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ABSTRACT

Recently the problem of estimating the initial state of some linear infinite-dimensional systems from
measurements on a finite interval was solved by using the sequence of forward and backward ob-
servers Ramdani, Tucsnak, and Weiss (2010). In the present paper, we introduce a direct Lyapunov ap-
proach to the problem and extend the results to the class of semilinear systems governed by wave and
beam equations with boundary measurements from a finite interval. We first design forward observers
and derive Linear Matrix Inequalities (LMIs) for the exponential stability of the estimation errors. Further
we obtain simple finite-dimensional conditions in terms of LMIs for an upper bound T* on the minimal
time, that guarantees the convergence of the sequence of forward and backward observers on [0, T*] for
the initial state recovering. This T* represents also an upper bound on the observability time. For observa-
tion times bigger than T*, these LMIs give upper bounds on the convergence rate of the iterative algorithm
in the norm defined by the Lyapunov functions. In our approach, T* is found as the minimal dwelling time
for the switched exponentially stable (forward and backward estimation error) systems with the different
Lyapunov functions (Liberzon, 2003). The efficiency of the results is illustrated by numerical examples.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Estimation of the initial state of a distributed parameter sys-
tem from its input and output functions measured over some finite
time interval is an important problem in engineering, oceanogra-
phy, meteorology and medical imaging (see e.g. Ramdani et al.,
2010, and the references therein). For the linear exactly observ-
able distributed parameter system, the initial state can be re-
covered from the measured segment of the input and output
functions by inverting the Gramian operator of the system (see, for
instance Tucsnak & Weiss, 2009, Section 6.1), and this may be nu-
merically very challenging. However, this is not applicable to non-
linear systems.

Recently the problem of estimating the initial state of some
infinite-dimensional systems from measurements on a finite inter-
val has been solved by using a sequence of forward and backward
observers (Auroux & Nodet, 2012; Ramdani et al., 2010). For finite-
dimensional systems this idea has appeared in Auroux and Blum
(2005). In Ramdani et al. (2010) the condition on the convergence
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of the iterative procedure is given in terms of the bounds on the
norms of the semigroups generated by the operators of the forward
and backward estimation error equations. It is not easy to find the
latter bounds. Moreover, the results of Ramdani et al. (2010) (and
the convergence results of Auroux & Nodet, 2012) are confined to
the linear time-invariant case.

Itis of interest to develop consistent methods that are capable of
utilizing nonlinear distributed parameter models and of providing
simple conditions for the convergence of forward and backward
observers. The LMI approach (Boyd, El Ghaoui, Feron, & Balakrish-
nan, 1994) is definitely among such methods. For time-delay sys-
tems, this approach allowed to solve various control problems in
terms of simple finite-dimensional conditions (see e.g. Fridman &
Shaked, 2002; Gu, Kharitonov, & Chen, 2003; Richard, 2003, and
the references therein). Its extension to distributed parameter sys-
tems has been started in Fridman and Orlov (2009a,b).

The LMI approach to observers and initial state recovering
of distributed parameter systems is the primary concern of the
present paper, where we consider semilinear 1-d wave and beam
equations. We start with the design of forward observers and de-
rive LMIs for the exponential stability of the estimation errors.
Though the stability of the beam equation has been studied in
the literature via direct Lyapunov method (see e.g. Guo & Yang,
2009; Krstic, Guo, Balogh, & Smyshlyaev, 2008), these are the first
LMIs for the exponential stability. Their derivation is based on
Wirtinger’s inequality (Hardy, Littlewood, & Polya, 1934) and on
the application of the S-procedure (Yakubovich, 1977).
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Further we find LMIs that give an upper bound T* on the mini-
mal time, that guarantees the convergence of the sequence of for-
ward and backward observers on [0, T*] for the recovery of the
initial state. This T* represents also an upper bound on the exact
observability time. The continuous dependence of the recon-
structed initial state on the measurements follows from the in-
tegral input-to-state stability of the corresponding error system
(see Angeli, Sontag, & Wang, 2000), which is guaranteed by the
LMIs for the exponential stability. For observation times larger than
T*, these LMIs give upper bounds on the convergence rate of the
iterative algorithm in the norm defined by the Lyapunov func-
tions. Finding T* is similar to finding the minimal dwelling time for
the switched exponentially stable systems with different Lyapunov
functions (Liberzon, 2003). It appears that the LMIs are not conser-
vative for the linear homogeneous wave equation recovering the
analytical value of the minimal observability time. Some prelimi-
nary results for wave equations were presented in Fridman (2013).

1.1. Notation and preliminaries

Throughout the paper R" denotes the n dimensional Euclidean
space with the norm | - |, the notation P > 0 with P € R™*" means
that P is symmetric and positive definite. The symmetric elements
of the symmetric matrix will be denoted by *. Functions, continu-
ous (continuously differentiable) in all arguments, are referred to
as of class C (of class C1). L?(0, 1) is the Hilbert space of square in-
tegrable functions z(¢£), £ € [0, 1] with the corresponding norm

zllz = +/ fol z2(&)dg. »°1(0, 1) is the Sobolev space of absolutely
continuous scalar functions z : [0, 1] — R with g—g e [%(0, 1).
#%(0, 1) is the Sobolev space of scalar functions z : [0,1] — R
with absolutely continuous g—g and with ,% € 1%(0, 1).

The following inequalities will be useful:

Lemma 1.1. Let z € s#'(0, 1) be a scalar function with z(0) = 0 or
z(1) = 0. Then Wirtinger’s inequality holds (Hardy et al., 1934)

1 4 1
2 2
f z°(x)dx < —2/ Z, (x)dx. (1.1)
0 < Jo
Moreover,
1

max z%(x) 5/ zf(x)dx. (1.2)

x€[0,1] 0

2. Observers and initial state recovering: wave equation

2.1. Observers for semilinear wave equations

Consider the following one-dimensional semilinear wave equa-
tion

3
Zy(x, t) = 5[a(x)zx(x, O]+ fz(x, ), x, t),

t>to, x€(0,1), (2.1)
under the boundary conditions
z(0,t) =0, z¢(1,t) = 0. (2.2)

Here subscripts denote the corresponding partial derivatives, f is a
C? function with uniformly bounded first partial derivatives in the
two first variables.

The initial conditions are given by

z(x, tp) = z1(%), 21(0) =0, z21x(1) =0,

Zi(x, to) = 22(X).

The smooth function a(x) satisfies the following inequalities:

0 <a(l) <ak), ax(x) <0, Vxe(0,1). (2.4)

Let g; > 0 be the known bound on the derivative of f (£, x, t) with
respect to the first argument:

e, 0l <g1 VE x10) €R. (2.5)

The boundary measurements are given by y(t) = z:(1, t), t > to.

The boundary-value problem (2.1), (2.2) can be represented
as an abstract differential equation by defining the state ¢ (t) =
[£1(6) £2(D)]T = [z(t) z(t)]" and the operators

0 1
0
N 9 _
%_[W)]O’ F“”—hmm]
ax ax

where F; : 7' x R — [2(0, 1) is defined as F; (¢1, t) = f({1x(%),
x, t) so that it is continuous in t for each ¢; € #'. The differential
equation is

() =50 +FEW0). 0, t=1 (2.6)
in the Hilbert space s = (0, 1) x L*(0, 1), where
210, 1) = {1 € 210, 1)|£1(0) = 0}

and (€13 = lI¢ull?, + [|%21I%,. The operator « with the dense
domain

wmzhmm%%wnﬂ%w»

x A0, 1)

glx(l) = 0}

is m-dissipative and hence it generates a strongly continuous con-
traction semigroup T (Pazy, 1983). Due to (2.5) the following Lip-
schitz condition holds:

IF1 (&1, 6) = Fi (&1, Ol < g1l — Laxll2 (2.7)

where 71,y € %‘zl (0,1),t € R. Then by Theorem 6.1.2 of Pazy
(1983), a unique continuous mild solution ¢ (-) of (2.6) in 2 ini-
tialized by

C1(to) = z1 € (0, 1), &(to) = 2, € (0, 1), (2.8)

i.e. a unique solution of the integral equation

t
¢(t) =T —to)¢ (ko) + / T(t — $)F(£(s), s)ds (2.9)
to
exists in C([ty, 00), 2#). Moreover, this solution is locally Lipschitz
in the initial state (i.e. forall T > 0the mapping (z;, z;) — ¢ isLip-
schitz from s# to C([tp, T], 5#)). Note that F : J#Z x [ty, 00) — #
is continuously differentiable. If ¢ (ty) € (), then this mild solu-
tion is in C!([ty, 00), ##) and it is a classical solution of (2.1), (2.2)
with ¢ (t) € 2(«) (see Theorem 6.1.5 of Pazy, 1983).
We suggest a nonlinear Luenberger type observer of the form

R d A R
Z[t(X7 t) = a[a(x)zx(xﬂ t)] +f(ZX(X» t)» X, t)a

t>ty, x€(0,1) (2.10)
under the boundary conditions
20, ) =0, Z(1,0) = kly(t) — z:(1, )], (211)

and the initial conditions [2(-, ty), Z; (-, to)]T € 5, where k > 0
is the injection gain. The well-posedness of (2.10), (2.11) will be
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established by showing the well-posedness of the estimation error
e = z — Zz, which satisfies the wave equation

3
e (X, t) = a[a(X)ex(x, )] + gex(x, t),

t >ty, x € (0,1). (2.12)

Here gey = f(zx, X, t) — f(zx — ey, x, t) and

1
g =g(z, ey, X, t) = / fr (@ + (0 — 1)ey, x, t)d6.
0

Note that (2.5) yields |g| < g;. The boundary and the initial condi-
tions are given by

(0, t) =0,  e(1,t) = —kec(1,¢) (2.13)

and
e(x, to) = z1(x) — Z(x, to),  er(x, to) = zo(X) — Z:(x, tp). (2.14)

Let z be a mild solution of (2.1), (2.2). Then z : [ty, 00) — #'is
continuous and, thus, the function F, : 2! x [ty, 00) — L»(0, 1)
defined as

FZ({]! t) Zf(ZX! X, t) _f(ZX - ;1X5 X, t)

satisfies the Lipschitz condition (2.7), where F; is replaced by F,. By
the above arguments, the error system (2.12)-(2.14) has a unique
mild solution {e, e;} € C([ty, 00), s#) initialized by [e(, to), e: (-,
to)]T € 7. Therefore there exists a unique mild solution {&, X;} €
C([tg, 00), ) to the observer system (2.10)-(2.11) with the initial
conditions [Z(-, to), Z: (-, to)]T € 2. 1f [e(-, ty), e: (-, to)]T € 2(&),
then {e,e;} € C'([ty, 00), 5#) is a classical solution of (2.12)-
(2.14) with [e(-, t), e;(-, t)] € 2(«) fort > t,. Hence, if [Z(-, t),
2, 0" € 2(«) and [z1,22]" € 2(«), there exists a unique
classical solution {Z, 2;} € C'([ty, 00), ) to the observer system
(2.10)-(2.11) with [2(-, 1), 2:(-, D)]T € 2(«) for t > t,.

We will derive further sufficient conditions for the exponential
stability of the error wave equation (2.12) under the boundary
conditions (2.13). Consider the Lyapunov function (see e.g. Nicaise
& Pignotti, 2006)

k ap  xx| [ex(x, t)
v(t) = fo lex(x, £) er(x, r)][ A p][w, t)]dx

with some constants p > 0, x > 0 defined on the mild solutions
of (2.12). Assume that

[a(l)p x} =0
* p :

(2.15)

(2.16)

Since a(1) < a(x) < a(0), the following holds

o<ar=[0r 1 o0 0]
< [*Dp xx] < fawop xx]

where

& = humin ([a(l)p g]) B =(x +max{a(0), 1}p). (2.17)

Then

A

1
o / [e2(x, t) + eX(x, t)]dx < V(t)
0

IA

1
ﬂ/ [e2(x, t) + eX(x, t)]dx. (2.18)
0

We consider first [z1, 2217, [2(, to), 2:(-, t)]" € 2(=7). We are
looking for conditions that guarantee %V(t) + 28V (t) < 0 along

the classical solutions of the wave equation. Then V (t) < e~2(—f0)

V (tp) and, thus, (2.18) yields

1
/ [e2(x, t) + €7 (x, 0)]dx < B -2t
0 o

1
X / [(Zox (%) — Zx(x, t0))* + (21 (x) — Z: (%, t0))*]dx. (2.19)
0

Since (<) is dense in s# the same estimate (2.19) remains true
(by continuous extension) for any initial conditions [z;, 221", [Z
(-, to), 2:(-, to)]" € .#. For such initial conditions we have mild
solutions of (2.1), (2.2) and of (2.10), (2.11). Similar to Fridman and
Orlov (2009b) we arrive at the following conditions (see Appendix
for the proof):

Proposition 2.1. Given k > 0 and § > 0, assume that exist positive
constants x, p such that LMIs (2.16) and

Y 2 —2a(Dkp+ (1 +a(DkPx <0,
g, o [~aDx +28a(p+2xg1 2x8+pg] _ (2.20)
2= * —x +28p

are feasible. Then solutions of the boundary-value problem (2.12),
(2.13) satisfy (2.19), where o and B are given by (2.17), i.e. the system
governed by (2.12), (2.13) is exponentially stable with the decay rate
§ > 0.

2.2. Iterative forward and backward observer design

Our next objective is to recover (if possible) the unique initial
state (2.3) of the solution to (2.1)-(2.3) from the measurements on
the finite time interval

yit)=z1,t), telt,to+T], T>O0. (2.21)

Definition 2.1. The system (2.1), (2.2) with the measurements
(2.21) is called exactly observable in time T, if

(i) for any initial state ¢ (tg) € 47, it is possible to find a sequence
of ¢ € #(n =1,2,...) from the measurements (2.21) such
that lim,_, o |Z) — ¢ (to)ll s = O (i.e. it is possible to recover
the unique initial state as ¢ (tp) = limp—.o0 &3 );

(i) there exists a constant C > 0 such that for any initial states
{(to) € o7 and ¢ (tp) € ¢ leading to the measurements y(t)
and y(t) and to the corresponding sequences ¢j' and £, the
following holds:

to+T

: n__ 1 Sn2 -5 2

I lim ¢ — lim &%, < C / Y©) —Fe)Pds.  (2:22)
The time T is called the observability time.

Note that (2.22) means the continuous in the measurements

recovery of the initial state. In order to recover the initial state we
use the iterative procedure as in Ramdani et al. (2010). Define the

sequences of forward z™ and backward observers z°™, n = 1,
2, ... with the injection gain k:
m 9 m m
Zy (X, 1) = &[G(X)Zx &, O] +f(z," %, 1), x, 1),
ZM©,6)=0, z™(1,t) =klyt) — 2z (1, 0], (2.23)

t €[ty, to+TI,

ZW (X, tg) = 2"V (x, t0), 2" (%, to) = 2"V (x, to),
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where z°© (x, to) = 2"® (x, ty) = 0, and
d
2" (% 1) = a0z 01+ @0 (. 0. x. 1),

2™, =0, z™(1,t) = —kly(t)
t € [to, to +T],

2O, to+T) =2 (x, to + T),

-2, )],
(2.24)

2t +T) = 2" (%, to + T).
This results in the sequence of the forward e™ = z — z™ and the
backward e?™ =z — 2™ n = 1,2, ... errors satisfying
0
e (4. 6) = o [ae” (v, 0] +2"el" (v ),
e™(,t) =0,
t € [to, to+T],

e™(x, to) = eV (x, to),

e™(1,t) = —ke{™ (1, 1), (2.25)
= e}V (x, o),

where e?©@(x, t) = z;(x) — 22O, to), !V (x, tg) = z(x) —

Zf(o)(~, to) and

el (x, to)

0

e?t(n) (X, t) = .
ox

e"™(0,t) =0,
te [t07 tO + T]v

e (x, to +T) = e™(x, to + T),

[a(x)ed™ (x, )] 4 g"™eb™ (x, t),

M1, 6) = ke}™ (1, 1), |
(2.26

el (x, to+T) = e (x, to + T).
Here

1
g =gz e x ) = / fo (@ + 06", x, £)do,
0

1
gb(n) — g(zf(“), e)l:(n)’ x,t) = / o (Z)l:(n) + ge)l:(n)’ x, t)do.
0

2.3. Observability time and convergence rate

For (2.25) and (2.26) we consider for t € [tg, tp + T] the Lya-
punov functions

1
v () = f [a(x)p[e§"><x, 12 + ple™ (x, )12
0

+2xxe™ (x, t)el™ (x, t)]dx (2.27)
and
1
V0@ = [ aple® x oF + ple”x 07
0
— 2xxeP™ (x, £)el™ (x, t)]dx (2.28)

with constants p > 0 and x > 0, satisfying (2.16). Then Vt > tg
(cf.(2.19))

1
ﬂ/ I:[E)((")(X, t)]Z + [egn)(x7 t)]z]dx Z V(n)(t)
’ 1
0 (2.29)

1
p [ [t o0 + e o 0P ax
0

1
> vhO (1) > o f [[efz“‘)(x, O + [ (x, t)]z]dx.
0

Lemma 2.1. Consider V™ and V*™ given by (2.27) and (2.28) re-
spectively withp > 0and y > 0 satisfying (2.16). Assume there exist
8§ >0andT > Osuch thatforalln = 1,2,...and forallt € [to,
to + T] the inequalities

V() +28V™(t) <0 (2.30)
and
V™ ¢y — 25VP™(¢) > 0 (2.31)

hold along (2.25) and (2.26) respectively. Assume additionally that for
someT* € (0,T)

VO (tg)e 2T < vP=D(gy),

i (2.32)
VPOt + T)e T < v (ty +T).
Then the iterative algorithm converges on [to, to + T]:
VPO (ko) < V" V(to) < "V (to), (2.33)

where q = e~ %=1 is the convergence rate.
Proof. Inequalities (2.30), (2.31) yield
VI (k) < VPPt +T)e T, V(o +T) < VP (t)e ™.

Hence, (2.32) implies

IA

VE® (¢ + T)e 2T < V(n)(to_'_T)efZS(TfT*)
V(m(to)e—za(r—r*)e—zar < Vb(n—l)(to)e—48(T—T*)’ 0

Ve (to)

A

Remark 2.1. The forward and backward error estimation systems
(2.25) and (2.26) can be considered as the switched exponentially
stable systems with the dwelling time T and with the (different)
Lyapunov functions V" and V™ respectively. Then the inequalities
(2.32) represent the minimal dwelling time condition that
preserves the stability of the switched systems (Liberzon, 2003).

2.4. LMIs for the observability time and the convergence rate

Taking into account that e®™ (x, to + T) = €™ (x, t; + T) and
e™(x, to +T) = e/ (x, to + T), we have

VE® (1o + TYe 2T — v (9 4+ T)

1, T ()
e (x, to + T)} [e (x, to + T)}

< X )} X dx <0,

- /0 [ei") x, to+T) 00 e (x,to +T) -

—26T* —28T*
where@(x):[a(x)p(e 1 —xe *1)X:|,if

* pE 2T 1)

[a(l)p(e‘z‘”* —1) —x(e ¥+ 1)} 0 (2.34)

% p(efz(ST* _ 1)
Therefore, (2.34) implies the second inequality of (2.32)
By the same arguments, (2.34) implies the first inequality of
(2.32), where e™ (x, tg) = e?™D(x, to) and e (x, tg) = ™V
(x, tp), since

1] () T
. _ eM(x, t
VOl T v ) < [ [?m( 0)} (=)
o Le (x,to)

(n)
x [e’(‘n) *, t")} dx < 0.
e (X, to)

Note that by Schur complements (2.34) yields (2.16). We arrive to
the following:
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Theorem 2.1. Given positive tuning parameters T* and §, assume
positive constants p and x exist such that LMIs (2.20) and (2.34) are
feasible. Then

(i) the iterative algorithm with T = T* converges and the system
(2.1), (2.2) is exactly observable in time T*;

(ii) for all AT > O the iterative algorithm with T = T* + AT con-
verges:

1
/ [[ef(") *, t)1? + [ (x, fo)]z]dx
0

1
< éqn/ [zfx(x) +z§(x)]dx,
0

o

(2.35)

—48 AT

whereq = e and where o and B are given by (2.17).

Proof. (i) Given § > 0 and T* > 0, if the strong LMIs (2.20) and
(2.34) are feasible forsome p > Oand x > 0, then for small enough
8o > 0 the LMIs (2.20), where § is changed by § + &g, are satisfied
with the same p and . Hence, LMIs (2.20) with § changed by 6 + &g
and (2.34) lead to

e 20T b (1 4 T¥) < e 20Ty ™ (g 4 T¥)
e—2(5+80)T* e—ZSOT* V(n) (tO) < e—450T* Vb(n—l) (tO) ,

VP (to) <
=
which yields (2.33) with g = e~ %™ and T = T*.

To prove the exact observability in time T*, consider initial
states ¢ (o) € # and ¢(ty) € s of (2.1), (2.2) that lead to the
measurements y(t) and y(t) and to the corresponding forward and
backward observers z", z"™ and z", z"™. Note that z", z’™ satisfy
(2.23)and (2.24), where z", z"™ and y are replaced by z", z?™ and
7. The resulting e = z" — z", eb® = 70 _ Zb() satisfy (2.25),
(2.26) with the perturbed boundary conditions at x = 1:

e (1,6) = —ke{ (1, £) + w(t), w(t) 2 k[y(t) — y(©)],

(2.36)
ef(")(‘l, t) = ke?(n)(l, t) — w(t).

Let V™ and V2™ be defined by (2.27) and (2.28). LMI (2.34) implies
inequalities (2.32). By arguments of Proposition 2.1 (see also Frid-
man, Mondie, & Saldivar, 2010), we find that

V() + 28V (1) — y|lw(®))* <0 (2.37)
for some y > 0if; < 0and
|  —a(xk+a(l)p
2ol 0 <o. (2.38)
x| -y + xa(l)

By Schur complements, the latter inequality is feasible for large
enough y if ¥, < 0, i.e. if LMIs (2.20) are satisfied. Then, by the
comparison principle (see e.g. Khalil, 1992),

t
V() < e 20y ™ () 4y / lw(s)|ds. (2.39)
to

Similarly, LMIs (2.20) guarantee that V?®™(t) — 25VP™(¢) +
y|w(t)|? > 0 for large enough y > 0, i.e.

t
Vb(n) (t) > eZ(S(tfto)Vb(n) (tO) —y / 625([75)|w(s)|2d5
to

and, thus,

t
VE@ (ty) < e 2 yb™ () 4 o) / |w(s)|2ds. (2.40)
to

Therefore,
. t0+T*
Ve () < e 2CHITYPIM (g 4 T%) 4 / o
to
i to+T*
< e—200T V(”)(to + T+ y / |w(5)|2d5
to
< e—2(8+280>T*V(">(t0)
. to+T*
+ (e~ %07 +1)V/ |w(s)|*ds
to
< e T b1 (1

. to+T*
FE T 4 1)y / w(s) [ds.

fo
We arrive at

1
b
o / [[ef:“” (x. t0)]2 + [ (x, fo)]Z]dX
0
< Vb(n) (tO) < 674507"*674507'* Vb(n72) (tO)

t
4 (e78%T" 4 g 40T" | o200 | 1))’/ lw(s)|*ds
to

) y to+T*
< (e~ 0T ynybO) (1) 4 7*/ |lw(s)|*ds
1 — e—2%T to

which implies (2.22), where || limy_c0 £ — liMpo oo Ell e =
limy o0 165 — &gl and C = w-

(ii) From Proposition 2.1 it follows that LMIs (2.20) yield (2.30).
By the similar derivations, LMIs (2.20) imply (2.31) for the back-
ward system. Moreover, (2.34) guarantees (2.32) and (2.16). Then
(ii) follows from Lemma 2.1 and (2.29). O

Remark 2.2. The proof of the exact observability is based on
the integral input-to-state stability of (2.25) with the perturbed
boundary condition (2.36) atx = 1:

1
| e e o + te i o8 s
0

1
< ée—zs(tfto)f I:[e)((") *x, t)? + [egn) (x, to)]z]dx
o 0

y t
+ 2 [wois. =
a Jy,
The latter property is guaranteed by LMIs v/; < 0 and (2.38).

Remark 2.3. If f is linear in the state (e.g. f = g(x, t)zy + h(x, t))
subject to (2.5) the presented results are still new: they give
constructive finite-dimensional conditions for finding the observ-
ability time and the convergence rate, which is a non-trivial prob-
lem. Therefore, Theorem 2.1 completes the existing results (Auroux
& Nodet, 2012; Ramdani et al., 2010) (even in the linear time-
invariant case) and extend them to time-varying/semilinear systems.
We assume that the nonlinearities are globally Lipschitz, which
may be restrictive. For locally Lipschitz f, by the standard argu-
ments for the nonlinear systems (see e.g. Baroun, Jacob, Maniar, &
Schnaubelt, 2013; Khalil, 1992), the presented results hold locally.

Remark 2.4. In this section, in order to present the new method
in a simpler form, we have not considered f that may depend on
z as well. However, our results can be extended to a more general
Z, zy, X, t-dependent f, which is Lipschitz in z and z,. Modified LMIs
for this case can be derived by applying Wirtinger’s inequality
and S-procedure (as it is done in the next section for the beam
equation).
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Table 1
Minimum T and g = e~*T~T" for T > T,
&1 T;‘;; Om T T* 8 q
0 2.0000001 10-8 2.5 224 0.05 0.9493
0.1 467 0.1 55 467 0.1 0.7175
0.2 8.65 0.08 9.5 8.65 0.08 0.7619
2.5. Example

Consider (2.1)-(2.3) with a(x) > 1,ay, < 0,k = 1 and with
the values of g; as given in Table 1. By applying the LMI Toolbox
of Matlab and verifying the feasibility of (2.20) and (2.34), we find
first the minimal values of T} and the corresponding §,, for the con-
vergence of the iterative algorithm and, thus, for the exact observ-
ability (see Table 1). Note that for g; = 0 the observability time is
T = 2.0000001, which is very close to the exact analytical value
2 (for the constant a = 1). Thus, our results are not conservative
for this case.

Further given T > T}, we try to minimize the upper bound on
the convergence of the iterative algorithm with T that is guaran-
teed by (ii) of Theorem 2.1. For this purpose we choose T* € [T, T)
and maximize § which preserves the feasibility of (2.20) and (2.34).
The resulting convergence rate ¢ = e~*T-T for different g, is
given in Table 1.1t is found that forg; = 0and T = 2.5 > T, = 2,
the fastest convergence rate with minimal achievable ¢ = 0.94933
corresponds to T* = 2.24. For positive g; the choice of T* = T}
leads to smaller q. The observer gain k can also be optimized/tuned
from LMIs so as to minimize the resulting observability time and
the convergence rate. Here k = 1 leads to better results.

3. Observers and initial state recovery: beam equation

3.1. Problem formulation

We consider the following one-dimensional semilinear beam
equation

82
Ztt (X, t) + @[a(x)zxx(xv t)] +f(ZXX(Xa t)a ZX(X5 t)a X, t) = Oa

t > t07 X e (Oa 1)’ (3'1)
under the boundary conditions
z(0, t) = z(0, t) =0,
(0, t) =20, t) (32)

zw(1, t) =0, Zuwx(1,£) =0,

where f is a smooth function with uniformly bounded partial
derivatives in the two first variables. The smooth function a(x)
satisfies (2.4). The initial conditions are given by

zZ(x, to) = z1 (%), Z1(1) = Z1xx(1) = 0,
ze(x, to) = z2(x).
Define

A2(0,1) = {z; € #%(0, 1) : z1(0) = z1x(0) = 0}.

(3.3)

The boundary-value problem (3.1), (3.2) can be represented as the
differential equation (2.6) in the Hilbert space -# = ,}ff 0,1) x
[2(0, 1). In the above equation, the infinitesimal operator & =

0 I

[_az[a(x)az] 0] has the dense domain
x? ax2

2(@) = @) € 40, D) A20. 1) x A0, 1)

Cix(1) = 0, Cpa(1) = o}

and generates a strongly continuous contraction semigroup (see
e.g. Li &Xu, 2011).

The second component F; (¢4, t) : 522(0, 1) x 5£'(0,1) xR —
L,(0, 1) of the nonlinear term F = (0, F;)7 is defined as F; (¢, t) =
f(C1x(x, 1), £1x(x, £), x, ). Since f has bounded derivatives, the
following Lipschitz condition

IF1(¢1, ) — Fi(C1, Dl 2 < Lliiwe — Sl

holds for ¢y, ¢; € 52(0, 1), t € [ty, to + T] with some constants
L > 0.Then a unique mild solution of (2.6), initialized with ¢ (tp) €
2 exists in 2 (see, Theorem 6.1.2 of Pazy, 1983). Moreover, this
solution is locally Lipschitz in the initial condition (i.e. forallT > 0
the mapping ¢ (top) — ¢ is Lipschitz from 7 to C([ty, T], 57)).
Note that F : 2# x [ty, 00) — 2 is continuously differentiable. If
£ (ty) € 2(«), then this mild solutionisin C'([ty, 00), »#) and it is
a classical solution of (2.1), (2.2) with ¢ (t) € 2(«) (see Theorem
6.1.5 of Pazy, 1983).

The boundary measurements are given by y(t) = z.(1, t), t >
to. We suggest a nonlinear observer of the form

32

ftt(xv t) + @[G(X)QXX(X, t)] +f(2XX(X7 t)7 QX(Xa t)7 X, t) = Oa

t>ty, x€(0,1) (34)
under the boundary conditions
2(0, t) = Z,(0, t) =0,

(0, 1) =2,(0, 1) (35)

2)(X(‘la t) = Os EXXX(‘la t) = _k[y(t) - ét(lv t)]

and the initial condition [2(-, to), Z: (-, t))]T € 22, where k > 0 is
the injection gain.
Then the estimation error e = z — Z satisfies the beam equation

82
e (X, t) + ﬁ[a(X)exx(x, )] + gew(x, t) + cex(x, t) =0,

t 2 tO; X e (07 ])7
where

g = 8(Zx, exx, Zx, €x, X, 1)

1
= / fox(‘/Z\'XX +66XX5£X +Gex»x; t)d@,
0

(3.6)

€ = C(Zyws Cxxs 2xs By, X, 1)
1
= / fzx(fxx + Oexx, 2 + ey, x, t)d0,
0

and the boundary conditions

e(ov t) = ex(O, t) =0, exx(], t) =0,

exx(1,t) = ke (1, t), (3.7)

whereas the initial conditions are given by e(x, t5) = z;(x) —
Z(x, to), e (X, to) = z2(X) — z(x, tp), x € (0, 1).
We further assume that |f;,,| < g1, |fz,| < ¢1 and, thus,

lgl < &1, el <. (3.8)

The existence and uniqueness of the mild/classical solutions to the
error and the observer equations can be proved similar to the wave
equations.

3.2. Exponential stability of the beam equation
We will derive further sufficient conditions for the exponential

stability of the error beam equation (3.6), (3.7). Consider the
Lyapunov function

1
V() =[ [a()pes, (x, £)
0

+pel(x, t) + 2xxey(x, t)ec(x, t)]dx (3.9)
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with some constants p > 0, x > 0. We will first derive the condi-
tion which guarantees that for some o > 0

1
V(t) >« / [eZ (x, t) + eZ(x, t)]dx. (3.10)
0
Since e, (0, t) = 0, we have by Wirtinger’s inequality (1.1)
1 4
2 2
/ [ex(x, t) — ;exx(x, t)] dx <0. (3.11)
0

By applying to (3.10) and (3.11) the S-procedure with 1y > 0
(Yakubovich, 1977), we conclude that for some Ay > O anda > 0
the following holds

V(o)

v

1
V(t) + Ao / [e2(x, t) — 4/m2e2 (x, t)]dx
0

v

1
(a()p — 4A0/n2)/ e, (x, t)dx
0
1
Xo  xx||ex(x,t)
+ /0 [ex(x, t) et(x, t)] |:*0 p :| |:€t(X, f)] dX
1
> a/ [e (x, t) + eZ(x, t)]dx (3.12)
0
if

a()p — 4ro/72 > 0, [ko X} > 0.

% p (3.13)

Note that (3.13) is feasible for some Ag > 0 if

(3.14)

[a(l)pn2/4 x] > o.
* p

By the Cauchy-Schwarz inequality

1 1
/ 2 xxex(x, t)e(x, t)dx 52)(/ lex(x, t)eq(x, t)|dx
0 0

1
<x / [ex (x. £) + €] (x, )]dx
0
74
<X f [zefx(x, t) +ef (x, t)} dx,
0 T
where we applied Wirtinger’s inequality (1.1). Hence,
1
a/ [e2,(x, ) + €7 (x, D)]dx < V(t)
0

1
<B f [e2,(x, t) 4 €2 (x, t)]dx, (3.15)
0

where

o = min {a(l)p — 4h0/72, Amin ([):ko ﬂ)} ,

B = x + max{1, a(0)}p.

(3.16)

We are looking for conditions that guarantee %V(t) +28V(t) <0
along the beam equation and, thus, imply

1 1
f [e5(x, ) + €7 (x, £)]dx < ge—z““—tw / [e5 (x, to)
0 0

+ €2 (x, to)]dx. (3.17)

Differentiating V along (3.1) we have
d 1
av(t) +28V(t) = 2/ a(x)pex (X, t)ex (x, t)dx
0
1
+2/ per(x, t)eq (x, t)dx
0
d 1
+2x—f [xex(x, t)e (x, £)]dx
dt Jo

1
+ / 28[a(x)peZ, (x, t) + per(x, t)
0

+ 2 xxey(x, t)e,(x, t)]dx (3.18)

Integrating by parts twice and taking into account the boundary
conditions (3.7) with ex (1, t) = €4 (0,t) = e;(0, t) = 0, exx(1, t)
= ke;(1, t), we have

1
2 / a(X)pexy(x, t)ex (x, t)dx = 2a(x)pexy(x, t)ex (x, t) |y
0

1
2 / P [a)ew(x, D)leq x, D
o OX

2

1
= —2a(1)pke?(1,t) + 2 / paa?[a(x)exx(x, )]ec(x, t)dx.
0

Therefore, substituting the right-hand side of (3.6) for e;; we arrive
at

1
2 / plax)ex (x, t)exe (X, t) + e (x, t)ey (x, t)]dx
0

1
= —2a(1)pke (1, t) —2/ pec(x, t)
0

X [gexx(x, t) + cex(x, t)]dx

1
< —2a(1)pke; (1, t) + pgy / [re? (x, ©)
0

1
+r7e (x, t)]dx — 2/ peee (x, they(x, t)dx, (3.19)
0

where we used Young’s inequality with r > 0.
Integration by parts leads to

d 1 1
2x— / [xex(x, t)ec(x, t)]dx = 2x / [xext(x, t)e:(x, t)]dx
dt 0 0

1 82
-2 / xex(x, t)[[a(X)exx(x, t)]
0 0x2

+ gexx (%, t) + cex(x, t)} dx,
where
1 1 8
ZX/ Xey (x, D)eg(x, t)dx = x/ x—[eZ(x, t)]dx
0 0 aX

1
= xeX(1,t) — x/ e (x, t)dx
0

and

1 2
2x f xey(x, t)%[a(x)exx(xv t)ldx = 2xa(1)ex(1, t)exx (1, t)
0

1
—2x / [xewtx, ©) + eyt D1 [a()ex(x, 01]dx.
0 8X
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Further integration by parts and substitution of the boundary con-
ditions (3.7) yield

1
2x / ex(X, t)%[a(X)exx(x, t)]dx = 2xa(x)ex(x, t)ex(x, t) |
0

1 1
—2X/ a(x)eZ (x, tydx < —2xa(1)/ 2, (x, t)dx
0 0

and due to a,(x) <0

1
2x / Xexx (X, t)i[a(X)exx(x, t)]dx
0 0X
Tx 9 5
= X/ 77[(aexx(x7 t)) ]dX
o aox

1 —_—
=—x / M(aexx()(, t))zdx
0

2
1
< —Xa(l)/ e (x, t)dx. (3.20)
0
By using the boundary conditions, we find
d 1 1
2— f [xxex(x, e (x, t)]dx < —x / ef (x, t)dx
dt Jo 0
1
+xer(1,t) — 3xa(1)/ e (x, t)dx
0
—2xa(kex(1, t)e (1, t)
1
—2x / xex(x, t) [gexx(x, t) + ceyx(x, t)]dx. (3.21)
0
Since e, (0, t) = 0, by (1.2) we have
1
/ e2,(x, t)dx —eX(1,t) > 0. (3.22)
0

Inequalities (3.18)-(3.22) and (3.11) yield for A; > 0, A, > 0 the
following

d 1
Ev(t) +28V(t) < pg1/ [re?(x, t) + 17 e (x, t)]dx
0

1

1

- 2/ pee; (x, t)ey(x, t)dx — x / e (x, t)dx

0 0

1
+ (x — 2a(1)kp)e(1, t) — 3xa(1)/ e (x, t)dx
0
1
—2xa(Dkex(1, e (1,t) — 2xf gxey(x, thexx(x, t)dx
0

1 1
—|—261X/ ei(x, t)dx—i—/ 28[a(1)pe§x(x, t)
0 0

+pe?(x, t) + 2xxey(x, t)ec(x, £)]dx

1
+ A [/ e2,(x, dx — eX(1, t)}
0

! 45 2
+ A S e (X, 1) — ey (x, t) | dx.
0

T
Set n! = [e(1, t)ex(1, £)], N3 (t) = [er(X, t)ex(X, t)ew(x, t)]. Then

1
%V(m +28V(t) < nj¥im +/ 1, ¥anpdx < 0,
0

if the LMIs (3.23) (see Box I) are feasible.

By applying the Schur complements to the 2nd and the 3rd
columns and rows of ¥, and to pgyr~! we find that ¥, < 0 if the
LMI (3.24) (see Box II) is feasible.

We have proved the following sufficient conditions for the
exponential stability of (3.6), (3.7) with the decay rate § > 0:

Proposition 3.1. Given § > 0, assume that exist positive constants
D, X, T, Ao, A1, Ao such that LMIs (3.13), (3.23) and (3.24) are fea-
sible. Then solutions of the boundary-value problem (3.6), (3.7) sat-
isfy (3.17), where « and B are given by (3.15).

3.3. Iterative forward and backward observer design

In order to determine the initial state z(x, tp), z:(x, ty) of (3.1)
from the boundary measurements on the finite time interval (2.21),
we apply the iterative procedure of Ramdani et al. (2010). Define
on the finite interval t € [to, t; + T] the sequences of forward z™
and backwardz’™, n = 1, 2, ... observers with the injection gain
k > 0:

82
28 (x, t) + 510002 (. )]

+fEWx, t), 2" (x, ), %, t) = 0,

2™, 1) =2"(0, 1) =0, telt,to+TI, (3.25)
1, 0=0 zZMA1, 0 =ky®) —2z"Q1,0)],
2, tg) = 2TV (x, t0), 2 (% to) = 2"V (%, to),
where 2@ (x, to) = z’® (x, ty) = 0 and

b(n) 82
zg" (x, £) + @[G(X)fo(") (x, )]

+FEEM(x, 1), 22 (x, £),x, ) =0, ¢t € [to, to + T1,

2", 1) =2™(0, t) =0, (3.26)

21, D=0, 2310 =—ky@® — 2" (1. 0]
2P (x, to+T) =2z"(x, to + T),
2Pt +T) =2 (x, to + T).
This results in the sequence of the forward e™ = z — z™ and the
backward e?™ =z — 2™ n =1, 2, ... errors satisfying
e (x. 1) + ;—;[a(X)eiﬁ) *.0)]

+8Mel(x, 1) + cPelP(x,t) =0 t € [to, to+T],
e™(, t) =e(0, t) =0,
(1, ) =0, e",t)=—ke(1,t),
e™(x, to) = "V (x, to),

where e?© (x, to) = z;(x), /¥ (x, to) = z2(x), x € (0, 1) and

(3.27)

el (x, to) = eV (x, to),

82
el (x, t) + @[a(x)e,‘j,@ x, )]+ g"Med™ (x, )

+cPMebM(x £y =0, te[ty, to +TI,
e’™(0, t) = 2™ (0, t) =0,
W, =0, W, t)=ke!™(1,1),
MV, to+T) =e™(x, to+T),
e (x, to+T) =e™(x, to + T).

Here
g(n) — g(2(") e zm o X, t)

XX 0 TXxx 2 Tx 0 TX 0

(3.28)

1
= / Fo G 4 02 2 1 ge™ x t)d,
0
cm = C(Q)E)':)’e(n)

XX

1
= / [ G+ 06, 2™ + ge x, t)dO
0

5(n)  ,(n)
z,”, e, X, t)

and g?™ | ¢®™ are defined similarly.



2258 E. Fridman / Automatica 49 (2013) 2250-2260

o, [x — 2a(kp —a(l)k)(:| <0, (323)

* —)\,1
26p — x +pgir  28xx—cp 0
o * =2+ 2c1x —XgX 4 <0
* * 28a(p + pgir~! —3a(Dx + ?kz + 2
Box I.
20p — x—l—g1r 26x +cip 0 0
—A2 + 2c1 g1x A 0
0, 324
£ 2bap—3ax+ ket g | 524
* * —gir
where r =
Box II.
3.4. Observability time and convergence rate via LMIs Then for some Ay > 0 the following holds:
b(n) —26T* _ 1,(n) b(n) —28T*
For (3.27) and (3.28) we consider the Lyapunov functions Vit + The v (ﬁo +1) =Vt + e
—V®(to +T) + Ao / [—[e“) (X, to +T)T?
v = f [aGoplel? (x, OF + plef” (x. O 0
’ — 1" (x, to + ) e
+2xxe™ (x, t)el™ (x, t)]dx (3.29) .
< [laipEe®" —1) +4)»0/772]/ [el? (x, to + T)]*dx
and . 0
! el (x, tg+T) o [eP (e to +T)
VPO (@) = /0 [aGoplel” x, OF + plet™ . 0)F " /o [ef") (x, to + T)i| = [ef”’ (x. to + T)] w=0
—2xxe’™ (x, t)el™ (x, t)]dx (3.30) i
t sy e [T xE@PT D]

respectively with positive constants p and x satisfying (3.13) for = o« p(e*Z‘ST* -1 ’ (3.32)

some Ag > 0.Then forall t > t,
/3/ e(")(x O + [ef” (x, t)]z]dXZ v ()

> a/ [[ ™ (x, )] + [e" (x, t)]z]dx
(3.31)

B / (et OF + [ef ™ OF Jdx = v (t)

>0 / [[ b (x, )12 + [e/™ (x, )] ]dx
0

where « and § are given by (3.16). Similarly for Lemma 2.1, the
following can be proved:

Lemma 3.1. Consider V™ and V*™ given by (3.29) and (3.30) re-
spectively with p > 0 and x > 0 satisfying (3.13). Assume § > 0
and T > 0 exist such that foralln = 1,2,...and t € [ty, to + T]
the inequalities (2.30) and (2.31) hold along (3.27) and (3.28) respec-
tively. Assume additionally that (2.32) is valid for some T* € (0, T).
Then the iterative algorithm with T = T*+ AT converges in the sense
of (2.33), where ¢ = e=*T=T") s the convergence rate.

By using arguments of Section 3.2 we find that (3.13), (3.23) and
(3.24) guarantee (3.31), (2.30) and (2.31).We are now looking for
conditions to satisfy (2.32). We start with the second inequality of
(2.32), where we take into account that e™ (x, to+T) = e?™ (x, to+
T)and e (x, to + T) = "™ (x, to + T). Since e{” (0, to + T) = 0,
we have by Wirtinger’s inequality (1.1)

1
4
/ [[e§”><x, to+ T — = lely (x, to + T)]z]dx <o.
0 g

a(Mpe?"" — 1) 4+ 4xg/7? < 0.

By the same arguments, inequalities (3.32) imply the first inequal-
ity of (2.32), where e™(x, tp) = e*™V(x, to) and e (x, to) =
e?™ Y (x, to), because

(n) (t )e—ZﬁT* Vb(n—l) (t )

< [a(Dpe™ — 1) + 4ho/7?] / (e (x, to) d

(n) (n) = Tk X (Xa t())
+ /(; [ex (X, tO) € (X, tO)]‘—‘ (T ) [egn) (X, to)
Since e 27T < 27" for T > T*, the feasibility of (3.32) with some
P, X, Ao implies the feasibility of a(1)p(e™2*T — 1) + 4A¢/72 < 0
and, by Schur complements, of Z(T) < 0 forall T > T* with
the same p, x, Ag. Particularly (for T = o0), (3.32) yields (3.10).
Similarly to Theorem 2.1 we arrive at the following:

:|dx§O

Theorem 3.1. Given positive tuning parameters T* and §, assume

that positive constants p, x, r and A;(i = 0, 1, 2) exist such that the

LMIs (3.23), (3.24) and (3.32) are feasible. Then

(i) the iterative algorithm with T = T* converges and the system is
exactly observable in T*;

(ii) for all AT > O the iterative algorithm with T = T* + AT con-
verges:

1
/ [[eﬁin)(x, fo)] + [et(n)(x tO)] :I
0

1
< B waryn / [zlzxx(tz;(x)]dx (3.33)
o 0

where a and B are given by (3.15).




E. Fridman / Automatica 49 (2013) 2250-2260 2259

Table 2
Minimum T and q = e~*~T" for T* > T*.
g 1 T Sm T T* ) q
0 0 1.28 0.06 1.6 1.4 0.24 0.8253
0 0.1 1.6 0.29 1.8 1.6 0.29 0.7929
0.1 0.1 1.8 0.32 2.2 1.8 0.32 0.7741
0.2 0.2 25 0.26 2.8 25 0.26 0.7320
3.5. Example

Consider (3.1)-(3.3) with a(x) > 1,ay, < 0,k = 1 and with
the values of g1, ¢; as given in Table 2. By verifying the feasibility
of (3.23), (3.24) and (3.32), we find first the minimal values of
T and the corresponding &, for the convergence of the iterative
algorithm. Further given T > T}, we try to minimize the upper
bound on the convergence of the iterative algorithm with T that
is guaranteed by (ii) of Theorem 3.1. For this purpose we choose
T* € [T}, T) and maximize § which preserves the feasibility of
(2.20) and (2.34). The resulting convergence rate g = e~ %T~T"
for different g; is given in Table 2. It is found that forg; = c¢; = 0
and T = 1.6 > T, = 1.28, the fastest convergence rate with
the minimal achievable ¢ = 0.8253 corresponds to T* = 1.4.
For the positive g; + ¢; the choice of T* = T} leads to the fastest
convergence rate q.

4. Conclusions

In the present paper an LMI approach is introduced for the ob-
server design and for the initial state recovering by iterative for-
ward and backward observers for a class of distributed parameter
systems. These are semilinear systems governed by 1-d wave or
beam equations with boundary measurements from a finite inter-
val. For the beam equation, these are the first LMI conditions for
the exponential stability (of the estimation errors). We have de-
rived LMIs for an upper bound on the observability time and on
the convergence rate of the iterative algorithm in the norm defined
by the Lyapunov functions. The continuous dependence of the re-
constructed initial state on the measurements follows from the in-
tegral input-to-state stability of the corresponding error system,
which is guaranteed by the LMIs for the exponential stability.

Extension of the method to various classes of distributed pa-
rameter systems and its improvement may be topics for future re-
search. As it happened with time-delay systems, LMIs are expected
to provide effective constructive tools for analysis and control of
distributed parameter systems.

Appendix

Proof of Proposition 2.1. Note that

d 1 1
2— (/ xee(x, t)ey(x, t)dx) = 2/ xeq (X, t)ex(x, t)dx

1 1
+ 2/ xee(x, t)ey (x, t)dx = 2/ xi[a(x)ex(x, t)]ex(x, t)dx
0 0 0x

1 1
+ 2/ xer (X, t)ey (x, t)dx + 2[ xgef((x, t)dx.
0 0

Integration by parts gives

1 1
2/ xer (X, t)ey (x, t)dx = Zef(l, t) — 2/ xeyce: (x, t)dx
0 0

1
—2/0 e (x, t)dx

ie2 f01 xep (x, ey (x, )dx = — f(; e2(x, t)dx + e>(1, t). Similarly
1
2/ xi[a(x)ex(x, t)lex(x, t)dx = 2a(1)eﬁ(l, t)
o O0X
1
- 2[ [xex(x, t)]xa(x)ey(x, )dx = 2a(1)e2(1, t)
01 1 9
— 2/ a(x)ef(x, t)ydx — 2/ x—[a(x)ex(x, t)]ex(x, t)dx
0 0o O0x

1
+2/ xax(x)eﬁ(x, t)dx,
0

where the last term is not positive due to the assumption a, < 0.
Then

1
2/ xi[a(x)ex(x, t)]ex(x, t)dx < a(1)e2(1,t)
0 ax

1
—/ a(x)ef((x, t)dx.
0

Therefore, under (2.5)

d 1
Zd—t (/{; xeq (x, t)ey(x, t)dx)

1
<- / [e(x, £) + a(x)e3 (x, t)]dx
0

1
+e2(1, t) +a(ex(1, t)+2g1/ e2(x, t)dx. (A1)
0

Differentiating V along (2.12), we obtain
1

1
2p / ax)ex(x, t)ex(x, t)ydx + 2p / e(x,t)
0 0

dt

d 1
X ey (X, t)dx + 2x I (/ xee (x, t)ey(x, t)dx)
0

1

1
Zp/ i[a(x)ex(x, t)e:(x, t)]dx+2p/ er(x, t)
o 0x 0

IA

dt
Then due to (A.1) and (2.13) the following holds:

d 1
X gey(x, t)dx + 2y — (/ xer (x, t)ey(x, t)dx) .
0

d 1
EV“LZ‘W < —2a(1)kpe?(1,t) —|—2p/ er(x, )gey(x, t)dx
0
1
—x / (e7(x, t) + a()e; (x, t))dx
0

1
— (1 +a()k®eX(1,t) — 2g / e2(x, t)dx:|

0

1
+ / 28[a(x)pe?(x, t)
0

+ 2xxex(x, t)ey(x, t) + pe? (x, t)]dx.

Setting nT = [e;(1,t) ex(x, t) e;(x,t)] and using a > a(1), we
conclude that d%V 428V < fol nTwndx <0, if

12 0 0
=% —a(l)y+28a(l)p+2xxg 2xéx+pg| <0.
* * —x +23p

By Schur complements LMIs (2.20) yield ¥ |y—pg—+s; < 0, ¥
lx=1,g=+g, < 0and, thus,imply¥ <0. O



2260 E. Fridman / Automatica 49 (2013) 2250-2260

References

Angeli, D., Sontag, E., & Wang, Y. (2000). A characterization of integral input-to-state
stability. IEEE Transactions on Automatic Control, 45(6), 1082-1097.

Auroux, D., & Blum, J. (2005). Back and forth nudging algorithm for data assimilation
problems. Comptes Rendus de I’Academie des Sciences, Serie I (Mathematique),
340, 873-878.

Auroux, D., & Nodet, M. (2012). The back and forth nudging algorithm for
data assimilation problems: theoretical results on transport equations. ESAIM.
Control, Optimisation and Calculus of Variations, 18(2), 318-342.

Baroun, M., Jacob, B., Maniar, L., & Schnaubelt, R. (2013). Semilinear observation
systems. Systems & Control Letters, 62.

Boyd, S., El Ghaoui, L., Feron, L., & Balakrishnan, V. (1994). SIAM frontier series, Linear
matrix inequality in systems and control theory.

Fridman, E. (2013). Observers and initial state recovering for a wave equation: an
LMI approach. In IFAC 11-th workshop on time-delay systems, Grenoble, February,
2013.

Fridman, E., Mondie, S., & Saldivar, M. B. (2010). Bounds on the response of a
drilling pipe model. IMA Journal of Mathematical Control and Information, 27(4),
513-526.

Fridman, E., & Orlov, Y. (2009a). Exponential stability of linear distributed parameter
systems with time-varying delays. Automatica, 45(2), 194-201.

Fridman, E., & Orlov, Y. (2009b). An LMI approach to Hy, boundary control of
semilinear parabolic and hyperbolic systems. Automatica, 45(9), 2060-2066.

Fridman, E., & Shaked, U. (2002). A descriptor system approach to H,, control
of linear time-delay systems. IEEE Transactions on Automatic Control, 47(2),
253-270.

Gu, K., Kharitonov, V., & Chen, ]. (2003). Stability of time-delay systems. Boston:
Birkhauser.

Guo, B.-Z., & Yang, K.-Y. (2009). Dynamic stabilization of an Euler-Bernoulli wave
equation with time delay in boundary observation. Automatica, 45, 1468-1475.

Hardy, G., Littlewood, J., & Polya, G. (1934). Inequalities. Cambridge: Cambridge
University Press.

Khalil, H. (1992). Nonlinear systems. New York: Macmillan.

Krstic, M., Guo, B.-Z, Balogh, A., & Smyshlyaev, A. (2008). Control of a tip-force
destabilized shear beam by observer-based boundary feedback. SIAM Journal on
Control and Optimization, 47(2), 553-574.

Li, X.-D., & Xu, C.-Z. (2011). Infinite-dimensional Luenberger-like observers for a
rotating body-beam system. Systems & Control Letters, 60, 138-145.

Liberzon, D. (2003). In T. Basar (Ed.), Switching in systems and control. Boston:
Birkhauser.

Nicaise, S., & Pignotti, C. (2006). Stabilization of the wave equations with variable
coefficients and boundary condition of memory type. Asymptotic Analysis,
50(1-2), 31-67.

Pazy, A. (1983). Semigroups of linear operators and applications to partial differential
equations. Springer.

Ramdani, K., Tucsnak, M., & Weiss, G. (2010). Recovering the initial state of an
infinite-dimensional system using observers. Automatica, 46, 1616-1625.

Richard, J.-P. (2003). Time delay systems: an overview of some recent advances and
open problems. Automatica, 39, 1667-1694.

Tucsnak, M., & Weiss, G. (2009). Observation and control for operator semigroups.
Birkhauser.

Yakubovich, V. (1977). S-procedure in nonlinear control theory. Vestnik Leningrad
University Mathematics, 4, 73-93.

Emilia Fridman received her M.Sc. degree from Kuiby-
shev State University, USSR, in 1981 and her Ph.D. from
Voronezg State University, USSR, in 1986, all in mathemat-
ics. From 1986 to 1992 she was an Assistant and Associate
Professor in the Department of Mathematics at Kuibyshev
Institute of Railway Engineers, USSR. Since 1993 she has
been at the Tel Aviv University, where she is currently
Professor of Electrical Engineering-Systems. She has held
visiting positions at the Weierstrass Institute for Applied
Analysis and Stochastics in Berlin (Germany), INRIA in Roc-

: quencourt (France), Ecole Centrale de Lille (France), Va-
lenciennes University (France), Leicester University (UK), Kent University (UK),
CINVESTAV (Mexico), Zhejiang University (China), St. Petersburg IPM (Russia),
Melbourne University (Australia).

Her research interests include time-delay systems, distributed parameter sys-
tems, robust control, singular perturbations, nonlinear control and asymptotic
methods. She has published about 100 articles in international scientific journals.
Seven of her papers have appeared in the list of Highly Cited Papers on the ISI Web
of Knowledge. Currently she serves as Associate Editor in Automatica, SIAM Jour-
nal on Control and Optimization and in the IMA Journal of Mathematical Control &
Information.



