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1. Introduction

Networked Control Systems are systems with spatially dis-
tributed sensors, actuators and controller nodes which exchange
data over a communication data channel (Antsaklis & Baillieul,
2007). It is important to provide a stability and performance cer-
tificate that takes into account the network imperfections (such
as variable sampling intervals, variable communication delays,
scheduling protocols, etc.). The hybrid system approach has been
applied to nonlinear NCSs under Try-Once-Discard (TOD) and
Round-Robin (RR) scheduling protocols in Heemels, Teel, van de
Wouw, and Nesic (2010), Nesic and Teel (2004), Walsh, Ye, and
Bushnell (2002), where variable sampling intervals and small com-
munication delays (that are smaller than the sampling intervals)
have been considered. Recently the time-delay approach to NCSs
(see e.g. Fridman, 2014; Fridman, Seuret, & Richard, 2004; Gao,
Chen, & Lam, 2008) was extended to networked systems under
TOD and RR protocols that allowed to treat large communication
delays (Liu, Fridman, & Hetel, 2012, 2015).
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It is common place in industry that the total plant to be
controlled consists of a large number of interacting subsystems
(Lunze, 1992). Usually the control of the plant is designed in
a decentralized manner with local control stations allocated to
individual subsystems. Most papers on NCSs assume that there is
one controller and one global communication network. However,
in the control of large-scale systems it is more efficient to use
local controllers and local networks instead of the global ones.
This leads to large-scale NCSs with independent and asynchronous
local networks. Another application of NCSs with asynchronous
local networks is platoons of vehicles that communicate wirelessly
without timing coordination between members of the whole string
(Heemels, Borgers, van de Wouw, Nesic, & Teel, 2013).

Decentralized networked control of large-scale interconnected
systems with local independent networks was studied in the
framework of hybrid systems (Borgers & Heemels, 2014; Heemels
etal., 2013), where variable sampling or/and small communication
delays were taken into account. Distributed estimation in the
presence of synchronous sampling of local networks and RR
protocol was recently analyzed in Ugrinovskii and Fridman (2014)
in the framework of time-delay approach.

The goal of this paper is to extend the time-delay approach to
decentralized NCS with multiple local communication networks
connecting sensors, controllers and actuators. The local networks
operate asynchronously and independently of each other in
the presence of variable sampling intervals, transmission delays
and scheduling protocols (from sensors to controllers). The
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communication delays are allowed to be greater than the sampling
intervals. Note that direct extension of the switched system
modeling under RR protocol of Liu et al. (2012) to large-scale
system would lead to numerous LMIs. The Lyapunov-Krasovskii
method of Liu et al. (2015) developed for hybrid time-delay models
of the closed-loop systems under TOD and RR protocols involves
complicated conditions on the derivative and on the jumps of
Lyapunov functionals that cannot be directly extended to large-
scale systems.

In the present paper a novel Lyapunov-Krasovskii method is
suggested for the exponential stability analysis of the closed-
loop large-scale system. In the case of networked control of a
single plant our results lead to simplified conditions in terms of
reduced-order LMIs comparatively to the recent results (Liu et al.,
2012, 2015). Numerical examples from the literature illustrate the
efficiency of the results.

Notation: Throughout the paper the superscript ‘T’ stands for
matrix transposition, R" denotes the n dimensional Euclidean
space with vector norm |- |, R"*™ is the set of all n x m real matrices,
and the notation P > 0, for P € R™" means that P is symmetric
and positive definite. The symmetric elements of the symmetric
matrix will be denoted by *. The space of functions ¢ : [a, b] —
R", which are absolutely continuous on [a, b] and have square
integrable first-order derivatives, is denoted by W|a, b] with the
1

norm igllw = Illwiass = MaXoctasn [£(O)] + [ J7 6(5)Pas] .
Z. and N denote the set of non-negative integers and positive
integers, respectively. MATI and MAD denote maximum allowable
transmission interval and maximum allowable delay, respectively.
Denote by &, the Kronecker delta meaning 8,, = 0, n # m
and §,; = 1(n,m € N). Throughout the paper the subscript
or superscript j stands for a subsystem index, while subscript i
denotes the sensor index.

2. Problem formulation

Consider the system in Fig. 1, consisting of M physically coupled
linear continuous-time plants Pj, controlled by M local controllers
G (G = 1,...,M). The dynamics of the plants Pj are given by
subsystems:

Xj(t) = Aij(t) =+ E FUXI(t) + lelj(t), t>0,
1% (1)
x;(0) = X},

where j = 1...M is the subsystem index, x;(t) € R" is the state,
uj(t) € K™ is the control input, A;, B and Fy; are matrices of appro-
priate dimensions. Subsystem j has several nodes (N; distributed
sensors, a controller node and an actuator node) connected via a
local communication network. The measurements are given by

, Nj
y,-j(t):C,-jxj(t)eR"]i, i:1,...,Nj, Znﬁ:nfv
i=1

The jth subsystem is assumed to have an independent sequence
of sampling instants
lim s§< =00

k— o0

0=s <5 <ooocsl <-nn,

with bounded sampling intervals s’;{“ _SL < MATI;. At each s}, one

k»
of the outputs y,j(s’k) € R™ is transmitted via the sensor network
to controller Cj.
Suppose that data loss is not possible and that the transmission
of the information over the networks from sensors to actuators
is subject to a variable roundtrip delay 7. Then t;, = s, + 1,

P1 P2 PM
' Network A ' Network A ' Network Lo
- 1 ~ - 2 x < M ~

C1 Cc2 CM

Fig. 1. Decentralized control of systems with local networks.

is the updating time instant of the Zero-Order Hold (ZOH).
Communication delay is assumed to be bounded 17, € [’fm n’M] .

where ;fM £ MAD;. Differently from Borgers and Heemels (2014),
we do not restrict the network delays to be small with & = s}, +
Me < Skpr 1€ 1M < Sjyq — Sk As in Naghshtabrizi, Hespanha,
and Teel (2010) we allow the delay to be non-small provided that
the old sample cannot get to the same destination (same controller
or same actuator) after the most recent one. We suppose that the
controllers and the actuators are event-driven (in the sense that
they update their outputs as soon as they receive a new sample).
Assume the following assumption:

A1 There exist M gain matrices K; = [Ki Kyl Ky €

R™*" such that the matrices Aj + BiK;C; are Hurwitz, where (; =
T
T T
[CU e Cij] _

Remark 1. The assumption A1 means that the "nominal system”
Xx; = A; + Bju; is stabilizable by a static output-feedback u; =
K;Gx;. Note that in the case of only one network (from sensors
to controller) in each subsystem, the presented results can be
easily adapted to decentralized observer-based control of large-
scale systems as shown for the case of one plantin Liu et al. (2012,
2015).

We will consider TOD and RR protocols that orchestrate the
sensor data transmission to the controller. DenoteJ = {1, ..., M},
Jrre = {j € J| jth subsystem is under RR } and Jrop = {j € J| jth
subsystem is under TOD }. Note that if for some j there is no
scheduling from the sensors (N; = 1) to the controller we will refer
toitasj € Jrr, where N; = 1. Thus, ] = Jgr | Jrop. Denote by

. . . T i
ICAEHCANRI ] It @)

the most recent output information submitted to the scheduling
protocol of the jth subsystem (i.e. the most recent information at

the jth controller side) at the sampling instant s;( Then under A1
the resulting static output-feedbacks are given by

Nj
w(t) =Y Kii(sh), €[t Gy,
i=1
kez,, j=1...M. (3)
Denote

T £ max{{t _Hieje- {0 esron -
x(t) = col{x1(t), ..., xm(t)}.
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We will define next a notion of solution to the closed-loop system
(1), (3) and justify its existence. Monotonically increasing for each
j = 1,...,M sequences of updating times t;, < t; < --- can be
reordered in one monotonically increasing sequence ty < f; <
.+, where i+ = T for some k* € Z.. For any initial condition
xr 2 x(T +-) € W[-T,0], by applying the step method for
t € [f, fip1] (K = k*) one can show that there exists a unique
absolutely continuous function x : [T, c0) — sznil " satisfying
(1), (3) almost for all t > T. This function is called a solution of (1),
(3) initialized by xr.

Definition 1. The closed-loop large-scale system (1), (3) is called
exponentially stable with a decay rate og > O if for any initial
condition x; € W[—T, 0] there exists c > 0 such that solutions
of the system initiated by xr satisfy the following inequality

Ix(t)] < ce™ " Dlixrllyw, Ve>T. (5)

Our objective is to derive sufficient conditions for the exponential
stability of the closed-loop system (1), (3).

3. NCSs under scheduling protocols

~ As mentioned in the previous section, at each sampling instant
si, one of the system nodesi € { 1,..., Nj} isactive, thatis only one
of j/,-j(sf() values is updated with the recent output yl-j(sfc). Let i:j €
{1, c, Nj} denote the active output node at the sampling instant

sﬁ'{, which will be chosen due to RR or TOD scheduling protocols (to
be defined hereafter). Then

Al.,si = JA/'J(S;<)’ i:i:j’*_ 6
Yii(sy) {Yij(slk_ov i;ﬁik}. (6)

For simplicity we will omitj in i,fj.

3.1. RR protocol and the closed-loop model

The periodic choice of i corresponds to RR protocol. Under RR
scheduling the measurements are sent in a periodic manner one
after another. Then the components of the most recent output on
the controller side f/jT (sfc) given by (2) can be presented as

P =yys,_ ). i=1. N

7A;<
with some Af{ € {0,...,N; — 1}. Following the time-delay
approach to NCS denote

Ti(t) =t — Slk_A;;’ t € [ty tiy)-

We have

M =< T(0) < Gy — S;FA;} = Sk ~ SLA}; + Mg
< (AL 4 1) - MATI; 4+ MAD;

< N; - MATI; + MAD; & ;.

Therefore, for t > tf\,jq (when all the measurements are

transmitted at least once) the static output-feedback (3) under RR
protocol can be presented as

Nj )
ue) = ;K,-jyg(r — (D), = (7)

The resulting closed-loop model is a system with multiple delays
N
(0 = Axi(t) + ) AjGyxi(t — Ty5(1))
i=1
+ ) R0, Ay =By t =6, (8)
1]
where 7;;(t) € [17h, 7I,].
Note that under A1 for r; = 0 and F; = O, there exist Kj;
such that (7) is exponentially stable. Then for small enough 7;; the

system (7) with the same Kj; is input-to-state stable (where x;.;
are the inputs).

Remark 2. A more accurate model of the closed-loop system
under RR protocol was presented in Liu et al. (2012) in the form
of switched N; subsystems with ordered multiple delays. Our
simplified model (one system instead of N;, but with independent

delays from the maximum delay interval [}, r{,,]) leads to
reduced-order LMI conditions.

3.2. TOD protocol and the closed-loop model

In TOD protocol the choice of i at the sampling instant s’,-(
depends on the transmission error

&i(s}) = Ji(si_) —yi(s), i€ {1,....N}.

The output node i with the greatest weighted error Sij(sf;) will be
granted the access to the network.

Definition 2 (TOD Protocol). Let Q;; > 0 (i = 1, ..., N;) be some
weighting matrices. At the sampling instant s\, the weighted TOD

k’
protocol is a protocol for which the active output node with the

index i (k € Z) is defined as any index that satisfies
1/ Qi € DI = [VQj&(s) 1P, i=1.....N;. 9)

Here the weighting matrices Qy, ..., QN” are variables to be
designed. Then the feedback can be presented as

Nj
() = Kpyie(5) + D Kidi(s_1),
i=1,ii
teltht, ), kezy (10)
withu(t) =0, 0 <t < tl.
Note that for K from A1 and small enough MATI; and MADj, the

closed-loop system (1), (10) is input-to-state stable, where x;;.; are
the inputs (cf. Remark 6). Denote

GO =t—s, teltht, ), keZ.
Then
1, < 7(t) < MATI; + MAD; £ 1),.

In order to obtain the impulsive closed-loop model we define as
in Liu et al. (2015) the piecewise-continuous error

ei(t) = &;(s)), telthth, ), i=1...N,

where we assume (s’ ;) = 0, implying e;(t)) = —y;(s)). Then
the closed-loop model has the following continuous dynamics:

X(t) = Ax(t) + AyGxi(t — 7;(t))

N
+ ) Byey(H) + Y Ryt

i=1,ii I#
G =0, i=1...N,t>1,
AU = BjKj, Bij = BjKif' (11)
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Similar to Liu et al. (2015) we obtain for i = i
€i(thy1) = Jii(5}) = Vy(Shy)
= Gjlxj(s}) — Xi(5}41)],
and for i # iy
€j(tfa1) = Ji(Ske1) = Yi(Shs)
= (&) + Gylx(s) — Xi(sp4 )]
Thus, the delayed reset system is given by

Xt ) = %t ),

ej(th,,) = [1— 8, ip)le;(t})
+ Gyl (6, — 1) — Xi(thyq — My )],
izl,...,l\lj, I<€Z+,

where § is Kronecker delta. Summarizing, (11)-(12) is the hybrid
model of the NCS. .

Note that in our model the first updating time t{) corresponds
to the time instant when the first data is received by the actuator.
We define x;(t) = x;(0) for t < 0. Thus the initial conditions for
(11)-(12) are given by

X(th+-) € W[—1,,0l,  e(t) = —Cx;(t) — ). (13)

3.3. Lyapunov-based analysis under RR protocol

Assume that the jth subsystem (1) is under RR protocol, i.e.j €
Jrg- Consider the closed-loop model (8) and the following Lyapunov
functional:

Vi(t) = X (DP;(t) + Voi(t) + Vy(t),
Nj ¢

VOj(t) = ZI:/ . 620[(570?(}-(S)C;-So,',jc,'jx]'(s)ds
i=1 Y t=iMn

0 t
o, / _ / e2“<5*f>5<](s)chOi,jcﬁxj(s)dsde],
—1f 46

Nj

=1 (14)
Vlj(t) = ZI:/ r} eza(57t)X}-(S)CJSHJC{]‘XJ‘(S)dS

i=1 =1y
—i pt

+ h; / _ / e2“<5*f>5<}(s)c,.jTRl,-,jc,-,-x,-(s)dsde],
-7, Jt+0

hi 2 (t, — 1), a>0 m=0,1,

Pj > O, Smi,j > 0, Rmi,j > O,

where we define (for simplicity) x;(t) = xg;, for t < 0. Note
that differently from conventional Lyapunov functionals for the
stability of systems with interval delays (see e.g. Liu et al., 2012,
Park, Ko, & Jeong, 2011), the one given by (14) contains C; in
integral terms with the reduced-order matrices Sy; ; and Ry j. The
latter matrices will be decision variables of the resulting LMIs.

Proposition 1. Consider the jth subsystem given by (8). Given tuning
parameters « > & > 0and (M — 1) n; x n; (I # j) matrices
P, > 0, let there exist a nj x n; matrix P; > 0, n, x n matrices
Rg,"j > O,Rl,"j > O,Soi’j > 0, S‘lj,j > 0 and W,‘_j (l = 1N])
that satisfy

Ry Wi P .
111—[* Ry >0, i=1...N, (15)

and
& _|% &
2]—[* 17j]<0’ (16)

T ATy,
where X = [¢ P25 Hf] and
* —H;j

J
® = D] 2aP; + ([ SyG)D; + (D3P,D; + DP,D,)
- Png(go]' - §1j)D3 - meZiinDél - pD§§UD5

- /’DgijGs Hij = n2Roij + (tm — 1m)*Ruij,
om = 2, o= e 20T H; = diag{Hy, ..., Hy,j},
Spj = diag{Sprj. ... Syl P=0,1,
R’oj = diag{Ro1, - - -, Ron; i},
Iy =diag{I;..... Iy}, Di=Ily 0,500 )

Dy = [4, 10101 @Ay, ... [010] @ Ay .

D; =

O@Xm diag{[100]®ln,'1,...,[100]®1M&j]

D,=|G diag{l-100181,.....[-100]%1, |
J -

0w diag{[OO]]@In,-],...,[001]®In,l-vj}

. dee |1 =107, 1-10]
i 14, j
o BN 0 1 [ Lo =1 F )

gl =7 [pD H].
Fj = row =1, miFy, | # j}

2¢ . .
dig (P 1# )
Then the Lyapunov functional V;(t) given by (14) satisfies the
following inequality along the solutions of (8):

2¢ T i

Vi %jx, OPx(D), =6y ;. (17)
Moreover, in the case where the jth subsystem (8) is independent of
othersubsystems(i.e.FU”# =0,1=1,...,M)if Xj <0,then(8)is
exponentially stable with a decay rate o.

Vi(t) + 2aVi(t) <

Proof. We follow the standard arguments for the exponential
stability analysis via Krasovskii method (see e.g. Fridman, 2014,
Park et al,, 2011). Differentiating V;(t) we have

Vi(t) 4 2aVj(t) < 2ax] (6)Px;(t) + 2X] (£)Px; (1)
N .
+ ) 1S Gixi (O — | Soge M Cyx(t — 17},) |
i=1

+ pml /S Cixi(t — W) — pl/SuiCixi(t — Tl
t
— My / J |v/Roij€* ¢~ Cyxi(s) |°ds
t—1Tm
—
—hjf J | R1,-,je°‘(s_t)C,j5<j(s)|2ds—I— |\/H,'_jc,‘j).(j(f)|2.
=1y
By Jensen’s inequality
t
, / ; |v/Roi j€*C~0C;%;(s)|*ds
t=1Tm

> pmly/RoiiCi(xi(£) — (¢ — )1,
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Table 1
Example 1: max. value of MATI for a given ny £ MAD.
MATI Nm
0 0.01 0.02
Liuetal. (2012) 0.023 — ny 0.029 — nym 0.035 — nym
Liu et al. (2015) 0.025 — ny 0.031 — ny 0.036 — nym
Proposition 1 0.022 — I« 0.0221 — % 0.0223 — %t
Table 2
Example 1: max. value of MATI for MAD = 0.024.
MATI NMm Dec. vars LMI rows
0 0.01 0.02
Liu et al. (2012) - 0.005 0.011 146 236
Liu et al. (2015) 0.001 0.007 0.012 72 208
Proposition 1 0.01 0.0101 0.0103 42 108

whereas under (15) by arguments of Park et al. (2011)

< i d, /Rui:
20( h / . —20[ | eoz(s [)C]X](S)| ds
t—

M

[c.,<x,<t ) xj(t—rg(r»)}r

Ci(xi(t — T5(6)) — x;(t — T1)))
. [c,-j(x,-(t A rg(tA)))} .
Gi(x;(t — (1)) — X;(t — 7))
Denote

. . T
G0 = [ ©. [x(t = ) % = (@) 3¢ =l | €

. . T T T
e = i w6 = i e = ] 6]
Xi(t) = col =1, m{xi(t), | # j}.
Substituting x;(t) = ngj(t) + FiX(t) we arrive at

V() + 2aVj(t) — Z x| (OPi(t)

I#j
T o DIpF| 4
<[{'® X ©] [ Hj } [xj ©
+ [D24i(t) + FiX;j (O] ¢ HiGID2gi(t) + FX;(D)].
Then, by Schur’s complement, (16) implies (17). .
For the case of the single jth subsystem, X; < 0 implies V;(t) +
2aVj(t) < 0, i.e. by comparison principle

—2a(t—

X (OPx;(t) < Vi(t) <e vaJ -

The latter guarantees the exponential stability since Vj(t“,';,j _) =
yj||xt,- llw for some y; > 0. O
Njf‘l

Remark 3. Under A1 there exists P; > 0 such that

T

N N
p; <Aj + ZAUCU) + (Aj + ZAUCU> P < 0.

i=1 i=1
Then, by standard arguments for delay-dependent conditions
(Fridman, 2014), for small enough 7; and @ > O there exist
R(),'.j > 0, R]i’j > O,Soi.j > 0, Sli,j > 0 and Wi’j (l = 1N])
that satisfy (15) and Z; < 0 with the same P;. Therefore, by Schur
complements, (16) is feasible for given ¢ > 0 and small enough Fj;.

Remark 4. The LMIs of Proposition 1 and of Theorem 1 (see
Section 4) are affine in the system matrices. Therefore, in the case
of system matrices from an uncertain time-varying polytope one
have to solve these LMIs simultaneously for all the vertices of the
polytope applying the same decision matrices.

Example 1 (Geromel, Korogui, & Bernussou, 2007, Liu et al,
2015). Consider an inverted pendulum mounted on a small cart.
The linearized model can be written as (1) with one subsystem
(Fj = 0, M = 1), where Ay = E~'A;, By = E~ !By and where

10 0 0

f_l01 o 0

=lo 0o 372 -—1/4|"
00 —1/4 1/6

0 0 1 0

0 0 0 1

0 0 —(ec+f) /2|
0 5/2 fb/2 —fv/3
0 0

Here f.(t) € [0.15,0.25] and f,(t) € [0.15, 0.25] are uncertain
parameters. Thus A; belongs to uncertain polytope, defined by four
vertices Aﬁ' (p = 1,...,4) corresponding to f./f, = 0.15 and
fe/fo = 0.25. The pendulum can be stabilized by a state feedback
uq(t) = Kix,(t) with

K1 =1[11.2062 — 128.8597 10.7823 — 22.2629].

Suppose that the state variables are not accessible simultaneously.
Consider the case of Ny = 2 measurements, where C;; =
[1 0 0 0],(:21:[0 0 1 0].
0 1 0 0 0 0 0 1

For the values of 5, given in Table 1, we apply Remark 4, where
LMI (15) and 4 LMIs (16) corresponding to 4 vertices A’; (with Aq
substituted by AllJ ) are solved with the same decision variables and
with « = 0.015. Table 2 presents the MATI for a given MAD =
0.024 (the case of large communication delay). It is observed that
under RR protocol the LMI conditions of Proposition 1 possess
essentially less decision variables and are given in terms of smaller
LMIs than Liu et al. (2012, 2015) though in some cases guarantee
the exponential stability for larger MATI.

3.4. Lyapunov-based analysis under TOD protocol

In this section we assume that the jth subsystem (1) is under
TOD scheduling protocol, i.e. j € Jrop. Consider the closed-loop

model (11)-(12) and the following Lyapunov functional:

Nj
VE(D) = Vi(0) + ) ef (DQijey(t) + WE (D), (18)

i=1
where
W) = 2a(tJ teg j(r)Q,*,e,kJ(t)

+ Z Lo ey (o),
i= 117&1 k

Vi(t) = \7j(t) + V,—G(t),

Zh / 2701 /Gy Cyki(s) 2 ds,
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Vi(t) = x/ ()Px;(t)
t

+ / e TIX] (5)C SoiGixj (s)ds
t‘7

m.

t*’llm
+/ri el () $1iGx; (s)ds
t—
) 0 t
+ 1) / y / e*C0%] (5)C RojCGiki(s)dsde
—m J t+6

Mt
+ hj/ . / eZa(sft))‘(jT(s)qTlecjkj(s)deg’
t+6

P; >0, Sp; > 0, Sy > 0, Ryj > 0, Ry; > 0,
G,‘J>0, Qj_j>0, U,'A’j>0,0l>0

hi=t, —ny i=1...N, telthtl,), keZ,.

k>

Remark 5. Differently from Liu et al. (2015), the Lyapunov func-
tional (18) contains novel negative terms Wje(t) that essentially
simplifies the exponential stability analysis of the hybrid system.
. (7e __yse
Indeed, denoting |4 (t) = Vi (t)lee:O we have
VF(t) + 2V (8)
xe ~ 1 N 9
< Vi(0) +2aVi(0) - ﬁ Z lv/Uije ()]
M m i=1,ii

— 20| [Qrex (D, t€[f. 6y, (19)

Vi (ths0) = Vi (Bl ) < VP (G) = Vi)
+ Z VUi jei () 1* + 2ahy]. [ Qe ()]
i= 11;£zk
In Liu et al. (2015) the stability of (11)-(12) with F; = 0 is
guaranteed if the right-hand sides of (19) are non-positive along
the system for some « > 0. By using the novel functional (18),
under the same LMIs as in Liu et al. (2015) up to the order reduction
due to G in Vj(t) (see LMIs of Proposition 2) we will guarantee that

Vlis positive, does not grow at t’ and satisfies

VE() +2aVE(t) <0, t el th,) (20)

k>

along the jth hybrid system with F; = 0. The inequality (20)
immediately implies the exponential stability of the jth hybrid
subsystem, that essentially simplifies the proof of the stability
(which is crucial for the extension of the results to large-scale
hybrid systems).

The terms
eg(t)Qi,jelj(t) = e;(t,'()Q,,JeU(tl’(),

are piecewise-constant, \7(t) presents a Lyapunov functional (with
reduced-order decision matrices) for systems with interval delays
7j(t) € [17h, Ti;)- The piecewise-continuous in time term VjG has
been introduced in Liu et al. (2015) to cope with the delays in the
reset conditions:

v-%im - vf’“ai;;])

—Zh / 6~ | /Gy Gy (5) [2ds

k+1

telt) thy)

IA

N

=S ome e [ G P
— |
i=1

k

IA

=3 e Gy Gylx(s)) — x(), 12 (21)
i=1

where we applied Jensen’s inequality (see e.g. Gu, Kharitonov,
& Chen, 2003). The function Ve(t) is thus continuous and

differentiable over [t{c, ¢ 1+1)- The following lemma gives sufficient

conditions for the positivity of Ve(t) and for the fact that it does
not grow in the jumps t{<

Lemma 1. Given a tuning parameter o > 0, let there exist matrices

0 <QyeRPLO0 < Uy e RYand0 < Gy e RT<M, i
1...N; that satisfy the LMIs
1—2a(t), — 1h)
2;2 N —1 G+ Uy & | <o,
* Q;_; _ Gi’jefzotrjM
i=1...N, (22)
Then Vje(t) of (18)is positive in the sense that
VE® = B(kOF + le©) ),
(23)

E>16,  et) £ col{er(t), ... en;(0)}

for some B > 0. Moreover, Vf(t) does not grow in the jumps
along (11)-(12):

@ 2 Vet ) — Vi (th,,) < 0. (24)

Proof. It can be seen that (22) implies
Ol(l',jw — T]lm) < 0.5 and U,',j < Q”

yielding the positivity of V7 ().
We show next that Ve(t) does not grow in the jumps. Since

Vi (d<+1) =V (ti+]) and ej(t;<+
account(Z])

= > [Vaueith ) — 1VQese)
i=1

+20l(k+1 H)|‘/Qx,’€jezj(tl)|
+ > WUy (G)17 + VE ) — V)

1) = e;(t)), we obtain by taking into

i
= 1/ el + 2 [V/Qeit P
I=Lil
— 1@ = Usjey ) ] = 11— 2ahl, fQy ey (e
ij—z‘“’ V/GisCilx(s) = x(si )11
UnderTO;
—1/Qs ey (DI <

1#1
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Denote ¢; = col{e;; (t,’;), Gj [xj(sf{) —Xj (s;(+l)]}. Then, employing (12)
we arrive at

G2 — Qg Gy (5p) — (s} 1|
W] JCijlX k1

Vs [ Gl ) = %6l + )] ‘2

1#1

’ Q +1—2ath
WJ Nj_] )

.12
Ui jeii(ty)

—2m1 |\/§Cu X(
—2a7] j » 2
Gir je "™ — Qi;;,jci;j[xj(Slk) - Xj(SL_H)]‘

+ Z ¢l 246

e
iy,

(5, )IP]

Therefore, under (22) ® < 0. O

By applying Lemma 1 and by modifying derivations of Liu et al.
(2015) for F; # 0 we arrive at.

Proposition 2. Consider the jth hybrid subsystem (11)-(12). Given
tuning parameters « > & > Oand (M — 1) m x n (I # j)
matrices P, > 0, let there exist a nj x n; matrix P; > 0, n, x n,
matrices Roj > 0,Ryj > 0,So; > 0,S;; > O, W, and nn, x n
matrices Q;; > 0,U;; > 0,G;; > 0 (i = 1...N;) that satisfy the

LMlIs (22) and
=R Wilo o si_oiz1.. N (25)
j= ijT R]j i , L= 1. INj,
where
si—|% DiGH;
] * _I—I] ’
¢y = Di(QaP; + G/ SyG)D1 + (DyPD1 + DiPD,)
— pmD3(Soj — S1)D3 — pmD3RoiDs — pD5Sy;Ds

— pD{I:Ds + D3W!D; + D IT;Dg,

Hj = nRoj + (tm — 1m)°Ruj + hj - diag{Gyj. ..., Gy, }.

o . . 1
Wl = diag{yr), ..., ‘/’Jr#’ 2 Ul L 20Q,; — U”,

—2 . . —2ar], —Za‘rj
171_ _.ldlag{Plvl¢]}7 pm:e m,p:e M9
D1 =1[hy Oy (4 _sfsn-my)  D2=[A[0101® Ay BiK ],

Kl =row oy niKy, 1 £}, F=r1owiy_uiFy, 1 #]),
[oojel, zij],

D, = [cj [-1001®1, zu]

DS:[O@XM ootnel, zl-,»],

1-10
Po= % 01 —1|®N

D, = [00001@_40],

o2}

Dg = [01,_],
Zj = Onlyx(n’y i n—n)’

Then the Lyapunov functional Vj‘"(t) given by (18) is positive
(i.e. (23)) holds), it does not grow in the jumps (i.e. (24) holds) and

satisfies the following inequality along (11):

VE(t) + 20V () < le ()P (£)

I#j
telt],th,), ke Zy. (26)

Proof. Denote

, AT T
G0 = [x}(m, [xie =1 % =) x( -] cf] :
§j(t) = col iz, n{ey(t), 1 # i},
Xj(t) = col |y, m{xi(0), | # j}.
By using arguments of Proposition 1, where
() = [gf(t) 5L X,-T<t)] DI,

we arrive at

VE(E) + 2aVE(E) — M— Y X ©Pxi(t)

I#j
) 5(0)
=[g® &0 Xo]oy ak,a) + &1 (OCTHGR (1),
Xi(6)

te [tj,t{;H), keZ,.
Then, by Schur’s complement, (25) implies (26). O

Remark 6. Under A1, for F; = 0 the LMIs (22) and (25) are feasible
(see Remark 3.3 of Liu et al., 2015). Then for given ¢ > 0 and small
enough Fj; the above LMIs are feasible.

4. Decentralized networked control

Consider the decentralized NCS given by (1) where every plant
Pj is controlled over a communication network and is either under
RR or under TOD scheduling protocols. The controllers u; are given
by (7) and (10) respectively. We are in a position to formulate the
main result:

Theorem 1. Given tuning parameters « > ¢ > 0, let there exist
nj x nj matrices P; > 0 (j € J), n} x n, matrices Roij > 0, Ryij >
0,S5i; > 0,S1;; > 0and W,_J (i = 1...N;,j € Jg) that
satisfy the LMIs (15) and (16) for allj € Jgg, and m, x m, matrices
Ry > O,Ry; > 0,S; > 0,Sy; > 0,W, and n, x n matrices
Qij > 0,Ujj > 0,G; >0(@ = 1...Nj,j € Jrop) that satisfy the
LMIs (22) and (25) for all j € Jrop. Then the closed-loop large-scale
system (1), (3) is exponentially stable with a decay rate g = o« — €.
Proof. Let the LMIs of the theorem be feasible. We choose the
following Lyapunov functional for the large-scale system (1), (3):

Vi =) Vi + ) Vi,

JEIRR Jj€ltop

t>0,

where {V;(t)}jejy, is given by (14) and {V{ (t) }jejr, is given by (18).
Define x(t) = x(0) for t < 0 and denote
Arop = {t > 0| t= ti, ] EJTOD» k e Z+}.

Let T be given by (4).
We apply further Propositions 1 and 2. Then for some constants
0 < Bm < Bum V satisfies the following bounds:

Bu[ KO + > 1e0OF]

J€ltop

VO = B[ %l + Y 16 OF], (27)

J€lTop
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where 1y = max; 7;,. Moreover, by summinginj = 1,...,M
the inequalities (17) and (26) we obtain that

M
V(t) 4 2aV () < 26 Y X[ (OP(D)
=1

forallt > T and t & Aggp, implying

V() +2(a —e)V(t) <0, Vt=T, t ¢ Agp. (28)
Additionally we have
V(l’) — V(l’_) <0, Vt>T, te ATtop (29)

along (1), (3). The inequalities (28) and (29) yield

V(t) < e 20D y(T), t>T. (30)

Then from (27), (30) for some y > 0 we have

2 2 —2ap(t— 2
KO+ Y I OF < e iy p g

Jj€ltop
+ 3 Iej(T)|2], £>T. (31)
Jj€ltop

We will show next that for some yy > 0

> 18I < vollxr iy 1.0 (32)

Jj€Jtop
Indeed, from (24) and (26) we obtain that for some y; > 0 the
following holds for t € [t;, t; )

. . t
e—za(r—i)vé‘(t{{)_i_y]/lj e~ 29 x(s)|2ds

k

Vi(D)

IA

: ) t
-ge—2a<f—%>vg(rg,)+y1 /H e 22t x(s)[2ds.  (33)

0

IA

Taking into account the initial conditions (13) and x(t) = x(0) for

t < 0 we arrive at Vg(t{)) < Bmlx(t) + -)llw[ft{)’o] with some

Bim > 0. Moreover, Binle/(t)]> < Vi(t) for some B, > O that
together with (33) yield (32). The inequalities (31) and (32) imply

(5)withc = /y +y. O

Remark 7. The inequalities (31), (32) imply the exponentially
converging bound on the errors ej(t),j € Jiop meaning the
exponential stability of the large-scale hybrid system given by
(11)-(12) forj € Jrop and by (8) for j € Jgg.

Example 2 (Borgers & Heemels, 2014). Consider two coupled in-
verted pendulums under the scenario of decentralized networked
control, where M = 2, N; = 2 or N; = 4 (j = 1, 2). The system
matrices are given by

r 0 1 0 0
A=Ay = 2.90156 8 —0.8005 (1) ’
|—1.6663 0 0.0002 O
0
B, =B, = —0.8042 !
| 0.0167
0 0 0 0
0.0011 0 0.0005 O
Fio=F1 = 0 0 0 0
—0.0003 0 -—-0.0002 O

Table 3
Example 2: max. 7, for 7}, = 0 (¢}, (RR) = N; - MATI; + MAD;, t},(TOD) =
MATI; + MAD;).

N 2 4
T T 2 T
Theorem 1 (RR) 0.0209 0.0074 0.0202 0.0073
Theorem 1 (TOD) 0.01 0.0039 0.0029 0.001
Table 4
Example 2: max. MATI; for MAD; = iy, = 0 (j = 1, 2).
N 2 4
MATI, MATI, MATI, MATI,
Borgers and Heemels (2014) TOD both < 2-107% both < 1-107°
Theorem 1 (RR) 0.0104 0.0037 0.005 0.0018
Theorem 1 (TOD) 0.01 0.0039 0.0029 0.001
Table 5
Example 2: max. MATI; for MAD; = 0.005, 1y = 0.
N 2 4
MATI, MATI, MATI, MATI,
Theorem 1 (RR) 0.0079 0.0012 0.0038 0.00057
Theorem 1 (TOD) 0.095 - - -
Ki = k11 k21 k31 ka1] = [11396 7196.2 573.96 1199.0],
K, = [’(]2 kzz k32 ’(42] = [29 24118 135 2875.3 36939] .
In the case of N; = 2 we consider
1 0 0 O 0 0 1 O
Gy = , Gy = ,
01 0 O 0 0 0 1
Kij = [kqj k], Ky = [ksjkgi]l, j=1,2.
In the case of N; = 4, Cyj, ..., C4are therows of Iy and Kyj, . . ., Kyj

are the entries of K;.

We analyze the exponential stability for 175, = 0 by applying
LMI conditions of Theorem 1 with « = 0.015 and ¢ = 0.002
for the case where both pendulums are either under RR or under
TOD protocols (the resulting decay rate «g is 0.013). Maximum
values of r’M that preserve the stability are given in Table 3. Then
for MAD; = 0 and MAD; = 0.005 (MAD; = 0.005 is larger than
max MATI; achieved in Borgers and Heemels (2014)) the resulting
maximum MATI; that preserve the stability are given in Tables 4
and 5 respectively.

It is seen that the presented method leads to essentially larger
values of maximum MATI; comparatively to Borgers and Heemels
(2014) and allows large values of MAD;. Moreover, our method is
applicable in this example with a much stronger coupling. Thus, for
Fi; = F51 = 40-Aq; by Theorem 1 the stability is preserved e.g. for
MATI; = MAD; = 0.001(j = 1, 2) (either under RR or under TOD
protocols).

5. Conclusions

In this paper, a time-delay approach has been developed for
the decentralized exponential stabilization of large-scale NCSs
with local networks, where asynchronous variable sampling
intervals, large bounded variable communication delays and
RR/TOD scheduling protocols are taken into account. The presented
novel Lyapunov-Krasovskii method leads to LMI conditions for
the exponential stability of the closed-loop large-scale system.
Being applied to the example of two coupled pendulums with
local networks, our results are favorably compared to the existing
ones. The presented new technique may be useful for decentralized
control of microgrids with islanded generators. Future work may
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involve consideration of stochastic communication delays and
observer-based networked control. The presented approach may
be useful for asynchronous decentralized control in microgrids
(Vasquez et al., 2010).

References

Antsaklis, P., & Baillieul, J. (2007). Special issue on technology of networked control
systems. Proceedings of the IEEE, 95(1), 5-8.

Borgers, D., & Heemels, W. (2014). Stability analysis of large-scale networked
control systems with local networks: A hybrid small-gain approach. In CST
report, 2014.025.

Fridman, E. (2014). Systems and control: Foundations and applications, Introduction
to time-delay systems: Analysis and control. Birkhauser.

Fridman, E., Seuret, A., & Richard, J. P. (2004). Robust sampled-data stabilization of
linear systems: an input delay approach. Automatica, 40(8), 1441-1446.

Gao, H., Chen, T., & Lam, J. (2008). A new delay system approach to network-based
control. Automatica, 44(1), 39-52.

Geromel, ]., Korogui, R., & Bernussou, J. (2007). H, and H, robust output feedback
control for continuous time polytopic systems. IET Control Theory & Applications,
1(5), 1541-1549.

Gu, K., Kharitonov, V., & Chen, J. (2003). Stability of time-delay systems. Boston:

Birkhauser.
Heemels, W., Borgers, D., van de Wouw, N., Nesic, D., & Teel, A. 2013.

Stability analysis of nonlinear networked control systems with asynchronous
communication: a small-gain approach. In Proceedings of the 52th IEEE
conference on decision and control.

Heemels, W., Teel, A., van de Wouw, N., & Nesic, D. (2010). Networked control
systems with communication constraints: tradeoffs between transmission
intervals, delays and performance. IEEE Transactions on Automatic Control, 55(8),

1781-1796.

Liu, K., Fridman, E., & Hetel, L. (2012). Stability and L,-gain analysis of networked
control systems under Round-Robin scheduling: a time-delay approach.
Systems & Control Letters, 61(5), 666-675.

Liu, K., Fridman, E., & Hetel, L. (2015). Networked control systems in the presence
of scheduling protocols and communication delays. SIAM Journal on Control and
Optimization, 53(4), 1768-1788.

Lunze, J. (1992). Feedback control of large scale systems. Prentice Hall PTR.

Naghshtabrizi, P., Hespanha, J. P., & Teel, A. R. (2010). Stability of delay impulsive
systems with application to networked control systems. Transactions of the
Institute of Measurement and Control, 32(5), 511-528.

Nesic, D., & Teel, A.R. (2004). Input-output stability properties of networked control
systems. IEEE Transactions on Automatic Control, 49(10), 1650-1667.

Park, P. G., Ko, ]., & Jeong, C. (2011). Reciprocally convex approach to stability of
systems with time-varying delays. Automatica, 47, 235-238.

Ugrinovskii, V., & Fridman, E. (2014). A Round-Robin type protocol for distributed
estimation with Hy, consensus. Systems & Control Letters, 69, 103-110.

Vasquez, ]. C,, Guerrero, ]. M., Miret, ]., Castilla, M., Vicuna, D., & Garcia, L.
(2010). Hierarchical control of intelligent microgrids. IEEE Industrial Electronics
Magazine, 4(4), 23-29.

Walsh, G. C,, Ye, H., & Bushnell, L. G. (2002). Stability analysis of networked control
systems. IEEE Transactions on Control Systems Technology, 10(3), 438-446.

Dror Freirich received his B.Sc. in Computers Engineering
from the Technion (IIT). He is finishing his studies towards
an M.Sc. degree in Electrical Engineering at Tel Aviv
University, Israel.

His research interests include stability and control of
time-delay and networked control systems, as well as
machine-learning applications.

Emilia Fridman received the M.Sc. degree from Kuibyshev
State University, USSR, in 1981 and the Ph.D. degree from
Voronezh State University, USSR, in 1986, all in mathemat-
ics.

From 1986 to 1992 she was an assistant and associate
professor in the Department of Mathematics at Kuibyshev
Institute of Railway Engineers, USSR. Since 1993 she has
been at Tel Aviv University, where she is currently Profes-
sor of Electrical Engineering-Systems. She has held visiting
‘ positions at the Weierstrass Institute for Applied Analy-

- sis and Stochastics in Berlin (Germany), INRIA in Rocquen-
court (France), Ecole Centrale de Lille (France), Valenciennes University (France),
Leicester University (UK), Kent University (UK), CINVESTAV (Mexico), Zhejiang Uni-
versity (China), St. Petersburg IPM (Russia), Melbourne University (Australia), Sup-
elec (France), and KTH (Sweden).

Her research interests include time-delay systems, networked control systems,
distributed parameter systems, robust control, singular perturbations and nonlin-
ear control.

She has published more than 100 articles in international scientific journals.

She is the author of the monograph “Introduction to Time-Delay Systems: Anal-
ysis and Control” (Birkhauser, 2014).

In 2014 she was nominated as a Highly Cited Researcher by Thomson ISI. Cur-
rently she serves as an associate editor in Automatica and SIAM Journal on Control
and Optimization.



http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref1
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref2
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref3
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref4
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref5
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref6
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref7
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref9
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref10
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref11
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref12
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref13
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref14
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref15
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref16
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref17
http://refhub.elsevier.com/S0005-1098(16)30078-4/sbref18

	Decentralized networked control of systems with local networks: A time-delay approach
	Introduction
	Problem formulation
	NCSs under scheduling protocols
	RR protocol and the closed-loop model
	TOD protocol and the closed-loop model
	Lyapunov-based analysis under RR protocol
	Lyapunov-based analysis under TOD protocol

	Decentralized networked control
	Conclusions
	References


