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1. Introduction

Networked Control Systems (NCS) are systems with spatially
distributed sensors, actuators and controller nodes which ex-
change data over a communication data channel. Only one node is
allowed to use the communication channel at once. The communi-
cation along the data channel is orchestrated by a scheduling rule
called protocol. Using such control structures offers several practi-
cal advantages: reduced costs, ease of installation and maintenance
and increased flexibility. However, from the control theory point of
view, it leads to new challenges. Closing the loop over a network
introduces undesirable perturbations such as delay, variable sam-
pling intervals, quantization, packet dropouts, scheduling commu-
nication constraints, etc. which may affect the system performance
and even its stability. It is important in such a configuration to pro-
vide a stability certificate that takes into account the network im-
perfections. For general survey papers we refer to [ 1-3]. Recent ad-
vancements can be found in [4-9] for systems with variable sam-
pling intervals, [10] for dealing with the quantization and [11-13]
for control with time delay. Concerning NCS, three main control
approaches have been used: discrete-time models (with integra-
tion step), input/output time-delay models and impulsive/hybrid
models.
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In the present paper, we focus on the stability and L,-gain
analysis of NCS with communication constraints. We consider a
linear (probably, uncertain) system with distributed sensors. The
scheduling of sensor information towards the controller is ruled
by the classical Round-Robin protocol. The Round-Robin protocol
has been considered in [14,15] (in the framework of hybrid
system approach) and in [16,17] (in the framework of discrete-
time systems). In [ 14], stabilization of the nonlinear system based
on the impulsive model is studied. However, delays are not
included in the analysis. In [15], the authors provide methods for
computing the Maximum Allowable Transmission Interval (MATI
— i.e. the maximum sampling jitter) and Maximum Allowable
Delay (MAD) for which the stability of a nonlinear system is
ensured.

In [16], network-based stabilization of Linear Time-Invariant
(LTI) with Round-Robin protocol and without delay have been
considered (see also [17] for delays less than the sampling
interval). The analysis is based on the discretization and the
equivalent polytopic model at the transmission instants. For LTI
systems, discretization-based results are usually less conservative
than the general hybrid system-based results. However, discrete-
time models do not take into account the system behavior
between two transmissions and are complicated in the case
of uncertain systems. Moreover, it is tedious to include large
delays in such models and the stability analysis methods may
fail when the interval between two transmissions takes small
values.
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In the present paper, for the first time, a time-delay approach is
developed for the stability and L,-gain analysis of NCS with Round-
Robin scheduling. Discrete-time measurements are considered,
where the delay may be larger than the sampling interval. We
present the closed-loop system as a switched continuous-time
system with multiple and ordered time-varying delays. The case of
the ordered time-varying delays (where one delay is smaller than
another) has not been studied yet in the literature. By developing
the appropriate Lyapunov-Krasovskii techniques for this case, we
derive LMIs for the exponential stability and for L,-gain analysis.
The efficiency and advantages of the presented approach are
illustrated by two benchmark examples. Our numerical results
essentially improve the hybrid system-based ones [15] and, for the
stability analysis, are not far from those obtained via the discrete-
time approach [17]. Note that the latter approach is not applicable
to the performance analysis. Also, for the first time (under Round-
Robin scheduling), the network-induced delay is allowed to be
greater than the sampling interval.

Our preliminary results on stability of NCS with constant delay
under Round-Robin scheduling have been presented in [18].

Notation: Throughout the paper the superscript ‘T’ stands for
matrix transposition, R" denotes the n dimensional Euclidean
space with vector norm || - ||, R™™ is the set of all n x m real
matrices, and the notation P > 0, for P € R™" means that
P is symmetric and positive definite. The symmetric elements
of the symmetric matrix will be denoted by *. The space of
functions ¢ : [a,b] — R", which are absolutely continuous
on [a, b), have a finite limy_,,- ¢(6) and have square integrable

first order derivatives is denoted by W{a, b) with the norm
1

léllw = Maxperas [6©)] + [ % |q'>(s)|2ds]7 . denotes the set
0,1,2,3,.. ).

2. Problem formulation and the switched system model

Consider the following system controlled through a network
(see Fig. 1):

x(t) = Ax(t) + Bu(t) + Byw(t),

z(t) = Cox(t) + Dypu(t), M

where x(t) € R" is the state vector, u(t) € K™ is the control
input, w(t) € K™ is the disturbance, z(t) € R™ is controlled
output, A, B, By, Cp and D, are system matrices with appropriate
dimensions. These matrices can be uncertain with polytopic type
uncertainty. The system has several nodes (distributed sensors, a
controller node and an actuator node) which are connected via two
networks: a sensor network (relaying the sensors to the controller
node) and a control network (from the controller node to the
actuator). For the sake of simplicity, we consider two sensor nodes
yi(t) = Cix(t),i = 1, 2 and we denote C = [E;] ,y(t) = B;Eg] €
R™. The results can be easily extended to any finite number of
sensors. We let s, denote the unbounded monotonously increasing
sequence of sampling instants, i.e.

ke N, lim s, = oo. (2)

O=so<$§1<---
k— o0

< Sk < ey

At each sampling instant sy, one of the outputs y'(t) is sampled
and transmitted via the network. The choice of the active output
node is ruled by a Round-Robin scheduling protocol: the outputs
are transmitted one after another, i.e. y(t) is transmitted only at
the sampling instant t = s,4;_1, p € V. After each transmission
and reception, the values in y'(t) are updated with the newly
received values, while the other values in y(t) remain the same, as

u(t)

Fig. 1. System architecture.

no additional information is received. This leads to the constrained
data exchange expressed as

yio= [V =X +Flus). k=2p+i-1,
T s k#2p+i—1,
peEN, (3)

where v is a measurement noise signal and F' is the matrix with
appropriate dimension, i = 1, 2.

We suppose that data loss is not possible and that the
transmission of the information over the two networks (between
the sensor and the actuator) is subject to a variable delay h, =
hy + hi?, where hy and h? are the network-induced delays (from
the sensor to the controller and from the controller to the actuator
respectively). Then t, = sy + h, is the updating instant time of the
Zero-Order Hold (ZOH).

Differently from [15,17], we do not restrict the network delays
to be small with t;, = s 4+ hy < Sg41, i.€. by < Sgr1 — Sk. Asin [19]
we allow the delay to be non-small provided that the old sample
cannot get to the destination (to the controller or to the actuator)
after the most recent one

Sk hy <Sipr+HWG Sk e < Sk + g, (4)

i.e. hy < ftgr1 — Sk. Assumption (4) is a necessary condition for
making scheduling reasonable. A sufficient condition for (4) is that
the delays are bounded hyf < [hj;, MAD*], hy € [hy, MAD],
where hy,, b5, MAD, MAD*® are known bounds with MAD* — h% <
MAD — hy,, and the delay range is less than the sampling interval:
hy — hiy1 < MAD — hy < Sgqq — S

Assume that the network-induced delay h; and the time span
between the updating and the most recent sampling instants are
bounded:

tp1 —te+he <y, O0=<hy<h, ke, (5)

where 1), and h;;, are known bounds. Note that 7, = MATI + MAD.
Then

ter1 — b < Ty — hi,

(6)

tipr — tem1 + o1 < 2ty — hip £ Ty,
We suppose that the controller and the actuator act in an event-

driven manner. The general dynamic output feedback controller is
assumed to be given in the following form:

Xc(t) = Acxc(t) + By,

u(t) = Cexc(t) + Dcyk, @

t € [te, tky1), kK €N,
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1
where x.(t) € R™ is the state of the controller, y, = |:y’2‘:| €
Yk
R (k =1, 2,...)isthe most recently received output of the plant,
1
which satisfies (3)and yy = ’g) .A¢, B., C. and D, are the matrices

with appropriate dimensions.

2.1. Static output feedback control

Consider first the particular case of (7) with C. = 0,D, = K,
where we suppose that there exists a matrix K = [K;  K;], K; €

R™M K, € K™y such that A + BKC is Hurwitz. Consider
the static output feedback of the form:

w = Kiyg +Koyi, k=1,2,...

and ug = K; y}). Then the control law is piecewise constant with

u(t) =ug, Vt e[ty tigr) .

The closed-loop system can be presented in the form of the
switched system
x(t) = Ax(t) + Arx(t — hy) + Aax(te—1 — hye—1)
+Biw(t) + Darv(te — hi) + Dopv(tk—1 — hyx—1),
z(t) = Cox(t) + D1x(tx — hi) + Dax(te—1 — hi—1),
+Exiv(ty — h) + Expv(t—1 — 1), t € [k, trt1),
x(t) = Ax(t) + Ax(t — hi) + Aax(tieyr — hyey1)
+Biw(t) + Darv(ty — hi) + Do v (b1 — hit1),
z(t) = Cox(t) + Dix(tx — hi) + Dax(tet1 — hit1)s
+Env(te — M) + Ev(ter1 — her1)s  t € [ttt tet2),

where
k=2p, peN, A =BKC,  Dy=BKF, ©
D; = Dy,K;C', Eyi = DpKiF', i=1,2.
From (5), (6) we have
t € [te, ter1) = ¢ — b+ hy € [h, Tm],
t—ti1 + he—y € [Ap, TM], (10)

t € [tes1, tey2) = t— b + i € [Am, T,

t — tir1 + hiyq € [, il
Moreover,
t—te+h <t —ti g+ e,
t—te +hg >t — teyr + iy,

te [tk9 tk+1)7
t € [tet1, tk)-
Fort € [ty, tyr1) Wecanrepresent ty—hy = t—11(t), tg_1—hx_1 =
t — 17,(t), where
() =t —te+h < (t) =t — te—g + My,
71(t) € [hm, ™], 7(t) € [hm, Tv], t € [y, tig1).
Therefore, (8) for t € [ty, ty11) can be considered as a system with
two time-varying interval delays, where t,(t) < to(t). Similarly,
for t € [ter1, ter2) (8) is a system with two time-varying
delays, one of which is less than another. This case of ordered
time-varying interval delays has not been studied yet in the
literature.

Assume that v(t) = 0, t < to. Denote fork =2p, pe &
v1(t) = vt — hy), v2(t) = v(te—1 — he—1),  t € [y, ter1),
v1(t) = v(ter1 — i), v () = v(t, — hy),

t € [tet1, tera)-

(11)

The switched continuous-time system (8) has three disturbances
w € Ly[ty, 00), v; € Ly[tg, 00), i = 1, 2 with

2
o2,

[o'¢] [o¢]
f (O dt =Y (topr1 — tap) [V (tap — hp)
to p=0

o0

2

+ Z(f2p+2 — bpr )|V (t2pr1 — hapy1)]
p=0

o0
D (s — )t — P,
k=0

o0 (o]
v, = / lwa(OPdt = " (tpr — )0 (tr — hee) 2.
to

k=0

Foragiven scalar y > 0, we thus define the following performance
index:

2 2 2 2 2
= 1212, = Pwl?, + o, + vzl

= f w[z%)z(r) — 2w’ (Ow(t)]de

fo

¥ )t — 8 (6 — b vt — hy)

=0
+ 0" (b1 — M- )V (o1 — 1)1 (12)

The above H.-performance extends the indexes of [13,20] to the
case of Round-Robin scheduling. It takes into account the updating
rates of the measurement and is related to the energy of the
measurement noise. The system (8) is said to have an L,-gain less
than y if ] < 0 along (8) for the zero initial function and for all
non-zerow € Ly, v € .

2.2. Dynamic output feedback

Consider now (1) under the dynamic output feedback controller
(7), where we assume that the controller is directly connected to
the actuator, i.e. hy = hi. The closed-loop system (1), (7) can
be presented in the form of (8), where the system state and the
matrices are changed by the ones with the bars as follows:

BD, |:C1] 0
x=[x"xT]" A= |4 B A= Lo
- 5 o AC ) 1=

_ 0 _ 1
Dy = |:D12DC I:Czi| Oj| , Ez1 = D12D I:%i| ,
- 0
Ey = D12D, |:in| .
In the present paper, we will derive LMI conditions for the

exponential stability of the disturbance-free switched model
(8) and for the L,-gain-analysis of (8) via direct Lyapunov
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method. The results under variable network-induced delay is
studied in Section 3.2. Note that in some NCS (such as Control
Area Networks, where transmission over the network is almost
instantaneous compared to the plant dynamic) the network-
induced transmission delay may be usually neglected (see
e.g. [14]). However, a constant delay may appear due to
measurement or due to control computation. Therefore, Section 3.3
considers Round-Robin scheduling under variable sampling with
constant delay. Finally, the efficiency of the new criteria is
illustrated via benchmark examples of batch reactor and cart-
pendulum.

Remark 1. In the above reasoning, we assumed that packet loss
does not occur. However, for small delays h, < Sg1 — Sk we
could accommodate for packet dropouts by modeling them as
prolongations of the transmission interval similar to [15,17].

3. Stability and L,-gain analysis

3.1. Useful lemmas

We will apply the following lemmas:

Lemma 1. Let there exist positive numbers 8, § and a functional
ViR XW xL[—1ty, 0] = [to, 00) such that

Bl < V(t, ¢, d) < 8l1Bl5-

Let the function V(t) = V(t, ¢, ;) be continuous from the right for
x(t) satisfying (8), absolutely continuous for t # t, and satisfies

(13)

lim V(t) > V(ty).

=

(14)

(i) Ifalong (8) withw = 0andv =0

V(t) < —BIX(O for t # t, and for some scalar f > 0,
then (8) with w = 0 and v = 0 is asymptotically stable.
(ii) If along (8) with w = 0 and v = 0 for some a > 0
V() +2aV(t) <0 fort # &,
then (8) with w = 0 and v = 0 is exponentially stable with the
decay rate c.
(iii) For a given y > O, if along (8)
V() + 2T (0z2(t) — y*u Ow(®) — ¥l (6 — hov(t — h)
+ 0" (-1 — DV (tk—1 — he—1)] < 0,
t € [ty, tkt1), kK € N, (15)

then the performance index (12) achieves ] < 0 for all non-zero
w € Ly, v € |, and for the zero initial function.

Proof. (i) and (ii) follow from the standard arguments for the
switched and the time-delay systems (see e.g. [21,7]).

(iii) Given N > 1, we integrate inequality (15) from ¢ till ty.
We have for w # 0,v # 0

Vity) — Vtn—1) + V(ty_;) — V(tv—2) - - + V(&) — V(to)

+ / T (5)2(5) — y?wT () w(s)]ds

N—1
— ¥ tipr — I (b — h)v (e — hy)
k=0
+ 0" (k1 — he—1) V(1 — he—1)] < 0.
Taking into account that V(ty) > 0, \_/(tk_) —V(ty) >0fork =
1,...,N—1and V(t)) = 0, we arrive for N — coto] < 0. O
Lemma 2 ([22]). Let f1, f>, ..., fx : R" — R have positive values

in an open subset D of R". Then, the reciprocally convex combination
of f; over D satisfies

. 1
min E *MD=§.MD+mME &ij(t)
{ } — : 8ij(t) 7
a,~|a,~>0,Zo¢i=1
subject to

{gi,j LR R, gi(t) 2 git), |:fi(t)

8ij(t)
&ij(t) ﬁj(f) ] = 0} ’

3.2. Stability and L,-gain analysis of NCS: variable hy,

Consider the switched system (8) as a system with two
ordered time-varying delays t;(t) and tp(t) either from [h;,, Tj]
or from [hy,, T)]. Our stability and L,-gain analysis will be based
on the common (for both subsystems of the switched system)
time-independent Lyapunov-Krasovskii Functional (LKF) for the
exponential stability of systems with time-varying delay from the
maximum delay interval [h;,, Ty] [23,24]:

V(xe, X)) = ‘_/(t) = Vo(x¢, %) + Va(xe, Xp), (16)
where
t
Vo(Xe, %) = X' ()Px(t) —|—/ e C=OxT (5)Sox(s)ds
t—hp
0 t
+ hyy, / / e2*S=0RT (5)Rox(s)dsd6,
—hm Jt+6
(17)

—Ty

t—hm
Vi(xe, %) = / e2*6=0xT (5)S1x(s)ds
t

—hm t
+ (T — hm) / / 2G0T (5)R1x(s)dsd6,
—7y Jt+6

P>0,S>0,Ry>0,5>0 R >0, a >0.

By taking into account the order of the delays 7, 7, and
applying convexity arguments of [22] we prove the following:

Theorem 1. (i) Given 0 < hy, < ty,a > Oifthereexist n x n
matricesP > 0,S; > 0,R; > 0(i = 0, 1), G}, G, G3(i = 1, 2) such
that the following four LMIs are feasible:

R G G
2i=|*% R G|=0 (18)
* * Ry
@11 Ree "™ PA;  PA3 0 ATH
* Doy Dy3 Doy GizeizurM 0
- * * ¢33 ¢34 (G% — 62)672(1?,\4 A]TH
S * * By (R —Ghe ™ AL H
* * * —(Sq + Ry)e 2 0
* * * —H
< 0, (19)
where
@11 = PA+ATP + S — Roe 2" 4 2aP,
@y = (—=So + S1 — Ro)e 2*'m — Rye™20m
@3 = (Ry — G)e ™,
@y = (G} — Gye 2™,
1 2 (20)

@33 = (2R, + G} + G )e 2™,

@35 = (Ry — G, + Gy — Gy)e ™,
Dyy = (—2R1 + Gg + GgT)eizan,
H=hRo+ (Ty — hm)*Ry, i=1,2.

Then system (8) with w = 0 and v = 0 is exponentially stable with
the decay rate o.
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(ii) Given y > 0, if (18) and the following LMIs

r | PBy PDyy PDp  Cp T
| 0 0 0 0
Eilaeo | 0 0 0 D!
| 0 0 0 DI,
| 0 0 0 0
| HB] HD21 HDZZ 0 < 0, (2])
* | —y2 o0 0 0
* |+ =i 0 E,
* | * x  —y EL
L | * * * —I

i = 1, 2 with notations given in (20) are feasible. Then (8) is internally
exponentially stable and has L,-gain less than y.

Proof. (i) Differentiating V (t) along (8) with w = 0 and v = 0, we
have
V(t) + 20V (t) < 2T (£)Px(¢) + X7 (£)[So + 2atP]x(t)

— X" (t — hp)[So — S1le™ > ™ x(t — hy,)

+ %" (O)[h%Ro + (Tm — hm)*Ry1(0)

—xT(t = Ty)S1e” 2 Mx(t — Ty)

t
— hye~2ehm / %7 (s)Rox(s)ds
t—hm

t—hm

— (Tm — hp)e 2™ / K ORik(s)ds.

t—Ty

Consider t € [t, ty+1). By Jensen’s inequality [25], we have

t t t

hpm / X7 (s)Rox(s)ds > f xT(s)dsRq /
t—hm t—hm t—hm
= [x(t) — x(t — hp)]"Ro[x(t) — X(t — hm)].

Taking into account that t,_; — hi_1 < t; — hy (i.e. that the delays
satisfy the relation (11)) and applying further Jensen’s inequality
we obtain

x(s)ds

t—hm

— (T — hm) X" (s)Ryx(s)ds

t—1Ty

—hy

t—hm
= —(ty — hp) |:/ xT (5)R1x(s)ds

tk—1—hr—1

ty—hy
+ / xT ()R1x(s)ds + /
tk—1—hg—1 t=tm

1 1 1
= ——hO) — —LO) — —f(), (22)
[04] (0] (0%}

X (s)Rl)'((s)ds:|

where

t_hm_tl<+hk
o= ———F", (%]
™ — hm
Ty — b4t — M1
v — hm
fi(t) = [x(t — hym) — x(t, — M) Ry [X(t — him) — X(t — W],
L) = [x(t — h) — x(te—1 — he—)]"
X Ry[x(t, — hy) — x(te—1 — he—1)],
[X(t—1 — he—1) — x(t — Tw)]"
X Ry[x(tg—1 — hg—1) — x(t — ™) ].

R L e o
v — hp

3

03 =

)

f3(t)

Denote

g12(t) = [X(t — hp) — x(t — )]
x Gylx(te — hi) — x(te—1 — he—1)]1,

g13(t) = [x(t — hp) — x(t — b1

X Gy[X(tk—1 — hi—1) — x(t — Tw)],
g.3(t) = [x(te — he) — x(tk—1 — he—1)]”

X G3[X(tk—1 — k1) — x(t — Tw)].

1
Note that (18) with i = 1 guarantees [R*I gfl] >0(j=1,2,3),
and, thus,

fi®) &) L -
[gi.j(t) jjj(t) :| >0, i#j,i=12,j=2,3.

Then by Lemma 2, we arrive to

t—hpm
— (Fw — hw) / & (SR k(5)ds
t—ty

IA

1 1 1
——fit) — —f(t) — —f(t)
[0 4] (05 (0%}

=< —f1(®) = f2(6) — f2(E) — 2g1,2(t) — 21 3(t) — 282,3(F)

= —AT(O211(0),
where A(t) = col{x(t — hp) — x(t, — hy), x(tx — he) — X(te—1 —
hi—1), x(ty—1 — h—1) — x(t — Ty)} and £2; is given by (18) with
i=1.

Hence, setting & (t) = col{x(t), x(t — hm), X(tx — hi), X(t—1 —
he_1), x(t — Ty)}, we find that

V(t) + 2V (t)

@11 Roe '  PA, PA, 0
* 5 D3 Dy G;f?_zaf’"
<&@ * * B33 DP3q (—Gy+ Ghe ™ | (1)
* * Dyy (R] — G;)e72a‘fM
* * * (=S; — Ry)e~2@m

+ [AX(E) + Arx(t — hi) + Asx(tiy — hi1)]™H
x [Ax(t) + Arx(ty — hy) + Aox(te—1 — he-1)1,
where notations are given by (20) with i = 1. Hence, by Schur

complements, (19) with i = 1 guarantees that V(t) + 2aV(t) < 0
fort e [ty, ty1).
Similarly, when t € [tkt1 ty+2), we prove that (18) and (19)

with i = 2 can guarantee V(t) + 2aV(t) < 0. Thus by (ii) of
Lemma 1, (8) with w = 0 and v = 0 is exponentially stable with
the decay rate «.

(ii) By using arguments of (i), we find that (15) holds along (8)
if LMIs (18) and (21) are feasible, which completes the proof. O

Remark 2. The switched system (8) can be alternatively analyzed
by the standard arguments for systems with two (independent)
time-varying delays. However, this leads to the overlapping delay
intervals 71(t) € [hy, Tv] and ©o(t) € [hy, Tv], which may be
conservative since the relation 7;(t) < 7,(t) is ignored. We give
now the standard LKF for two independent delays: V (x, X;) =
Zizzo Vi(x;, X;), where V;(x;, X;)(i = 0, 1) are given by (17) with
Ty changed by 1y and

Vo (X, X¢)
t—hm
= / e26=0xT ()S,x(s)ds
Py
bt
+ (v — hm) / e?*S=O%T (s)Ryx(s)dsd6,
-ty Jt+0

S, >0,R, >0, > 0.
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Extending arguments of [22] to the exponential stability of systems
with two delays, we obtain the following LMIs:

R G 0 o0

k
0 23
* * R; Gi2 = ( )
* * R;
@1, Roe 2"  PA;  PAs_; 0 0 ATH
k X9 X3 P Gll e_z’”"” G;e_z"‘f” 0
* * X33 0 23 0 A.‘T~
g o= | x * * Zus 0 O Al H
* * * * Xss 0 0
* * * * * Y66 0
L * * * * * * —-H |
<0 (24)
where @1, is given in (20) and
5y = (=So +S1 + Sy — Ry)e 2*m — Rye 2™ — Rye™24M
53 = (Ry — G))e 2™,
Zhy = (Ry — Gye 2™,
T33 = (—2R; + G} 4 G )e ™™, (25)
Sas = (2R, + Gy + Gy )e 2™,
Tss = —(S1 + Ry)e 2™,
o5 = —(Sp + Ry)e 2™,
H = hRo + (ty — hm)*Ry + (B — hn)*Ry,  1=1,2.

The LMIs for L,-gain analysis are given by (21) with Z and H
changed by & and H respectively. Note that LMIs (23), (24) for
independent delays possess the same number of decision variables
as LMIs (18), (19) of Theorem 1 (up to the symmetry of R;, S, ), but
have a higher-order:

2LMIsof7n x 7n and 2 LMIs of 4n x 4nin (23), (24),
2LMIsof6n x 6n and 2 LMiIs of 3n x 3nin(18),(19).

The examples below illustrate the improvement (in the
maximum value of t), which preserves the stability and in the
computational time) by taking into account the order of the delays.

Remark 3. Our method can be extended to the dynamic output
feedback with two networks, where

u(t) = Cexc(ty — hia) + Deyk, t € [, tigr).

In this case the closed-loop system can be considered as the system
with three delays: two ordered 71(t) = t — tx + hy < 72(t) =
t — ty—1 + i1 and the independent one 73(t) =t — t, + h}". Such
a system can be analyzed by combining the standard Lyapunov-
based method (for t3(t)) with the Theorem 1 (for the ordered
delays 71 (t) and 7o (t)).

3.3. Stability and L,-gain analysis of NCS: constant h

In this subsection we consider the case of negligible network-
induced delay, where h > 0 is the constant measurement de-
lay. We note that, till recently, the conventional time-independent
LKF of (16) (for systems with interval time-varying delays) were
applied to NCS (see e.g. [4,11]). These functionals did not take ad-
vantage of the sawtooth evolution of the delays induced by sample-
and-hold. The latter drawback was removed in [5,7], where time-
dependent Lyapunov functionals for sampled-data systems were
introduced. We will adapt to the Round-Robin scheduling a time-
dependent Lyapunov functional construction of [26], which is

based on the extension of Wirtinger’s inequality [27] to the vec-
tor case:

Lemma 3 ([28]). Let z(t) € W][a, b) and z(a) = 0. Then for any
n x n-matrix R > 0 the following inequality holds:

b 4(h — 2 b
| F@raceras < s | #Femeene. (26)

We introduce the following discontinuous in time Lyapunov
functional:
V(t7 xts X[‘) - ‘_/1 (t)
VO(xt»kt) +V1(t7xt5kf) + VZ(tvxtakt)7 (27)
where Vy(x;, X;) is given by (17) with h,, = h,a = 0 and
t

Vit, xe, %) = 4(ty — h)? X" (s)Wik(s)ds
ty—h

7.[2 t—h
-— / [x(s) — x(tx — h)]"Wi[x(s) — x(t, — h)]ds,
4 ty—h

t € [ty, tiga),
Vo (t, Xe, Xp)
t
4(ty — h)? %7 (s)Wax(s)ds
tg—1—h

2 t—h
z [X(s) — x(te_ — h)ITW,

4 tk—1—h
x [x(s) _tx(tk—1 —hlds, t € [ty tit1),
4(ty — h)? X" (s)Wak(s)ds
ter1—h
72 peh .
- [X(8) = Xt — MW,
4 tkr1—h
X [x(s) — x(tep1 — W)]ds, ¢ € [try1, ter2),
W; >0, W, >0, k:2p
Note that Vy is a “nominal” Lyapunov functional for the
“nominal” system with a constant delay
X(t) = Ax(t) + (A1 + Ax)x(t — h). (28)
The terms V;, V, are extensions of the discontinuous constructions
of [26]. We note that V; can be represented as a sum of the
continuous in time term 4(ty — h)? ftih xT(s)Wix(s)ds > 0, t €
[tk, txr2), with the discontinuous (for t = t;) one

t—h
Vw1 2 4(ty — h)z/ X' (s)Wik(s)ds
ty—h

7T2 t—h
-— / [x(s) — x(tx — )] Wi[x(s) — x(t, — h)]ds,
4 ty—h

t € [ty tey2)-
Note that V1=, = 0 and, by the extended Wirtinger’s inequality
(26), Vw1 = Ofor all t > tp. Therefore, V; does not grow in the
jumps.
In a similar way, V, can be represented as a sum of the
continuous in time term 4(ty — h)? ftih xT (s)W,x(s)ds > 0, with
the discontinuous for t = t;,; term

Z2
- [X(s) — x(ti—1 — W] Wa[x(s) — x(ti—1 — h)1ds
4 tg—1—h N
—
+4(tm — h)Z/ X (S)Wak(s)ds, € [te, tkr),
N ty—1—h
Vw2 =1 a2 eren
Y [x(s) — Xt — WITWa[x(s) — X(tey1 — h)1ds
tip1—h 0
—
+4(ty — h)? X (S)Wak(s)ds, € € [tiyt, tira)-

tip1—h
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We have Vi c=,,, = 0 and, by the extended Wirtinger’s inequal-
ity (26), Vw, > Oforall t > to, i.e. V, does not grow in the jumps.
Therefore, V; does not grow in the jumps: lim,__ - Vi(t) > V;(t)

t~>tk
and limf—’f{ﬂ Vi(t) = Vi(tgs1) hold.

Theorem 2. (i) Given tyy, > h > 0, the system (8) with h, = h,
w = 0and v = 0is asymptotically stable, if there exist n x n matrices
P > 0,Ry > 0,50 > 0,W; > 0(i = 1, 2), such that the following
LMl is feasible:

¥ Ro PA; PA, ATWA
7w 7
*x Y — — W 0
2 4 , 1 4 2
E=|x x -Zw, o Alw]|<0O (29)
4 2
T T
* * * _IWZ AW
L * * * * —-W
where
W, =PA+ATP + Sy — Ry,
72'2 7T2
Uy = ——W; — —W, — Sy — Ry, (30)
2 4 1 4 2 0 0
W = h®Ry + 4(ty — h)2(W; + Wy).
(2) Given y > 0, if the following LMI
B | PBi PDy PDp (T
| 0 0 0 0
E | 0 0 0 D]
| 0 0 0 D!
| WB WDy WDy 0| _, 31)
« | —yi 0 0 0
x| x  —yi 0 EL
T 0 —yi E,
Lx | * * * —I

with notations given by (30) is feasible. Then (8) with hy = h is
internally stable and has L,-gain less than y.

Proof. (i) Differentiating Vy(x;, ;) and applying Jensen’s inequal-
ity [25], we have

%vom, %) < 20 (OPX(E) + X' (DSox(D)

—xT(t — h)Sox(t — h) + h?&T (t)Rox(t)
— [x(t) — x(t — )] Ro[x(t) — x(t — h)].

Consider t € [tg, ty+1). Along (8) with hy = h, w = 0andv = 0
we have

q 2
EZVi(t;Xtvkt)
ti=

= X" (O[4(tm — h)*(W; + Wy)]x(¢)
2
—%[X(t — h) — x(t, — W)]"Wi[x(t — h) — x(t; — h)]
2
=TI = ) = Xt = DI Walx(E = ) = (6 = b))
Then substitution of Ax(t) + A1x(ty — h) + Axx(t,—; — h) for x(t)
leads to

¥Y; Ro PA4 PA,
7T2 7'[2
* —W —W.
Vi) T(t) 2 %2 1 4 t
<
1(t) = ¢ ( Tw, 0 ¢(t)
4
7.[2
* 0 ok * ——W,
4

+ [Ax(t) + Arx(t — h) + Axx(t—1 — B)]I'W
x [Ax(t) + Ax(tx — h) + Axx(te—1 — )],

where ¢ (t) = col{x(t), x(t — h), x(t,x — h), x(t,—; — h)} and W is
given in (30). Hence, by Schur complements, (29) guarantees that
Vi(t) < —B|x(t)|? for some B > 0.

Similarly: when t € [ti41, tkt2), k = 2p, we prove that (29)
guarantees V;(t) < —B|x(t)|2 for some ,B > 0, which proves the
asymptotic stability (see Lemma 1(i)).

(ii) By using arguments of (i), we find that (15) with \7([) =

\71(r) holds along (8) with hy h if LMI (31) is feasible, which
completes the proof. O

Remark 4. Compared to the stability LMI conditions of Theorem 1,
of Remark 2 and of [ 18], the LMI of Theorem 2 is essentially simpler
(single LMI of 5n x 5n with fewer decision variables) and is less
conservative (see Examples below).

Remark 5. Similar to [26], the decay rate of the exponential
stability for (8) can be found by changing the variable x(t) =
x(t)e*" and by applying LMI (29) to the resulting system with
polytopic type uncertainty.

For the case of constant delay h, we can combine the methods
of Theorems 1 and 2. Thus the following Corollary is obtained:

Corollary 1. Given ty; > h > 0, the system (8) withhy = h, w =0
and v = 0 is asymptotically stable, if there exist n x n matrices
P>0S >0R >03i=0,1),G,G, G, W > 0G = 1,2),
such that (18) and Ej|q—o(i = 1, 2) hold, where E;(i = 1, 2) are
defined in (19) with hy,, changed by h and &5, @3, P4, P33, Pyg, H
changed by

2 7.[2

v

By = —So+S1 — Ry — Ry — —W; — —W,,
22 0 1 0 1 4 1 4 2

2

i b

D3 =R — G + ZWi,

2
Bry =G — G+ =Wy
24 1 2 4 3—i» (32)
. . 2
@33 = —2R; + G| + G} — - W

2
. . T
Pgq = —2R + G5 + GY — Twa_i’

H=h?Ry + 4(ty — )*Ri + W1 + W), i=1,2.

We note that the LMIs of Corollary 1with W; = 0(i = 1, 2) or with
Ri=S5 = G} =0(i=1,2,j=1,2,3) are reduced to the ones of
Theorem 1 or of Theorem 2, respectively.

Remark 6. When there is no measurement delay, i.e. hy = 0, the
problem for NCS is reduced to the one for sampled-data systems
with scheduling (see e.g. [14]), where the closed-loop system
has a form of (8) with hy = 0,k € WN. As we will see in
the example below, for h — 0 the conditions of Theorem 2
become conservative. Less conservative conditions can be derived
in this case via different from (27) continuous in time Lyapunov
functionals.
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For the constant sampling, where ty 1 —ty = 7y, k € N, choose
Lyapunov functional of the form

2
VIt %, &) = Va(t) = X" (OPX(E) + Y Vilt, %)
i=1

2
+ ) Vailt,x), P >0, t €t tirs), k=2p, pe N,(33)

i=1

where

t
Vi(t, %) = (teg2 — 1) / X (s)Usx(s)ds,
t

(tirr — 1) [ 70X (5)Uak(s)ds,
tk—1
t € |tyg, t s
Va(t, ) = [tk. tier)
(trss — 1) 26O (5)Usk(s)ds,
tk+1
t e [tk+l7 tk+2)5
X+ X7 XX
Vki(t,x) = (e —DEL(O) | T2 TR TR g,
%k —X1
Vxa(t, X¢)
Xo+ X7
e —0E 0| —2 T8l o),
* —X3
_ t € [tk, tkr1),
X+ X7
s —0EFO | — 2 T8 g0),
* —X3
t € [tit1, tey2),

with &(t) = col{x(t), x(tes)}(i = 0,£1). % = X; + X —

T
X X =X+ XD - 2%y >0, U, > 0, k=2p.
The terms V; and Vy; (i = 1, 2) extend the constructions of [7] to
the case of multiple sampling intervals. These terms are continuous
in time along (8) with hy = 0 since

V1\t=t,: = V]\r:r,( =0, V”t:[kjrl = Vl\t:tkﬂ >0,

VZ\t:t,j = Vaj—¢, 2 0, VZ\t:t,;l = Vaj—ty, = 0,

VXl\t:tk_ = VXl\t:tk =0, VX1|t:tk_+] = VX1|t:tk+1 >0,

sz\t:[,; = Vx2jt=q = 0, Vx2|[:t’:+1 = Vxajt=tj, =

The condition V(t,x;, %) > /f_3|x(t)|2 holds for t €

[tk, ter1), k= 2p,if

. X, + X7
P+myX+X)+ 5 2 (=X +X1) i (—X2 +X3)
* —ZTM)_(] 0 >0 (34)
L * * —TM)_(3
'P X+XT X x
+ ™ (— -1' Do 0, (35)
L * —rMX1
and for t € [tyy1, tkr2), k= 2p, if
r r X+Xx"
P+oyXo+X,)+1n (=X +X1)  2tm(—X2 +X3)
% —TM>_(1 0 >0, (36)
L * * —2IMX3
B X+ X]
P+y (=X :|-X3) - 0. (37)
L k —‘L’MX3

Table 1

Example 1: max. value of ty for hy = 0.
Method ™ = MATI
[29] 0.0082
[15] 0.0088
[17] 0.0645
Remark 6: tyr1 — ty = 7y 0.0655
Remark 6: tyr1 — ty < ™y 0.0622
Theorem 2 withh = 0: ty4q — ty < Ty 0.049

Lyapunov functional V of (33) with X = X; =0( = 1,2, 3) is
applicable to systems with variable sampling t;,1 — t; < ty. The
resulting LMI conditions can be found in [18].

Remark 7. LMIs of Theorems 1 and 2, of Corollary 1 and of [ 18] are
affine in A. Therefore, if A resides in the uncertain polytope

M M
A=Y wAY, 0= <1 ) wo) =1,
j=1 j=1

one have to solve these LMIs simultaneously for all the M vertices
AV applying the same decision matrices.

4. Examples
4.1. Example 1: batch reactor
We illustrate the efficiency of the given conditions on the

benchmark example of a batch reactor under the dynamic output
feedback with h, = hj’ [29,15,17], where

C 1380 —0208 6715 —5.676
A |-0581 —a2002 0 0.675
=| 1067 4273 —6654 5893 |
| 0048 4273 1343 —2.104
m 0 0 10 0
s |5679 0 p_|0 5
=11136 -3146|° B =110 ol
1136 0 0 5
10 1 -1 0 0
CO:[O 10 0]’ Dlz:[o o]’
0 0 0 1
A | B 1. 0 0 ‘ 10
¢ | D |=| =20 0 —2
0 8 5 0

As in [15], the controlled output z is chosen to be equal to the
1
measured outputy = Bz] Thus,

c! 1.0 1 -1 -
C—[Cz]—[o 00 ] F'=F"=0.  (38)

We start with the stability analysis in the disturbance-free case,
where w = 0. When there is no communication delay, i.e. hy =
0, by applying the method of Remark 6 with « = 0 we find
the maximum values of 7y, = MATI + MAD that preserve the
asymptotic stability (see Table 1). Our results are close to the
discretization-based results of [17], whereas the latter results are
not applicable to the performance analysis. Further, for the values
of hy,, given in Table 2, by applying Theorem 1 and Remark 2 with
o = 0, Theorem 2 and Corollary 1 with constant delay h = h,;;, we
obtain the maximum values of t); that preserve the stability (see
Table 2). From Table 2, it is seen that the results of Theorems 1
and 2 essentially improve the hybrid system-based results [15].
Moreover, our results are applicable when the delay is larger than
the sampling interval. For h,, = 0.04 and the corresponding
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o % O Theorem 2
0.012 * ¥ % * * x
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* ok k% kK * ¥ ok ok ok x X
0.01 I R
* ok kK kK ok kK ok K kK K K X
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0.006 * ok ok ok Kk ok K ok Kk Kk Kk Kk Kk Kk ok Kk ok Kk Kk K
* ok K K K K K K X K K K K K K K ¥ ¥
XX oKk K kK K K K K Kk kK K ok K K
* ok ok K ok K K K K kK K K ok K K
0.004 koK K K K K X K X K K K F K %
oK K K K K K K K K K K K K
jos3e) * ok ok K ok K K K Kk K kK
¥ ok ok ok ok Kk X Xk k Kk ok ok
0.002 oK K K K K K K K X
ok koK ok K K kX
X ¥ % KX X % % %
* ¥ K Kk kK
0 NV . )
0 0.005 0.01 0.015

sampling period

Fig. 2. Estimation of stability domain for Round-Robin scheduling with constant sampling and constant delay based on discretization.

Table 2

Example 1: max. value of 7y, = MATI 4+ MAD for different hy,.
v \ hm 0 0.004 0.02 0.03 0.04
[15] (MAD = 0.004) 0.0088 0.0088 - - -
[17] (MAD = 0.03) 0.068 0.068 0.068 0.068 -
Remark 2 (var hy) 0.036 0.038 0.047 0.053 0.059
Theorem 1 (var hy) 0.042 0.044 0.053 0.058 0.063
Theorem 2 (con hy,) 0.049 0.051 0.057 0.061 0.065
Corollary 1 (con hy,) 0.051 0.054 0.060 0.063 0.067

Table 3

Example 1: the computational time for maximum 7.
h, = 0.04 Remark 2 Theorem 1 Theorem 2 Corollary 1
™ 0.059 0.063 0.065 0.067
Time 8.77 6.55 0.97 13.48

Table 4

Example 1: min. y for different tyy = MATI + MAD and hy,.
hm 0 0 0.02 0.03 0.04
™ 0.0056 0.0149 0.03 0.04 0.05
[15] (MAD = 1) 2.50 200 - - -
Remark 2 (var delay) 2.07 2.32 2.51 2.90 3.97
Theorem 1 (var delay) 2.06 2.25 243 2.74 3.48
Theorem 2 (con delay) 2.02 2.13 2.30 2.52 297

maximum ty we give also the computational time (in seconds) for
different methods (see Table 3). It is seen that the improvement
(till 15% increase of the maximum ty and till 25% decrease of
computational time) is achieved by taking into account order of the
delays in Theorem 1 (for variable delay hy). Theorem 2 essentially
decreases the computational time (for constant delay h, = h,).

Consider next the perturbed model of the batch reactor, i.e. w #
0. As in [15], we assume that y'(s;) = Cix(sy), i = 1, 2, where !
is given in (38) and consider ] = ftzo [ZT(Oz(t) — y?wT (H)w(t)]dt.
For the values of h,,, given in Table 4, by applying Theorem 1 we find
the minimum values of y for different values of h,, (see Table 4).
From Table 4 it is seen that our results are favorably compared
with [15]. As previously, Theorem 1 is applicable when the delay is
larger than the sampling interval.

4.2. Example 2: cart-pendulum

Consider the following linearized model of the inverted
pendulum on a cart:

] 0 1 0 0
X —mg X
_ 100 oy Ok
6| — |0 O 0 1116
0 ul .
0 00(+)g00
Ml
0
a 1
M ug | !
o |ut]q|w
Ml

z=[1 1 1 1][x x 6 6] +01u

with M = 3.9249 kg, m 0.2047 kg,I = 0.2302 m, g
9.81 N/kg, a = 25.3 N/V. In the model, x and 0 represent cart po-
sition coordinate and pendulum angle from vertical, respectively.

We start with the disturbance-free case, where w = 0. The
pendulum can be stabilized by a state feedback

u(t) = [5.8255.88324.9415.140] [x(t) x(t) 6(t) 6(1)],

which leads to the closed-loop system eigenvalues {—100, —2 +
2i, — 2 —2i, — 2}.In practice the variables 0, 6 and x, x are not
accessible simultaneously. We consider

i [t oo o0 ,_[o0o 10

C—[o 10 o}’ C—[o 0 0 1]'

The applied control is obtained from the following blocks of K
Ky =[5.825 5.883], K,=[24.941 5.140].

Using the classical discretization-based model for the case of
constant sampling and for the values of constant delay h, Fig. 2
shows the stability domain for the inverted pendulum example
with Round-Robin scheduling protocol (in constant sampling
interval [ delay plane). By applying further Theorem 1 witha = 0
for the values of h,, given in Table 5 and Theorem 2 with h = h,,
we find the maximum values of 7, that preserve the asymptotic
stability (see Table 5).

When there is no communication delay, i.e. h, = 0, by applying
Remark 6 with @ = 0, we find the maximum values of ty, that pre-
serve the asymptotic stability (see Table 6). It is seen from Table 6
that our results for the constant sampling are close to the analytical
one and are less conservative than for the variable sampling.

Choose further 1y = 4.0 x 1073, h,; = 2.0 x 1073, by applying
Theorem 1, we find that the system is exponentially stable with
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Table 5
Example 2: max. value of 7y, for different h,,.
hn \ ™ Theorem 1 [18] Theorem 2 Analytical
1.0 x 1073 4.7 x 1073 3.7 x 1073 4.9 x 1073 8.5 x 1073
2.0x 1073 5.4 x 1073 h=h 45x 1073 5.5x 1073 1.05x1072
3.0 x 1073 6.1x 1073 - 5.2 x 1073 6.1x 1073 1.25%x 1072
4.0 x 1073 6.8 x 1073 6.0 x 1073 6.8 x 1073 1.45x1072
Table 6 [7] E. Fridman, A refined input delay approach to sampled-data control,
Example 2: max. value of 7y for h, = 0. Automatica 46 (2010) 421-427.
Method v [8] L. Hetel, J. Daafouz, C. lung, Analysis and control of LTI and switched systems
in digital loops via an event-based modeling, International Journal of Control
Analytical: tyy1 — ty = ™y 6.8 x 1073 81(7)(2008) 1125-1138.
Remark 6: ty11 — ty = Ty 6.4x 1073 [9] A. Seuret, A novel stability analysis of linear systems under asynchronous
Remark 6: tyy1 — tx < ™y 5.3x 1073 samplings, Automatica 48 (1) (2012) 177-182.
Theorem 2 withh = 0: tj41 — tx < ™y 4.3x%x 1073 [10] D. Liberzon, Quantization, time delays, and nonlinear stabilization, IEEE

the decay rate « = 1.94. Consider next the perturbed model of
pendulum and the noisy measurements, i.e. w # 0and v # 0.
We assume that y'(s;) = Cix(sy) + 0.1v(sy), i = 1, 2. By applying
Theorem 1, we find that for ty = 4.0 x 1073, h,, = 2.0 x 10~
the system has an L,-gain less than y = 1.24, whereas for ty — 0
the resulting y = 1.19.

5. Conclusions

In this paper, a time-delay approach has been introduced for
the exponential stability and L,-gain analysis of NCS with Round-
Robin scheduling, variable communication delay and variable
sampling intervals. The closed-loop system is modeled as a
switched system with multiple and ordered time-varying delays.
By developing appropriate Lyapunov-Krasovskii-based methods,
sufficient conditions are derived in terms of LMIs. The batch
reactor example illustrates the advantages of the new method
over the existing ones: essential improvement of the results
comparatively to the hybrid system approach, performance
analysis comparatively to the discrete-time approach, non-small
network-induced delay (which is not smaller than the sampling
interval) comparatively to both existing approaches.

Future work will involve analysis and design for NCS under
other scheduling protocols and under quantization effects.
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