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1. Introduction

Control laws that depend on the output and its derivatives are
used to stabilize linear systems. The derivatives are not available,
but can be approximated by finite differences giving rise to a
delayed feedback. The delay-induced stability can be checked us-
ing frequency-domain technique (Kharitonov, Niculescu, Moreno,
& Michiels, 2005; Niculescu & Michiels, 2004; Ramirez, Mondié,
Garrido, & Sipahi, 2016; Ramirez, Sipahi, Mondié, & Garrido,
2017) and complete Lyapunov-Krasovskii functionals (Gu, Chen,
& Kharitonov, 2003), which give necessary and sufficient sta-
bility conditions. Simple LMIs for delay-induced stability of the
2nd-order systems were introduced in Fridman and Shaikhet
(2016, 2019) and extended to the nth-order systems in Frid-
man and Shaikhet (2017) and Selivanov and Fridman (2018b),
where the delayed terms were represented by Taylor’s expansion
with the remainders. The results for the nth-order deterministic
systems were essentially improved in Selivanov and Fridman
(2018a), where the derivative terms were presented as finite
differences with remainders and where sampled-data implemen-
tation, for the first time, was achieved by using consecutive
sampling measurements.
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Systems with state multiplicative noise are encountered in
many areas of applications, e.g. aircraft engineering, process con-
trol, population dynamics (Gershon & Shaked, 2019; Shaikhet,
2013; Yaesh, Shaked, & Yossef, 2004). Multiplicative noise ap-
pears due to the system parameters that undergo random pertur-
bations of white noise process and due to nonlinearities (Gershon
& Shaked, 2019; Shaikhet, 2013). There are many important re-
sults reported on systems with multiplicative noise (see e.g. Frid-
man & Shaikhet, 2019; Mao, 2007; Wang & Zhu, 2015; Xie &
Duan, 2010). It is well-known that for stochastic systems, the
design of observer-based controller is very complicated (Gershon
& Shaked, 2019). Therefore, a simple static output-feedback is
very attractive in the stochastic case.

In this paper, we consider derivative-dependent control of the
nth-order stochastic systems where derivatives are not available
for measurements. Under assumption of the stabilizability of the
system by a state-feedback that depends on the output and its
derivatives up to the order n— 1, a delayed static output-feedback
that stabilizes the system is found. Our objective is to present
improved LMI-based method for the delayed feedback and its
sampled-data implementation in the stochastic case.

We present two methods for continuous-time delayed static
output-feedback and its sampled-data implementation (that may
be used for practical application of such controller):

(1) The direct method that presents a stochastic extension
of Selivanov and Fridman (2018a). Note that Lyapunov
functionals of Selivanov and Fridman (2018a) depend on
the nth-order derivative, and, thus, are not applicable in
the stochastic case. This is because a solution of a stochas-
tic system does not have a derivative. We propose novel
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Lyapunov functionals that depend on the deterministic and
stochastic parts of the system.

(2) The method based on the neutral type model transfor-
mation, where we present the derivative of the order
i(i =1,...,n—1)in the form of the finite-difference
with the remainder in the form of time-derivative of the
integral term. The latter term depends on the same ith
derivative (and not on (i 4+ 1)th derivative as in Seli-
vanov & Fridman, 2018a) which is well-defined in the
stochastic case. We employ either augmented or simple
(i.e. non-augmented) Lyapunov functionals (as was pro-
posed in Fridman & Shaikhet, 2019 for the 2nd-order sys-
tems). However, to compensate sampling, we still have to
use Lyapunov functionals that depend on the deterministic
and stochastic parts of the system.

The efficiency of the method is illustrated by numerical exam-
ples. In the continuous-time case, for larger stochastic pertur-
bations, the second method via the simple Lyapunov functional
leads to less conservative results with less decision variables
in LMIs than the first method. Moreover, the second method
with augmented Lyapunov functional improves the results via
the simple Lyapunov functional and via the first method (but on
the account of computational complexity). In the sampled-data
case, the second method leads to more conservative results if
the stochastic perturbations are small. However, it allows larger
stochastic perturbations even via the simple Lyapunov functional.

Summarizing, we have extended the efficient method (i.e. time-
delay implementation of derivative-dependent feedback of Seli-
vanov & Fridman, 2018a) from deterministic to stochastic case,
and improved the deterministic results by using neutral type
model transformation and augmented Lyapunov functionals. We
have also extended results of Fridman and Shaikhet (2019) to the
higher-order systems and to sampled-data control. A conference
version of this paper confined to the 3rd-order systems was
presented in Zhang and Fridman (2019).

Notations. Throughout this paper, I is the identity k x k matrix,
the superscript T stands for matrix transposition. R" denotes the
n-dimensional Euclidean space with Euclidean norm |-|, R™™
denotes the set of all n x m real matrices with the induced norm
|-|. Denote by diag{...} and col{...} the block-diagonal matrix
and block-column vector, respectively, diag{R;}]_, is the block-
diagonal matrix with R; (i = 1,...,n) being on the diagonal.
X > 0 means that X is a positive definite symmetric matrix, and
for any square matrix X, sym{X} denotes X" + X. Denote by EX
the mathematical expectation of stochastic variable X. For matrix
S and vector X with appropriate dimensions |X|§ = XTSX.

We now present two useful Lemmas:

Lemma 1 (Jensen’s Inequality Fridman, 2014; Solomon & Fridman,
2013). Denote G = fb X(s)ds, where f : [a,b] — [0, 00],
x : [a, b] — R" and the mtegratlon concerned is well defined. Then
for any n x n matrix R > 0 the following inequality holds:

G'RG < [, f(s)ds [, f(s)X"(s)Rx(s)ds.

Lemma 2 (Exponential Wirtinger’s Inequality, Selivanov & Fridman,
2016). Let x(t) : (a,b) — R™ be absolutely continuous with x €
Ly(a, b) and x(a) = 0 or x(b) = 0. Then forany « € Rand n x n
matrix W > 0 the following inequality holds:

fa 2oty

2Jar|(b— 4(b P (b p2atyr
s)Wx(s)ds < 2= Z=1E [ o2t XT (5 )W k(s)ds

2. Continuous-time control

Consider the nth-order stochastic system
V() = 3img (A + Gab(O)yP(6) + Bu(t), (1

where y(t) = y9(t) € R¥ is the measurement, y)(t) is the ith
derivative of y(t), u(t) € R™ is the control input, w(t) is the one-
dimensional Brownian motion (Mao, 2007; Shaikhet, 2013), A;,
C; € R**k and B € R¥™ are constant matrices. Let

x(t) = col{yO(t), ...,y I(t))

= col{xo(t), ... Xp_1(t)} € R™,
0 L 0 - 0
0 0 I
A= - - . eRnkxnk’
0 0 0 - I
_ Ao A1 Ay o Apg
B = col{0, B} € R™>*™m

C = col{0, (_:} e Rnkxnk’ C = [Co,...,Coq] € Rkxnk_

Then (1) can be presented as
dx(t) = (Ax(t) + Bu(t))dt + Cx(t)dw(t). (2)

Assume that (A, B) is stabilizable. Then there exist K; € R™*k
(i=0,...,n—1)such that

D =A+ BK, K11 3)

is Hurwitz. Then system (2) with a small enough stochastic per-
turbation (i.e. small enough |C|) is mean-square stabilized by the
state-feedback

u(t) = iy Kaxi(t),
However, differently from the state-feedback case with the full
knowledge of the system state, we consider the output-feedback
control, where the derivatives x;(t) (i = 1,...,n— 1) in (4) are
not available. As in Selivanov and Fridman (2018a), we employ in
this paper their finite-difference approximations:

Xo(t) = xo(t),
xi(t) ~ xi(t) =
=30 (1) (1Yot — jh),

with a constant delay h > 0 and the binomial coefficients
(H = s+ BY replacing x(t), (i = 0,...,n — 1) in (4) with
their appr0x1mat10ns we have the followmg delay-dependent
feedback

K =[Ko, ...

ki e RMxk. (4)

Xi_1()—Xj_1(t—h)
% (5)

i=1,....,n—1

u(t) = Y iy Kii(t) = Y iy Kixo(t — ih), (6)
where x(t) = x¢(0) for t < 0 and
Ki=(-1 205" (1) 5K, i=0.....n—1. (7)

As in the deterministic case (see e.g. French, Ilchmann, and
Mueller (2009)), we will show that for small enough stochastic
perturbations, if (2) is stabilized by the derivative-dependent
feedback (4), then it can be stabilized by static output-feedback
(6) with small enough h > 0. Note that an alternative output-
feedback is an observer-based controller. However, the imple-
mentation of such controller is essentially more complicated es-
pecially for stochastic systems (see e.g. (7) in Gershon and Shaked
(2019)). Here we provide a much simpler static output-feedback
(6). Such a feedback can be easily applied e.g. via sampled-data
implementation (see Section 3).

Moreover, as mentioned in Ramirez et al. (2016, 2017), the
main problem with the derivative-dependent control stems from
the noisy measurements of the derivative terms. Here measure-
ment noise problems are mitigated since the finite differences
mimic pure derivatives, and controller (6) does not rely on the



J. Zhang and E. Fridman / Automatica 119 (2020) 109101 3

measurements of the derivatives. Note also that the suggested
design method is efficient provided the measurements of xq(t) are
accurate (not noisy).

Following the idea of Selivanov and Fridman (2018a), we

present the approximation errors x;(t) — x(t) (i=1,...,n— 1)
as
xi(t — [L . it — s)k(s)ds (8)

wheregol(v):Tv,ve[O,h]andfori:l,...,n—Z

o Udr+ 15t v e [0, h]
gin(v)={ [, “Hda, e (h, ih).
Ll #2d, v elin,ih+hl.

The functions ¢;(v) (i =1, ..., n — 1) have the following proper-
ties:

0=<g@(v)<1, wvel0,ih],

@1(0) =1, ‘ﬂl(ih) =0,

v)d i (9)
fo pi(v)dv =

Loiv) € [—g, 0], v <[0,ih].

Compared with Selivanov and Fridman (2018a), this paper ad-
ditionally gives the lower bound of d%(p,»(v) that can be easily
verified since 0 < ¢;(v) < 1. This property is employed in the
stochastic case for the stability analysis under the sampled-data

feedback (see e.g. (47) where ¥;(v) = — L ¢i(v)).
The system (2), (4) takes the form
dx(t) = Dx(t)dt 4+ Cx(t)dw(t), (10)
where D is given by (3). Via (8), the system (2), (6) takes the form
dx(t) = fi(t)dt + Cx(t)dw(t) (11)

with the same D and
fi(t) = Dx(t) + 21, Bic(t),

(0 = = [ ot — s)i(s)ds. 12
2.1. Stability of (11): direct method

For the sake of simplicity, we denote that fori=1,...,n—1

H; = [Oksxik T Okx(n—i—1l,  #i(A) = ;h @i(v)dv. (13)

The LMI conditions are derived by using Lyapunov functional

Vi=Vp+ Z mVR, + Vg, (14)
where

Ve = xT(t)Px(t),

Vi, = f[iih e~ 2e(t=s)p.(t — s)|xi+1(s)|,23ids, i=1,....,n—2,

Ve, = f e @ 2 9na(t = $)Ha afi(S)IR, ,ds,

Ve, = [ € 220 a(t — 5)|Ha 1 CX(5)I7, s,

P>0, R>0 i=1,...,n—1, F;>0.
Note that the terms Vg, (i =1, ..., n—2) are from Selivanov and

Fridman (2018a), whereas the terms Vg, _, and Vg, are stochastic
extensions of Lyapunov functionals that depend on x(t).

Theorem 1. Given K; (i = 0,...,n — 1) let the derivative-
dependent feedback (4) exponentially stabilizes (2), where C = 0,
with a decay rate @ > 0.

(i) Given tuning parameters h > 0 and o« € (0, @), let there exist
nk x nk matrix P > 0, k x k matricesR; > 0(i=1,...,n— 1) and
F1 > 0 that satisfy

qj] < 0, (15)

where @4 is the symmetric matrix composed from
&1y = sym{PD} + 2aP + CTPC
—2 (ih)? —
+ 20 B 2+ OS2 H,C
@1, = PBIKy, ..., Ky1],
@1y = BSUDTHT (R, .
@y = —dlag{e‘z"‘"’R L
@33 = [Okx(n—2y, —€ ¥ VIR, 41T,
®aq = "MKy, L Kaot1TBTHY (Rt
—e 2on=Uh(R, 4 + Fy), D4 = —Rn_4

with D given by (3). Then the delay-dependent feedback (6) with
a time-delay h > 0 and controller gains (7) exponentially mean-
square stabilizes (2) with a decay rate « > 0.

(ii) Given any « € (0, @), the LMI of item (i) is always feasible for
small enough stochastic perturbations and h > 0 (meaning that the
delay-dependent feedback (6) with controller gains (7) exponentially
stabilizes (2) with a decay rate a« > 0).

Proof. (i) Let £ be the generator of the system (11) (Fridman &
Shaikhet, 2019; Mao, 2007). Via (9), we have

LVp + 2aVp = 2xT(t)Pfi(t) + xT(£)CTPCx(t)

+2axT(t)Px(t),
LVg, + 2aVp, = 2 |X1+1(f)|R
— [ et = )i ds,
i= l ,n— 2 (16)

LVg, , + 2aan_1 = DNH, fi(01F,
t _ _
-/‘t (n— l)h S)(pnf'l(t _S)lan'lf](s)'ﬁni]dSa
LVf, +20Vp, = SO H, O]
fH,H)h e 2u(t= 5)<pn,1(t — 8)|Ho_1CX(3)|7, ds.
Using Lemma 1 and via (12), we obtain
i t _ —
%ft,ihle 200t=S) gyt —5)|Xi+1(5)|123,-d5
> e_zalhKl-T(t)RiKi(t), i=1,...,n-2,
— t _ _
nhTh S € g (t — ) Haafi(s)lg,,ds (17)
2a(n— t 2
> e 2 T P (E — S)I‘In—lf1(5)ds|Rn_1
672‘” Dicn1(t) + (IR, _,»

where
£) = [ 1y @n1(t = $)Ho 1 Cx(s)dw(s).

By It6 integral properties (see e.g. Fridman & Shaikhet, 2019; Mao,
2007) and via (9), we have for any matrix F; > 0

Eefza(n—ﬂhgg(t)tﬂg](t)
= Be~2n=Dh [T @24 (t = 8)[Hy 1 CX(s)IF, d (18)
<E [ i € 2o (6 — $)Ho 1 OX(5)IF, ds.

In view of (16)-(18), we obtain

- _p2
ECV; +E2aV; < BT @& + EY 1H, i fi(0)2

Rp—1

(19)

where & = col{x(t), k1(t), ..., kn_1(t), 01(t)} and @ is obtained
from &, given by (15) by taking away the last block-column and
block-row. Substituting fi(t) given by (12) into (19) and further
applying Schur’s complement, we arrive at ECV; + E2aV; < 0
since @ < 0, which implies that (7) exponentially mean-square
stabilizes (2) with a decay rate « > 0.

(ii) If (4) exponentially stabilizes (2), where C = 0, with a decay
rate @ > 0, then for any « € (0, @) there exists 0 < P € R™xmk
such that sym{PD} + 2aP < 0. Thus,

sym{PD} + 2aP 4+ CTPC < 0 (20)
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for small enough |C|. We choose R; = F; = ﬁlk (i=1,...,n—-1).
By using Schur’s complement, &; < 0 is equivalent to

sym{PD} + 2P + C"PC + +/h(G; + hG,) < 0, (21)
where
G = "5 Hy 1 C % + Y02 €|PBIGI” + 26240~ Dh|PBK,,_y |7,

n—2 2 2
GZ = Zi:l lX|Hi+1| .

Inequality (20) implies (21) for small enough h > 0 since v/h(G;+
hG,) — 0 for h — 0, implying the feasibility of &; < 0 for small
enough h > 0. Finally, applying Schur’s complement to the last
block-column and block-row of @, given by (15), we find that
@, < 0 for small enough h > 0 if ®; < 0 is feasible. Therefore,
the LMI of item (i) is always feasible for small enough h > 0 and
IC|. O

Remark 1 Based on the analysis LMIs (e.g. LMI (15) of
Theorem 1), the LMI-based design can be derived as follows:
we first set P! = X = [Xjilixn and multiply (15) by diag
X, 3 Xas oo Y Xnis 2oy Xniu Ry, ) and its transpose
from the right and the left, respectively. By denoting

Y =KX =[Yo, ..., Yo1l,

Ri=> " X Ry X (i=1,...,
F = Z;lenJFl Z;:1 Xjns

applying Schur’s complement and employing
=Y X R Y Xy < Ri = XL,

and the similar inequality for ﬁl—term, we arrive at the following
design LMI @ < 0, where @ is the symmetric matrix composed
from

&11 = sym{AX + BY} + 20X,

n—1),

(Xj,iv1 + Xir1,)

@1, = B[Y1, ..., Yoo1l,

iy = (n_zil)h(XAT +YTBOH!_ |,

$15 = X[5H], ..., "2UH] L,
16 = XCT [T, / ES2EHT T,

Dy = —dlag{e‘z‘)”hR L

D3 =[O (2 —€ 240"~ DhR, 41T,

By = M[Yh o Yo "BTH]
B33 = —e 2R 4 Fy),

By = Ryq — Yo Kin + Xni),

Bss = diag(Rj — Y1, (Xijs1 + Xajr1)HT,
bes = diag{—X, F1 — Y1 (Xin + Xu.0)}

with the decision variables X > 0, IA2,< >0(i=1,...,n—1), 1:"1 >0
and Y to be determined, and tuning scalar parameters h > 0
and @ > 0. If the above design LMI is feasible, the stabilizing
controller gain is given by K = YX~!. Note that differently from
the analysis LMI, the feasibility of the design LMI for small enough
values of h and « cannot be proved even for C = 0. The examples
below show that the design LMI is feasible for the 2nd- and
3rd-order systems, but unfeasible for the 4th-order system (see
Remark 3).

2.2. Stability via neutral type model transformation

In this section, we derive stability conditions by using neutral
type model transformation (Fridman & Shaikhet, 2017, 2019;

Niculescu, 2001). First, we show that the integrals «i(t) (i =
1,...,n— 1) given by (12) can be presented as

() = — 5 0(0), Oi(t) = [y @it — sWi(s)ds. (22)
Indeed, differentiating 9(t), employing (9) and further integrat-
ing by parts we have

00 = xi() + pi(t) (23)
with

= — [, Uy (s)ds

)+ ft ih (,01
that implies (22).
Then system (11) can be presented as
dz(t) = Dx(t)dt + Cx(t)dw(t),
z(t) = x(t) + Y1 BKoi(t)
with 9;(t) given by (22). As in Fridman and Shaikhet (2019), we
do not need to check further the stability of difference equation
z(t).
Before presenting the LMI conditions, we use the following
notations

60 = [Ink Onkxlk]7 .

Ci = [Okxik Ik Opx—ic], i=1,...,1,

- n—1prr

Zy =col{ly + ) i, BKili, £y, ..., £nq},

&y = col{Dly, Hilo + £y, ..., Hy_1€o + a2},

where the value of | corresponds to the later derived LMIs.

= —xi(t — S)xi(s)ds

(24)

(25)

Theorem 2. Given K; (i = 0,...,n — 1) let the derivative-
dependent feedback (4) exponentially stabilizes (2), where C = 0,
with a decay rate a > 0.

(i) Given tuning parameters h > 0 and o € (0, @), let there exist
(2n — 1k x (2n — 1)k matrix P = [Pjjlaxn, k x k matrices R; > 0
and S; > 0 (i=1,...,n— 1) that satisfy

¥ >0, Py <0, (26)
where

— u]Pu] + Zn 1 i _Za’hZTSZ,,

¢20ug = CD2aug +Sym{:1TP*—42} + 2087 PEl'
Here _El coincides with the first n block-rows of Z given by (25)
and @,qg is the symmetric matrix composed from

@1y =C"PC + Z | 1|2,h)z
@y = —diag{e "R} 1
@33 = —diag{e s
Then the delay-dependent feedback (6) with a time-delay h > 0 and
controller gains (7) exponentially mean-square stabilizes (2) with a

decay rate o > 0.
(ii) Given tuning parameters h > 0 and « € (0,

R+Si’

a), let there exist

nk x nk matrices P11 > 0 and kx k matricesR; > 0(i=1,...,n—1)
that satisfy
Dosim < 0, (27)

where @y is obtained from @, given by (26) by taking away
the last n — 1 block-columns and block-rows and setting P =
diag{P11, 0}. Then the delay-dependent feedback (6) with a time-
delay h > 0 and controller gains (7) exponentially mean-square
stabilizes (2) with a decay rate a > 0.

(iii) Given any o € (0, ), the LMIs of items (i) and (ii) are
always feasible for small enough stochastic perturbations and h >
0 (meaning that the delay-dependent feedback (6) with controller
gains (7) exponentially stabilizes (2) with a decay rate o > 0).
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Proof. (i) Inspired by Fridman and Shaikhet (2019), we consider
the augmented functional

Vo=V + Y1) (BVi, + Vs,), (28)
where

Ve = ¢T(E)P(L),

Vi, = [ e it — 5)Ixi(s)z dvds,

Vs, = [y €2 it — $)lxi(s)3 ds,

;(t) = COI{Z(t)7 ﬂ](t)’ B 7—911—1(t)}a

Ri>0, S§;>0, i=1,...,n—1.
Compared with V; of (14), the functional V, does not depend
on the deterministic or stochastic terms due to the neutral type
model transformation. Notice that the terms Vi, compensate 9(t),
whereas the terms Vs; compensate j;(t). Let £ be the generator

of the system (24) (Fridman & Shaikhet, 2019; Mao, 2007). Via
(9), (23) and (24), we obtain

LVp + 2aVp = 20T (HPL(L)
+x(£)CT Py Cx(t) + 208 T(£)PE (L),
LVg, + 2aVg, = %|Xi(f)|2Ri

(- 29
— [ e gt — )|x(s)[2 ds, (29)
LVs; +2aVs, = [xi(t)];,
t —2a(t—
_-/;T—ihe 2ot S)Wi(t - S)|Xi(s)|§id57
where ¢(t) = Z& with & = col{&, ui(t), ..., un1(t)}, & =
col{x(t), ¥4(t), ..., Op—1(t)}. Using Lemma 1, we obtain
B e gt — s)xi(s)g ds = e Mol (O)Rwi(t), (30)

P A (e s)xi(s)I5ds > e 2yl (6)Sipui(t).
From (29) and (30), it follows that
LV; +2aV, < E] Pogyebo, (31)

where @4 is given by (26) and &, is given below (29). Moreover,
by Lemma 1 and via (9)

Vs, > Ze 2 (t)TS;4(t), (32)
then V5 is positive definite since
Vo > Vo4 Y0 Vs, > ETwE, (33)

with ¥ given by (26). Therefore, the delay-dependent feedback
(6) with a time-delay h > 0 and controller gains (7) exponentially
mean-square stabilizes (2) with a decay rate o > 0.

(ii) If LMI @44, < 0 holds with Py; > O,R; >0(i=1,...,n—1),
then for S; = piI (i =1, ..., n—1) with small enough p; > 0 LMIs
¥ > 0and @,qy < 0hold with the same P11, Ri(i=1,...,n—1)
and others blocks of P being 0. Therefore, the result follows
from (i).

(iii) The proof of (iii) is similar to (ii) of Theorem 1. O

Remark 2. Note that (ii) of Theorem 2 can be derived directly by
using the simple (non-augmented) Lyapunov functional defined
by (28) with P = diag{Py;, 0} and following arguments of (i).
As shown in the examples below, for larger stochastic pertur-
bations (which is the main interest in this paper), the simple
Lyapunov functional gives almost the same results as the aug-
mented Lyapunov functional, but by much lower computational
price.

2.3. Examples: chains of three and four integrators

To illustrate the efficiency, we consider chains of three and
four integrators. The deterministic version of these examples
was considered in Selivanov and Fridman (2018a). However, we
choose the controller gains below (which are different from Se-
livanov & Fridman, 2018a) that allow to treat essentially larger
stochastic perturbations.

Example 1 (Chain of Three Integrators). Consider (1) with
Ai=0, B=1, (CG=o0€R. (34)
Using the pole placement, we find that for (4) with

Ko=—1.32, Ki=-362, Ky=—-3.3, (35)

the eigenvalues of D are —1, —1.1, —1.2.

Example 2 (Chain of Four Integrators). Consider (1) with (34).
Using the pole placement, we find that for (4) with

Ko = —1.716, K; = —6.026, K, = —7.91, K3 = —4.6, (36)
the eigenvalues of D are —1, —1.1, —1.2, —1.3.

It is clear that with the above gains, matrix D defined by
(3) is Hurwitz. Therefore, the derivative-dependent feedback (4)
with these gains given by (35) and (36) stabilizes chains of three
and four integrators, respectively, for small enough stochastic
perturbations.

For different values of o and « = 0.01, the maximum values of
delay h that preserve the exponential mean-square stability are
presented in Tables 1 and 2. In the deterministic case (¢ = 0),
LMIs @1 < 0 and @y, < O give the same results whereas LMIs
¥ > 0 and @4 < O (for brevity we write them as @y <
0) admit a slightly better result. Indeed, this improvement is
achieved on the account of computational complexity (see the
number of decision variables in Table 3). With the larger h, one
can obtain via (7) the smaller gains K; (i = 0, ..., n—1). For large
stochastic perturbations, LMI @y, < 0 leads to efficient results
that are close to the results via LMI @,4,; < 0 and that essentially
show improvements compared with the results via LMI ¢ < 0.

If the derivative-dependent feedback (4) is chosen with the
gains of Selivanov and Fridman (2018a), both LMIs ¢&; < 0 and
Dosim < 0 with 0 = o = 0 lead to 2.529 and 0.169 (respectively,
for Examples 1 and 2) as in Selivanov and Fridman (2018a).
However, the resulting maximal o = 0.004 that preserves the
stability is essentially smaller than o = 2 in Tables 1 and 2.

Remark 3. By solving the design LMI of Remark 1 and letting
o = 0.01, 0 = 0.4 and h = 0.2, we manage to find for the 3rd-
and 2nd-order systems in Examples 1 and 3 (see Section 3.3) the
stabilizing controller gains

K= —[1.4328 1.7076 2.3288]
and
K= [3.1359 0.0697 0.4147 0.1407]

respectively. However, for Example 2 (the 4th-order system), the
design LMI becomes unfeasible with any h > 0, « > 0 and
o > 0. This conservatism stems from the transformation of the
nonlinear terms. A more efficient LMI design may be a topic for
future research.

Remark 4. To select the tuning parameters «, o and h, we
suggest the following algorithm: choose K; (i =0, ...,n — 1) via
pole-placement such that the derivative-dependent feedback (4)
with controller gains K; (i = 0, ..., n— 1) exponentially stabilizes
(2), where C = 0, with a decay rate @ > 0. For a high efficiency,
when solving the LMIs with 0 = 0 and small enough h > 0, we
apply the binary search method to find a critical maximal value
of @ as a* < «. Similarly, by choosing « € [0, «*] with small
enough h > 0, we find a critical maximum value of o as o*. Then
for o € [0, «*] and o € [0, 0*], we can obtain a critical maximal
value of h = h* such that for h > h* the LMI becomes unfeasible.
We choose this maximal h = h* that leads to smaller gains K;
(i=0,...,n—1).
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Table 1

Max. delay h for different o (Example 1).
o 0 0.2 0.5 1 1.5 2
®; <0 0.289 0.271 0.184 0.051 0.012

DPoqug < 0 0.317 0.313 0.293 0.233 0.140 0.008
Dosim < 0 0.289 0.284 0.262 0.206 0.126 0.008

Table 2
Max. delay h for different o (Example 2).
o 0 0.2 0.5 1 1.5 2
P <0 0.128 0.117 0.090 0.030 0.011 0.002

Boug < 0 0.138 0.136 0.130 0.107 0.077 0.040
Pogim < 0 0.128 0.125 0.116 0.093 0.066 0.035

Table 3
Complexity of LMI conditions.
LMIs Decision variables
@, <0 0.5(n?k? + nk? + 2nk)
Prag <0 0.5(4n’k? — 2nk? + 4nk — k* — 3k)
Dosim < 0 0.5(n’k? + nk? 4 2nk — k? — k)

3. Sampled-data control

For practical application of the delayed feedback (6), in this
section we suggest its sampled-data implementation. We assume
that the measurement y(t) = xo(t) is available only at the
discrete-time instants ty = kh, k € Ng. Here h > 0 is the
sampling period. Then the derivative-dependent feedback (4) is
approximated by the sampled-data feedback

u(t) = Yy Kixi(te) = Y img Kixo(t—i), (37)
t € [ty ter1), k€ No,

where xo(t) = x¢(0) for t < 0, x;(t) and K; are given by (5) and
(7), respectively. Note that the feedback (37) depends only on n
discrete-time measurements y(tx—n+1), - - - » ¥(tx), which is easy to
implement. One may store n — 1 measurements y(ty_nt1), ...,
Y(tk—1) in the buffer.

Introduce the errors due to sampling

Xo(tk) = xo(t ft xo (s)ds,

xi(ty) = )'c(t) ftk Xi(s)ds, i=1,...,n—1.

Via (8), we have

)_(i(tk) :Xl ft ih 991 t—S Xl f[ Xl
i_l,...,n—].

Then the system (2), (37) takes the form
dx(t) = fo(t)dt + Cx(t)dw(t), (38)
where

fz ) Dx(t )+ Bkoaom + 30 BKi(ki(t) + 8i(t)),
f i=0,...,n—1

with D, «;(t) given by (3), (12), respectively.

3.1. Stability of (38): direct method
To compensate 8;(t) (i =0, ..., n — 1) in the stability analysis
of (38) we follow Selivanov and Fridman (2018a) and consider

* 2
Vi, = h? ft; e 2= |x,(s) 1y, ds
2 _ t _
_%e 2ah f[ke 2a(t S)|81(5)|a/id57 (40)
Wi>0, i=0,...,n—1, t€l[t,ti+1)

Since Si(t) = —BI_(i)Lc,»(t) and §;(ty) = 0, Lemma 2 implies Vi, > 0.
Using the generator £ (Fridman & Shaikhet, 2019; Mao, 2007), we
obtain

LV, + 20V, = RIR(0)]y, — T e 28T (OWis(t),

41
i=0,....,n—1. (41

Differentiating (8) and via (5), (38), we have io(t) = x¢(t) and

)= [, Vilt —Sii(s)ds, i=1,...,n—2,
Xa1(6) = [y Ynoa(t = HHa1fo(s)ds (42)
+ e Wnoa(t = $)Ha_1Cx(s)dw(s).

To compensate the terms x;(t),i=1,...,n — 2, we consider
- t oalt— 2
VW'. i:_ftl_ih e Zn(t s)zq)i(t - 5)|Xi+](5)|wid5, (43)

Via (9) and using Lemma 1, we have
_ — PR 2
LVw; + 2aVy; < |Xi+1(t)|a/i - 972a1h|xi(f)|w,-- (44)
For the deterministic part of 5'(,1,1(t), we consider

Vo = [ € 2 Ipna(t — 5)Ha1fo(s)[5ds (45)

with Q > 0. Lemma 1 leads to

LVq + 2aVy < [Hyafo(t)]3 — e 20T (6)Qoa(t), (46)

where

26) = [y Y1 (€ = Ha-fo(s)ds

Similarly, we define
£) = [ oy Unoa(t = $)Hn 1 Cx(s)du(s).
By It0 integral properties and via (9), we obtain

Ehe=2"= o (t)Fa05(t)
= Ehe;z"‘(” U0 [ e V21t = $)|H 1 CX(5)I7, ds (47)
SE [ i @ 2t — ) Hao1Cx(s)13, ds.

Using the additional term

t
Vg, = ft—(n—l)h

with F, > 0 to compensate p3(t), we have

e 2, _y(t — 5)|Hy_1Cx(5)|2, ds (48)

ELVE, + E2aVr, < E[H,_1Cx(t)[7,

49

— Ehe-2¢0-Uh g (6)F05(0). (49)
We now consider the functional

Vs =V; + Vs, (50)

where V; is defined by (14) with fi(t) changed by f,(t) and

(Viw, + h?e> V) + Vi,

Vs = Vi, +
3= Wo Z n—1 (51)

(nh—h)? (n—1)h
+ = VQ—i——2 VFz'
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Then LMI conditions are derived as follows:

Theorem 3. Given K; (i = 0,...,n — 1) let the derivative-
dependent feedback (4) exponentially stabilizes (2), where C = 0,
with a decay rate a > 0.

(i) Given tuning parameters h > 0 and o« € (0, @), let there exist
nk x nk matrix P > 0, and k x k matrices Wy > 0, R; > 0, W; > 0
(i=1,...,n—1),F >0,F, > 0and Q > 0 that satisfy

@3 <0, 2<0, (52)

where @3 and §2 are the symmetric matrices composed from

@11 = sym{PD} + 2aP + C"PC + h?|H [,
+ 007 Hina 0 + U5 Hy 1 CI7 Ly,
4

@1y =PBIK;, ..., Ky 1],

@15 = "SUDTHT (Reoy + Q)
@y, = —diag{e 2R},
72a(n71)hRn71]T

Ri+h2e2eihyy;
&4 = PBK,

D33 = [Okx(n-2)k, —€
D5 = @[kh e Ko I"BTHT (Ruq + Q)
@33 = —e 2"UN(R, 1 +Fy),

— e 2hdiag (W),

D45 = CSKTBTHT | (Re—1 + Q)
P55 = —Rp—1 — Q,

211 =Wy — @fza(n_l)hQ,
2 =Wy — '12;16_2“("_1)’1[:2

212 = Wiy,

with D and K given by (3). Then the sampled-data feedback (37)
with a sampling period h > 0 and controller gains (7) exponentially
mean-square stabilizes (2) with a decay rate o > 0.

(ii) Given any «a € (0, &), the LMI of item (i) is always feasible for
small enough stochastic perturbations and h > 0 (meaning that the
sampled-data feedback (37) with controller gains (7) exponentially
stabilizes (2) with a decay rate a > 0).

Proof. (i) Following arguments of Theorem 1 and in view of
(40)-(49), we obtain

ELV; + E2aV3 < EET @385 + ER?n 21
2
+EM H H(0F o

where &35 = col{&q, §o(t), ..., Sn—1(t)} with & given by (19), n =
col{o,(t), 03(t)} and P; is obtained from @®; given by (52) by
taking away the last block-column and block-row. Therefore, by
substituting f,(t) given by (39) and applying Schur’s complement
the system (38) is exponentially mean-square stable with a decay
rate o.

(ii) The proof of (ii) is similar to (ii) of Theorem 1. O

(53)

3.2. Stability via neutral type model transformation
As in the previous section, we also use neutral type model
transformation. Then the system (38) is equivalent to
dz(t) = (DX(t) + Y1~ BKi&i(t))dt + Cx(t)dw(t) (54)

with D, z(t) and 6;(t) given by (3), (24) and (39), respectively. For
(54), we consider the functional

Vi=V,+ Vs, (55)

where V, and Vs are given by (28) and (51), respectively. For the
term Vp of V,, we have

LVp + 2aVp = 227 (£)PL(L)

FXT()CT Py CX(E) + 202 T(E)PE(E), (56)

where g:(t) = &,&, with & given below (29) and
5y = 8y + col{ 31y BKilonyi-1, Ok} (57)

Here Z, is defined by (25). When we differentiate V,, we will
employ (46) that depends on f,. If the definition (39) of f,(t) is
directly applied, then the terms «;(t) (i = 1,...,n — 1) should
be compensated that complicates the stability analysis. To avoid
this, we use (23) to obtain a different representation

fo(t) = Dx(t) + BRodo(t) + Y_1= BRi(8i(t) — pi(1)). (58)
D=D- Y] BKH;.

By using V4 of (55) and in view of (56), (58), we arrive at the
following LMI conditions for the system (54):

Theorem 4. Given K; (i = 0,...,n — 1) let the derivative-
dependent feedback (4) exponentially stabilizes (2), where C = 0,
with a decay rate a > 0.

(i) Given tuning parameters h > 0 and o € (0, @), let there exist
(2n — 1)k x (2n — 1)k matrix P = [Pjjlnxn, k % k matrices Wy > 0,
Ri>0S5>0W >0(i=1,...,n—1),F, >0and Q > 0 that
satisfy

>0 Py <0, £<0, (59)

where ¥ and §2 are given by Theorems 2 and 3, and
Puqug = Paqug + SyM{ETPE,} + 20 EPE.

Here Ey and E, are given by (25) and (57), and ®aqg is the
symmetric matrix composed from

-1 2
@11 =CTP1C+ Y [} IHil%,
217] %Ri-ﬁsi

+Z?:0 hzezmh|Hi+l|a/i + nh2 h|Hn—1C|§2,
—1h R
@15 = UDTHT Q,

n
Dy = —diag{efzw:hRi}?;l,
@33 = —diag{e2hs;}1

i=1°
—ORR L Kaq1TBTHY Q.
2 . —
— L e~ 2 diqg{ Wi},
By5 = SSRKTBTHT 1Q,  ®s5=—0Q
with K given by (3). Then the sampled-data feedback (37) with
a sampling period h > 0 and controller gains (7) exponentially
mean-square stabilizes (2) with a decay rate « > 0.
(ii) Given tuning parameters h > 0 and « € (0, &), let there exist
nk x nk matrix Py; > 0, k x k matrices Wy > 0, R; > 0, S; > 0,
W;>0(i=1,...,n—1),F, > 0and Q > 0 that satisfy

Dysim <0, £ <0, (60)

where @y is obtained from @445 given by (59) by setting P =
diag{Pi1, 0} and £2 is given by Theorem 3. Then the sampled-data
feedback (37) with a sampling period h > 0 and controller gains (7)
exponentially mean-square stabilizes (2) with a decay rate o > 0.
(iii) Given any o € (0, ), the LMIs of items (i) and (ii) are
always feasible for small enough stochastic perturbations and h > 0
(meaning that the sampled-data feedback (37) with controller gains
(7) exponentially stabilizes (2) with a decay rate o > 0).
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Table 4

Max. delay h for different o (continuous-time).
o 0 0.05 0.1 0.2 0.3 0.4
®; <0 0.508 0.501 0.476 0.353 0.127 0.015

DPoqug < 0 0.639 0.638 0.637 0.634 0.626 0.358
Dosim < 0 0.508 0.508 0.508 0.505 0.500 0.358

Table 5

Max. sampling period h for different o (sampled-data).
o 0 0.05 0.1 0.2 0.3 0.4
P53 <0 0.103 0.102 0.098 0.075 0.028 0.003

g < 0 0.099 0.098 0.096 0.088 0.054 0.010
Pagim < 0 0.065 0.063 0.060 0.050 0.027 0.006

3.3. Example: Furuta pendulum

Example 3 (Selivanov & Fridman, 2018a). Consider a model of
Furuta pendulum given by (2) with x = col{6, ¢, 9, ¢} and

o o0 1 0o i 0
- 0 0 0 1 10
[ Al B] = ; : (61)
37377 0 —0515 0.142 | —35.42
—8228 0 0.113 —0.173} 43.28

where 6 is the angular position of the pendulum, ¢ is the angle of
the rotational arm. The nonlinear model of Furuta pendulum con-
sists of two coupled nonlinear 2nd-order differential equations
with respect to 6 and ¢. We consider a model linearized in the
unstable equilibrium point 0. Following the classical arguments
for stochastic systems (see e.g. Shaikhet, 2013; Yaesh et al., 2004),
while considering a linearized system (two coupled 2nd-order
differential equations) we add multiplicative noise that models
the error due to linearization (this error increases when state
becomes larger). We therefore consider (2) with (61)and G; = o1,
(i = 0, 1), where o € R. The continuous-time state-feedback is
given by (4) with gains from Selivanov and Fridman (2018a):

Ko = [1.2826 0.0013], K; = [0.1209 0.0086]. (62)

Consider now the system under the continuous-time delayed
controller (6). For different values of 0 and « = 0.01, the
maximum values of delay h that preserve the exponential mean-
square stability are presented in Table 4. Note that the stability
conditions of Fridman and Shaikhet (2019) lead to the same
results as shown in Table 4. However, they are not applicable to
the nth-order systems for n > 2 and to sampled-data control for
n>2.

_ Consider next the sampled-data feedback given by (37) with
Ko and K; in (62). For different values of o and @« = 0.01, Table 5
presents the maximum values of sampling period h via LMIs &3 <
Oand 2 < 0,LMIs ¥ > 0, @44y < 0 and 2 < 0, LMIs Py < 0
and £ < 0 (for brevity we write them as @3 < 0, @44 < 0 and
D4im < 0, respectively). In the deterministic case (¢ = 0), the
result via LMI &3 < 0 coincides with the one of Selivanov and
Fridman (2018a). Clearly, LMI @44, < 0 improves the results via
Dusim < 0, and LMI Py, < 0 leads to efficient results for large
stochastic perturbations.

Fig. 1 plots |x| with x(0) = [x,0,0,0]". From Fig. 1, it is
clear that the sampled-data static output-feedback (37) leads
almost to the same performance as the full state-feedback (4).
Compared with the state-feedback (4) that requires the continu-
ously measured full system state [0, ¢, 6, $]7, the sampled-data
feedback (37) uses only the sampled measurements 6(t;_1), 0(tx)

and ¢(ti—1), ¢(te).
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Fig. 1. Dynamics of (2) with (61) and 0 = 0.4 under the state-feedback (4)
(black solid line), delay-dependent feedback (6) with h = 0.358 (blue dashed
line), and sampled-data feedback (37) with h = 0.010 (red dotted line).

4. Conclusions

This paper presented the time-delay and sampled-data im-
plementations of derivative-dependent control for the nth-order
stochastic systems. This was done by extending the recent ef-
ficient results in the deterministic case and by developing two
methods (direct method and neutral type model transforma-
tion). The presented methods can be extended to PID control of
stochastic systems. This may be a topic for future research.
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