement (25) (see
Example 1).

In addition, the results of Selivanov and Fridman (in press-b)
are based on Fridman & Shaikhet (2017), therefore, all the benefits
of the current analysis mentioned in Remark 2 remain relevant for
the sampled-data case if r > 2.

Example 1 (Chain of three integrators). Consider (1) with the pa-
rameters given in (21). The LMIs of Theorem 2 are feasible for
the controller gains (22) with h € (0, 1.436], « = 1073. There-
fore, the sampled-data controller (25) exponentially stabilizes the
system (1), (21). Fig. 3 shows |x|| for x(0) = [1,—1, 1]". The
same example has been considered in Selivanov and Fridman (in
press-b), where a significantly smaller interval h € (0, 0.044] was
obtained. Moreover, Selivanov and Fridman (in press) used (29)
with g; = 30, g = 60, what required to keep 61 measurements
Y(te), . . ., ¥(tx — q2h) to implement the controller, while (25) uses
only the last three: y(ty), y(tk_1), Y(tx—2).

Example 2 (Chain of four integrators). Consider (1) with the pa-
rameters given in (23). The LMIs of Theorem 2 are feasible for the
controller gains (24) with h € (0, 0.1], « = 0.01. Therefore, the
sampled-data controller (25) exponentially stabilizes the system
(1), (23). Fig. 4 shows ||x|| for x(0) = [1, 0, 0, —1]7. The conditions
of Selivanov and Fridman (in press) are feasible for the controller
(29) with h ~ 1078 and ¢; ~ 10%.

Example 3 (Furuta pendulum, Ortega-Montiel, Villafuerte-Segura,
Vazquez-Aguilera, & Freidovich, 2017). Consider the linearized
model of the Furuta pendulum given by (1) with

0 1 0 0 0
37.377 —0.515 0 0.142 | —35.42
A|B | 0 0 0 1 0
c|o |~ | —8228 0.113 0 —0.173 | 43.28
1 0 0 0 0
0 0 1 0 0

(30)

and x = col{f, 0, ¢, ¢}, where 6 is the angular position of the
pendulum and ¢ is the angle of the rotational arm (see Fig. 5). The

Fig. 5. Furuta pendulum.’

100 T T

80

60
el |

20

15

Fig. 6. Example 3 (Furuta pendulum): dynamics of (1), (30) under the derivative-
dependent feedback (4) (black solid line) and sampled-data feedback (25) with
h = 0.104 (red dotted line).

control input u is proportional to the motor induced torque. Using
the pole placement, we find that for

Ko=[1.2826 0.0013], K;=[0.1209 0.0086]

the eigenvalues of D defined in (11) are —1, —1.1, —1.2, —1.3.
Therefore, the derivative-dependent controller (4) stabilizes the
system (1), (30). The conditions of Theorem 2 (with @« = 0) are
feasible for h € (0, 0.104]. Taking h = 0.104 in (7), we deduce that
the sampled-data controller (25) with

Ko = [2.4453 0.0837], K;=[-1.1627 —0.0824],

and t;y = 0.104 - k, k € Ny, exponentially stabilizes the Furuta
pendulum (1), (30). Fig. 6 shows | x| for x(0) = [, 0,0, 0]". The
conditions of Selivanov and Fridman (in press-b) are feasible for
the controller (29) with h ~ 10~* and q; ~ 103.

References

Abdallab, C., Dorato, P., & Benites-Read, J. (1993). Delayed-Positive feedback can
stabilize oscillatory systems. In American control conference (pp. 3106-3107).

Borne, P., Kolmanovskii, V., & Shaikhet, L. (2000). Stabilization of inverted pendulum
by control with delay. Dynamical Systems and Applications, 9(4), 501-514.

Egorov, A. V. (2016). A finite necessary and sufficient stability condition for lin-
ear retarded type systems. In 55th IEEE conference on decision and control
(pp. 3155-3160).

French, M., [lchmann, A., & Mueller, M. (2009). Robust stabilization by linear output
delay feedback. SIAM Journal on Control and Optimization, 48(4), 2533-2561.
Fridman, E. (2014). Introduction to time-delay systems: Analysis and control. Birkhdu-

ser Basel.

5 The picture is taken from Ramirez-Neria, Sira-Ramirez, Garrido-Moctezuma,
and Luviano-Juarez (2014).


http://refhub.elsevier.com/S0005-1098(18)30460-6/sb2
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb2
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb2
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb2
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb2
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb2
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb2
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb2
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb2
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb2
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb2
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb4
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb4
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb4
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb4
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb4
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb4
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb4
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb4
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb4
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb4
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb4
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb5
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb5
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb5
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb5
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb5
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb5
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb5
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb5
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb5
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb5
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb5
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb5

276 A. Selivanov, E. Fridman / Automatica 98 (2018) 269-276

Fridman, E., & Shaikhet, L. (2016). Delay-induced stability of vector second-order
systems via simple Lyapunov functionals. Automatica, 74, 288-296.

Fridman, E., & Shaikhet, L. (2017). Stabilization by using artificial delays: An LMI
approach. Automatica, 81, 429-437.

Gu, K. (1997). Discretized LMI set in the stability problem of linear uncertain time-
delay systems. International Journal of Control, 68(4), 923-934.

Gu, K., Kharitonov, V. L., & Chen, ]. (2003). Stability of time-delay systems. Boston:
Birkhduser.

Karafyllis, I. (2008). Robust global stabilization by means of discrete-delay output
feedback. Systems & Control Letters, 57(12), 987-995.

Kharitonov, V. L. (2012). Time-delay systems: Lyapunov functionals and matrices.
Boston: Birkhduser.

Kharitonov, V. L., Niculescu, S.-I., Moreno, ]., & Michiels, W. (2005). Static output
feedback stabilization: Necessary conditions for multiple delay controllers. [EEE
Transactions on Automatic Control, 50(1), 82-86.

Liu, K., & Fridman, E. (2012). Wirtinger’s inequality and Lyapunov-based sampled-
data stabilization. Automatica, 48(1), 102-108.

Niculescu, S. I, & Michiels, W. (2004). Stabilizing a chain of integrators using
multiple delays. [EEE Transactions on Automatic Control, 49(5), 802-807.

Ortega-Montiel, T., Villafuerte-Segura, R., Vazquez-Aguilera, C., & Freidovich, L.
(2017). Proportional retarded controller to stabilize underactuated systems
with measurement delays: Furuta pendulum case study. Mathematical Problems
in Engineering, 1-12.

Ramirez, A., Mondié, S., Garrido, R., & Sipahi, R. (2016). Design of proportional-
integral-retarded (PIR) controllers for second-order LTI systems. IEEE Transac-
tions on Automatic Control, 61(6), 1688-1693.

Ramirez-Neria, M., Sira-Ramirez, H., Garrido-Moctezuma, R., & Luviano-Judrez, A.
(2014). Linear active disturbance rejection control of underactuated systems:
The case of the Furuta pendulum. ISA Transactions, 53(4), 920-928.

Selivanov, A., & Fridman, E. (2016). Observer-based input-to-state stabilization of
networked control systems with large uncertain delays. Automatica, 74, 63-70.

Selivanov, A., & Fridman, E. (2018). Improved sampled-data implementation
of derivative-dependent control. In IFAC symposium on robust control design
(pp. 323-326).

Selivanov, A., & Fridman, E. (2018). Robust sampled-data implementation of PID
controller. In 57th conference on decision and control (in press-a).

Selivanov, A., & Fridman, E. (2018). Sampled-data implementation of derivative-
dependent control using artificial delays. IEEE Transactions on Automatic Control
(in press-b).

Seuret, A., & Briat, C. (2015). Stability analysis of uncertain sampled-data systems
with incremental delay using looped-functionals. Automatica, 55, 274-278.

Seuret, A., & Gouaisbaut, F. (2013). Wirtinger-based integral inequality: Application
to time-delay systems. Automatica, 49(9), 2860-2866.

Seuret, A., & Gouaisbaut, F. (2015). Hierarchy of LMI conditions for the stability
analysis of time-delay systems. Systems & Control Letters, 81, 1-7.

Solomon, O., & Fridman, E. (2013). New stability conditions for systems with
distributed delays. Automatica, 49(11), 3467-3475.

Anton Selivanov received the M.Sc. degree in 2011 and
the Ph.D. degree in 2014, both in Mathematics and both
from St. Petersburg University, Russia. Currently he is
a Postdoctoral Researcher at Tel Aviv University, Israel.
His research interests include time-delay systems, dis-
tributed parameter systems, networked-control systems,
and adaptive control.

Emilia Fridman received the M.Sc. degree from Kuibyshev
State University, USSR, in 1981 and the Ph.D. degree from
Voronezh State University, USSR, in 1986, all in Mathemat-
ics. From 1986 to 1992 she was an Assistant and Associate
Professor in the Department of Mathematics at Kuiby-
shev Institute of Railway Engineers, USSR. Since 1993 she
has been at Tel Aviv University, where she is currently
Professor of Electrical Engineering-Systems. She has held
visiting positions at the Weierstrass Institute for Applied
Analysis and Stochastics in Berlin (Germany), INRIA in
Rocquencourt (France), Ecole Centrale de Lille (France),
Valenciennes University (France), Leicester University (UK), Kent University (UK),
CINVESTAV (Mexico), Zhejiang University (China), St. Petersburg IPM (Russia),
Melbourne University (Australia), Supelec (France), KTH (Sweden).

Her research interests include time-delay systems, networked control systems,
distributed parameter systems, robust control, singular perturbations and nonlin-
ear control. She has published more than 150 articles in international scientific
journals. She is the author of the monograph Introduction to Time-Delay Systems:
Analysis and Control (Birkhauser, 2014). In 2014 she was Nominated as a Highly
Cited Researcher by Thomson ISI. She serves/served as Associate Editor in Auto-
matica, SIAM Journal on Control and Optimization and IMA Journal of Mathematical
Control and Information. She is currently a member of the Council of IFAC.

» - L


http://refhub.elsevier.com/S0005-1098(18)30460-6/sb6
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb6
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb6
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb6
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb6
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb6
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb6
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb6
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb6
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb6
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb6
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb6
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb7
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb7
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb7
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb7
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb7
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb7
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb7
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb7
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb7
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb7
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb7
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb7
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb8
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb8
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb8
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb8
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb8
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb8
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb8
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb8
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb8
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb8
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb8
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb8
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb9
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb9
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb9
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb9
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb9
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb9
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb9
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb9
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb9
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb9
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb9
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb9
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb9
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb10
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb10
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb10
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb10
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb10
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb10
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb10
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb10
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb10
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb10
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb10
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb10
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb10
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb11
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb11
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb11
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb11
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb11
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb11
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb11
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb11
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb11
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb11
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb11
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb11
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb11
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb12
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb13
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb13
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb13
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb13
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb13
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb13
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb13
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb13
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb13
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb13
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb13
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb13
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb13
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb14
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb14
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb14
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb14
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb14
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb14
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb14
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb14
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb14
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb14
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb14
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb14
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb14
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb15
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb16
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb17
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb20
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb20
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb20
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb20
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb20
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb20
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb20
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb20
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb20
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb20
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb20
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb20
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb20
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb18
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb21
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb22
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb23
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb23
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb23
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb23
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb23
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb23
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb23
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb23
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb23
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb23
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb23
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb23
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb24
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb24
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb24
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb24
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb24
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb24
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb24
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb24
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb24
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb24
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb24
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb24
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb25
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb25
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb25
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb25
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb25
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb25
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb25
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb25
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb25
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb25
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb25
http://refhub.elsevier.com/S0005-1098(18)30460-6/sb25

	An improved time-delay implementation of derivative-dependent feedback
	Introduction
	Continuous-time control
	Sampled-data control
	References


