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1. Introduction

In fluid mechanics, the Korteweg-de Vries (KdV) equation is
a mathematical model of waves on shallow water surfaces in a
rectangular channel, equation in which the effects of dispersion,
dissipation and nonlinearity are taken into account. When adding
a diffusion term, the KdV equation becomes Korteweg-de Vries
Burgers (KdVB) equation. The study of KdV/ KdVB systems has
been an active research topic because of its potential applications,
see e.g. Baudouin, Crépeau, and Valein (2019), Cerpa (2014),
Cerpa and Coron (2013), Coron (2007), Kang and Fridman (2019)
and Marx and Cerpa (2018). In the field of automatic control,
a backstepping approach has been applied in Cerpa and Coron
(2013), Coron (2007) and Marx and Cerpa (2018) for the feedback
stabilization of KdV equation, and Lyapunov-based arguments
have been employed to ensure the stability of the original system
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under the proposed control law. On the other hand, the sur-
vey paper (Cerpa, 2014) gives a detailed overview of boundary
controllability and internal stabilization approaches and results
for the KdV equation. One can read in Baudouin et al. (2019)
two different approaches (from a Lyapunov functional or from an
observability inequality) employed to exponentially stabilize the
nonlinear KdV equation via delayed boundary damping terms.

In Kang and Fridman (2019), distributed control of KdVB
system has been suggested under point or averaged localized
measurements in space but the proof rely strongly on the pres-
ence of a diffusion term that is missing in the KdV equation.
Such distributed control was introduced for heat equation under
point (Fridman & Blighovsky, 2012) and under averaged (Fridman
& Bar Am, 2013) measurements. In the latter papers, sampled-
data control via time-delay approach and Lyapunov-Krasovskii
functionals were studied, and the results of Fridman and Bar
Am (2013) and Fridman and Blighovsky (2012) were extended to
event-triggered control in Selivanov and Fridman (2016a). How-
ever, since the Lyapunov-Krasovskii functionals for sampled-data
control depend on the state-derivative (see Chapter 7 of Fridman,
2014), this method cannot be applied to sampled-data control
of KdVB equation. So Kang and Fridman (2019) considered the
constant input delay case.

To the best of our knowledge, no event-triggered control of
KdV equation has been studied yet. The goal of event-triggering
mechanism to a sampled control law is to update the control
input only at meaningful instants. Its drawback, well-known in
hybrid systems problematics, could be the exhibition of a Zeno
behaviour. This can be summed up as the law bringing an infinite
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number of updates in a finite amount of time. The present paper
aims at contributing to the study of this topic via a Lyapunov ap-
proach, where sufficient LMI-based conditions for the closed-loop
system with the avoidance of Zeno behaviour will be investigated.

In recent years, event-triggered control systems have been ex-
tensively studied (see e.g. Espitia, Tanwani, & Tarbouriech, 2017;
Selivanov & Fridman, 2016a; Seuret, Prieur, Tarbouriech, & Zac-
carian, 2016; Tabuada, 2007; Tallapragada & Chopra, 2014), bring-
ing an important alternative to periodic sampling of control laws.
There are many important results on event-triggering mech-
anisms (Heemels, Donkers, & Teel, 2013; Tabuada, 2007; Tal-
lapragada & Chopra, 2014). In order to reduce out the number
of updates, three main event-triggering mechanisms are pro-
posed as follows: continuous event-triggering mechanism (see
e.g. Tabuada, 2007), periodic event-triggering mechanism (see
e.g. Heemels et al., 2013), and event-triggering mechanism with a
dwell time (see e.g. Selivanov & Fridman, 2016b; Tallapragada &
Chopra, 2014). It is worth pointing out that most works focus on
event-triggered control of finite-dimensional systems. However,
to the best of our knowledge, there are few papers studying
this technique in the infinite-dimensional systems framework
(see e.g. Espitia, Karafyllis, & Krstic, 2019; Espitia et al., 2017;
Selivanov & Fridman, 2016a).

In this work, the main contribution lies in the construction
of the event-triggering mechanism and the design of event-
triggered control law for nonlinear KdV equation. It can also be
stressed that the Lyapunov-Krasovskii approaches for sampled-
data control design under point/averaged measurements cannot
work for KdV equation. As a by-product, the distributed control
via the spatial decomposition (or sampling) for PDEs introduced
in Fridman and Bar Am (2013) and Fridman and Blighovsky
(2012) for systems with diffusion terms, is, for the first time,
extended to KdV equation that has no such a term. This is
achieved thanks to using a V, term in Lyapunov functional V
defined by (4.5). Such a term is borrowed from Baudouin et al.
(2019).

This work addresses the event-triggered control design for
KdV system under in domain measurements averaged in space,
and for the record, Cerpa (2014) gathers the results for distributed
continuous-in-time controller to stabilize the KdV equation ex-
ponentially. Our concern here is then mainly to prove that dis-
tributed event-triggered control can still bring, under appropriate
assumptions and choice of triggering mechanism, the expected
exponential stability. Finally, different from our present work but
somehow related to the same area of interest, the exact boundary
controllability for the KdV equation was studied in Rosier (1997),
and Rosier and Bing-Yu (2009) is devoted to the design of dis-
tributed control for KdV equation on a periodic domain and to the
design of boundary control for KdV equation on a finite domain.

The remainder of this work is organized as follows. The prob-
lem setting is described in Section 2 while Section 3 details the
main result of this paper and give some remarks. We suggest
finite-dimensional feedback controllers which are distributed on
the whole domain or on subdomains under averaged measure-
ments. For both cases, we provide the event-triggering mecha-
nism. Section 4 is devoted to the technical proofs, both of well-
posedness of the closed loop system, avoidance of the Zeno
behaviour that an event triggering mechanism could introduce,
and of the main regional exponential stability theorem. Section 5
contains an extension to distributed on subdomains control and
Section 6 presents numerical examples to illustrate the effective-
ness of the proposed control strategy. Finally, Section 7 briefly
concludes the article.

Notation. For any matrix P in R™", P > 0 means that P is
symmetric positive definite. For a partitioned matrix, the symbol

Automatica 123 (2021) 109315

% stands for symmetric blocks and I is the identity, 0 the zero
matrix. Using L%(0, L) for the Hilbert space of square mtegrable

scalar functions, one writes ||u||L2(0 n= fo [u(x)|? dx, and
we also define the Sobolev spaces H! (0 L) {u e 10, L)
[%(0,1)} and its norm by [lull?,,, = lulkg, + I ||Lzm

H(}(O, L) = {u € HY(0, L), u(0) = u(L) = 0} where all the deriva-
tives are to be considered in the weak sense. Finally, L°>°(0, L)
denotes the space of essentially bounded function. For a function
y of several variables, the partial derivative with respect to a
variable £ is denoted 9:y = g—g

2. Preliminaries and problem formulation
2.1. State feedback control of a nonlinear KdV equation
Before proceeding to our problem’s setting, let us explain the

essential idea of the Lyapunov-based state feedback control for
KdV equation. Consider the initial and boundary value problem

0:Z + Z0xZ + 0xZ + vouxz — AZ = f(x, t),

vVxe(0,L), t>0 2.1)
z(0,t) =2z(L, t) =0, 0¢z(L,t) =0, Vt=>0, :
z(x, 0) = z%(x), vx € (0, L),

with the initial state z° e I[?(0,L) and the source input f €
L'(0, T; L*(0, L)), where v > 0, A > 0, and z = z(x, t) is the state
of the nonlinear KdV equation. For A > 0, the open-loop system
may be unstable (see the example below). Note that destabilizing
A > 0 was considered in Tang and Krstic (2013). Also, A > 0
may stand for the desired decay rate achieved after stabilization
of (2.1) with A = 0 (see Remark 3 below).
By selecting the control law

f(x,t) = —Kz(x,t), K > A, (2.2)

one obtains a closed-loop system that is globally exponentially
stable, as it will be shown later. In this article, we would like
to address the question of the robustness of this stability with
respect to the presence of both an event triggering in time and a
localized averaging in space of the feedback control law. Noticing
that we cannot really apply infinite dimensional feedback control
law, we will consider here a finite dimensional approximation of
(2.2) that still stabilizes the system (see Section 3).

More precisely, we will consider that the control law will be

implemented in such a way that for all x € (0,L), for all t €
[tk tk+1)v

N
fx 6) ==K Y Z{t)ig(x), K> A, (2.3)

j=1

where the sampling times t; are following an appropriate event
trigger law to be given later, while {1 }; are the characteris-
tic functions of the intervals {£2;}; covering (0, L), and z(t) =
\0\ fg X, t)dx. We will also consider the case that the event-
trlggered controller does not cover the whole domain [0, L],
which is distributed on some parts of subdomains (see (5.1) in
Section 5).

2.2. Well-posedness and exponential stabilization result under (2.2)

The proof of existence and regularity of solutions for the KdV
equation has been investigated in many references, in particular
in the field of controllability studies and even if several results
rely on the smallness of the initial and source data (e.g. Cerpa,
2014; Coron, 2007), one can find in Chapouly (2009) the proof of
the following general result :
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Lemma 1. Forany T > 0,L > 0, ifz° € I*(0,L) and f €
LY(0, T; L%(0, L)), then the Cauchy problem (2.1) is well posed in
the space C([0, T]; L?(0, L)) N L?(0, T; H'(0, L)), meaning that there
exists a unique solution z to the system (2.1) that satisfies, for a
constant ¢ = ¢(T, L) > 0,

||Z||LOC(0,T;L2(0,L)) + ||Z||L2(0,T;H1(0,L))
0
< cllz”ll2e.1) + <If o, 1200.0)-

The proof of this lemma is detailed in Chapouly (2009) and re-
lies on a fixed point argument for the small time well-posedness
(as also referenced and described in Cerpa, 2014) of the problem,
that allows to handle the non-linearity zdyz, and on clever a priori
estimates of the local solution to extend arbitrarily the time frame
and get a global existence and regularity result.

The proof of the well-posedness of the closed-loop system
(2.1)-(2.2) stems from the same arguments and is not detailed
here. Besides, it is easy to prove its exponential stability, stated
here:

Lemma 2. lLetL > 0, T > 0, K > A and z° € [*0,L). The
closed-loop KdV system (2.1)-(2.2) is exponentially stable in the
sense that

—2(K—=M)t ||ZO ” 2

B0y VE= 0.

(-, Ol < €
Indeed : define the energy (that will act as a Lyapunov func-
tional) of the solution of a KdV equation by

E(t) = |z(-, t) vt > 0. (2.4)

12
12(0,L)’

Taking the time derivative of E(t) along (2.1)-(2.2), we have, for
any t > 0,

E(t)

IA

L
—2(K — A)/ 1z(x, £)]2dx — v|8,2(0, t)?
—2(K — A)E(()t)

A

implying E(t) < e~ 2K=2E(0), Vt > 0.

Furthermore, Cerpa (2014) gathers several internal stabiliza-
tion results for nonlinear KdV equations, and specifically, the
stabilization through a localized distributed internal damping
f(x, t) = —a(x)z(x, t) with a € L*°(0, L) such that a(-) > ap > A
in some subdomain w of (0, L), is actually also true, see e.g. Pa-
zoto (2005) and Perla Menzala, Vasconcellos, and Zuazua (2002).
However, in our study, we focus on the case described by (2.3).

As already mentioned before, in this paper we will use a
Lyapunov approach to deal with an event-triggered control of the
KdV equation under averaged measurements. The next section is
devoted to the description of our technical setting.

3. Problem formulation and main result

We consider the following closed-loop KdV system:
N
0z + 20z + 0,2 + Vdpez — Az = —K Y _ () 1g;(X),
j=1

in (0, L) [t tis). k€N, (3.
z(0,t) =z(L,t) =0, dyz(L, t) = 0, Vt>D0,
z(x, 0) = z2%x), vx € (0, L).
where the chosen control law for (2.1) is (2.3),
1
300 = o [ 2t 32
=121 ), (3.2)

This closed-loop system is defined under the following assump-
tions:
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e Space averaging: As in Azouani and Titi (2014), Fridman and
Bar Am (2013), Fridman and Blighovsky (2012) and Lunasin
and Titi (2017), we assume that the points 0 = xg < x; <

- < xy = L divide the interval [0, L] into N intervals
£2; = [xj_1, x;) covering it all. The width of each sub-interval
is supposed to be upper bounded by some constant: 0 <
X —Xi_1 = |2 < A and as expected, the characteristic
functions 1 Qj(x) are such that

{ ]l_qj(X) =0, x ¢ £,

j=1,...,N.
]l_(zj(X) = 1, otherwise , J

(3.3)

e Time sampling: The update instants satisfy 0 = ty < t; <
- <t < tggr, limg_, oo t = 00. We define the event trigger
mechanism by the law

tyr1 = inf { t >t such that

2, 6) = 2 By = VEO + 1oE©@e ™ | (3.4)
where the energy E is defined by (2.4) as the L?(0, L)—norm
of the state, and y, y, and 6 are positive constants to be
determined.

It should be noticed that due to the term “yoE(0)e~2%t”, here
no dwell time is needed to be defined.

e Though the feedback is of finite dimension, both t; and A
depend on the initial data. The larger initial data is, the
smaller t;, and A need to be.

Our main objective is to design a regionally stabilizing event-
trigger controller

ui(t) = —KZi(tx )Lty g, )(E)

that has a control gain K > A to be determined later. In other
words, we aim at deriving sufficient conditions for regional ex-
ponential stability of the closed-loop system (3.1) and to find a
bound on the domain of attraction.

Theorem 1. Let L > 0, T > 0. Given a desired decay rate § > 0, a
control gain K > A + §, a length bound A > 0, and positive tuning
parameters Lo, R, 0 > 8, Yo > 0, assume that there exist positive
scalars wu, A1, Ay, y, and I' that solve the following optimization
problem:

minI”  subject to
2
—3uv 4+ A+ gMRL«& <0, (3.5)
¢ K(1+pul) K+ pul)
71,2
D= x —A— 0 <0, (3.6)
AZ
* * —Ao
A0Yo )
1 D14+ — R°I", 3.7
(+M)(+2(9_8))< (3.7)
where
7.[2
b1 =—21<+2x+u+xoy—x1L—2+25. (3.8)

Then for any initial function z° € L*(0, L) satisfying [12°| 201y <
1
——, the closed-loop system (3.1) under the event-triggering mech-

anism (3.4) is exponentially stable:

AoYo o5t
Et)y<(1+—""—)(1 L)E(O)e
()_< +2(0_6))( + HL)E(0)
for all t > 0. Moreover, if the above LMIs hold with § = 0, then
the closed-loop system is exponentially stable with a small enough
decay rate.

(3.9)
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Remark 1. One could wish here that we do not make the as-
sumption K > A+ 4 on the gain we need to apply to stabilize our
system, but we shall recall that the decay rate of the exponential
stability of the system with continuous feedback law —Kz is
exactly § = K—X (Lemma 2) so that it is not reasonable to expect
better when applying an approximated feedback law as we do.

Remark 2. If y and y, are small enough, then the event-
triggering mechanism (3.4) gets more sensitive to the output
change and transmits the signals more often, what makes the
control more similar to the stabilizing continuous-time controller.

Remark 3. Consider (3.1) with A =0
N
0z + 205z + 0,2 + Vdez = —K Y Z(t)10)(x),
j=1
n (0,L) x [ty, tyr1), k€N,
(L, t) =0, dxz(L, t) = 0,
0 vx € (0, L),

Vt>0,

(3.10)

where zj(t;) is given by (3.2).
Let Z = e*z. It is easy to see that Z is governed by

0Z + e MZ0Z + 0Z + VOyZ — AZ

N
= —K Y Z(ti)1g(x)
j=1

in (0, L) x [ty, tg1), k€N,
z2(0,t)=2z(L, t) =0, 0xz(L, t) =0,

Z(x, 0) = z%x), Vx e (0, L),

(3.11)

A 1 _
where Z;(ty) = —/ Z(x, t)dx.
12j] Jo

From the proof ofJTheorem 1, it follows that LMIs of this
Theorem guarantee stability of (3.11) since the nonlinear term
“e~*zz,” with the multiplier e** < 1 will not change the proof
of stability. Hence, if the LMI conditions of Theorem 1 hold with
8 = 0, then the decay rate XA of original system (3.10) can be

guaranteed since z = e *Z.
4. Technical proofs

4.1. Well-posedness of the controlled system and avoidance of Zeno
behaviour

From Lemma 1, the following well-posedness result can be
obtained by an induction approach.

Proposition 1. Let L > 0, T > 0 and assume that z° e L*(0, L).
Then system (3.1) under the event triggering law (3.4) has a unique
solution z satisfying z € C(0, T; L*(0, L)) N L*(0, T; H'(0, L)). Fur-
thermore, the Zeno phenomenon is avoided.

Proof. e Existence, uniqueness and regularity of the solution:
We proceed by induction.
(i) Initialization. On the first time interval, (3.1

N
0rZ + 20xZ + 0z + vz — Az = —K Zfﬁ]lgj(x),
j=1

) reads

Vx € (0,L), t €10, ty),
,0)=0,0z(L,t)=0 Vt>0,

vx € (0, L),
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where 2}) =2z(0 \9\ fg x)dx, and K > . This is a nonlinear
KdV equation w1th initial data z% € I2(0, L) and source term f =
—K Z]N:] Ejojlgj e LY(0, t1; L?(0, L)). Lemma 1 allows to conclude
that there exists a unique solution z € C([0, t;]; L*(0,L)) N
L%(0, t1; H)(0, L)) to the latter system.

(ii) Heredity. Let us only highlight that the previously obtained
solution satisfies z(t;) e L?(0, L) so that system (3.1) considered
on the next time interval [t;, t;) has an initial condition z(t;) €
[%(0,L) and a source term —K Z;Llij]]lgj e LY(ty, t; [%(0, L)
where 2; = Zj(t1). Therefore, the same argument using Lemma 1
holds again and the heredity is proved similarly at any step k € N.
(iii) Conclusion. By induction, for any k € N, z € C([tk, tyr1];
L%(0, L)) N L?(ty, tyr1; H'(0, L)). Therefore, from the extension by
continuity at the instants t,, one can conclude that (3.1) has a
unique solution z € C([0, T]; L2(0, L)) N L?(0, T; H'(0, L)).

(iv) Convergence. The solution will never blow up before T as a
contrary of the Zeno behaviour (i.e. 3t; > T).

e Avoidance of Zeno behaviour:

We aim at showing that the event-triggering mechanism (3.4)
rules out the Zeno behaviour, where an infinite number of up-
dates may occur in a finite amount of time. It is actually sufficient
to show that for a given T > 0, there exists t* > 0 such
that all the sampling instants t, < T complying to (3.4) satisfy
ter1 — e = "

Let us denote by e, the deviation from the continuous time
position: for any x € [0, L] and t € (0, T), there exists k € N such
that t € [ty, ty+1), and we set

er(x, t) & z(x, t) — z(x, ty,). (4.1)

Since the solution of closed-loop system (3.1) satisfies z €
C([0, T]; L*(0, L)) and [0, T] is a compact set, this error function
e, is uniformly continuous in time with values in L?(0, L). This
means that for any € > 0 there exists t* > 0 such that for all
t,s € [0, T], if |t —s| < T* then we have |lex(-, t) — ex(-, s
< €.

Thus, the following reasoning by contraposition holds:

Ve > 0,3dt* > 0, Vt,s € [0, T],

)||L2(0,L)

lew(, t) — ex(-, )iz =€ = It —sl =" (4.2)

Since e(tx) = 0, we have

llew(- tir1) — e, tll2io,y = Nlew(s ter1)ll 20,1

Next the substitution t — t;1q and s — t; into (4.2), together
with the definition of ¢, in (3.4), leads to

lle(, i)l ) = VE(tin) + yoE(0)e™2 ks
> 7ollZ°l35 82"

implying that |t — tx| > t*. Indeed, given z° # 0, we choose
101120 || e—29T so that there exists T* > 0, depending on

Z%. 0, vo, v and T for which for any k such that t, t;.1 € [0, T],
one has ti, 1 — ty > 7%, so that the Zeno behaviour is avoided. O

4.2. Regional stability analysis

Now we focus on the regional stability analysis of the closed-
loop system and prove Theorem 1. Let us mention two things.

On the one hand, the event-triggering mechanism (3.4) yields
that the event-triggering error function is bounded on each time
sub-interval as follows: Vt € [ty, tii1)

e, )% g ) < VE(E) + yoE(0)e 2. (4.3)
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On the other hand, f defined by (2.3) can be rewritten as

flx.t)=—K Z Lo, (X)| — fix. t) = pi(t)] .
Vvx € [0, L], vVt € [ty, tyrq), Yk €N (4.4)
where

fix, t) =z(x, t) — zZi(t) = z(x, t) — L /z(x, t)dx,

121 Jo,

ex(x, t)dx.

_ _ 1
pj(t) = Z(t) — Z(ty) = 12 o

Proof of Theorem 1. Writing V,(t) = Mfolxlz(x, t)|?dx with
u > 0, we define the following functional (using simplified
notations Baudouin et al., 2019):

L L
V(E) 2 E(t)+ Vu(t) = | z(x, 0)Pdx + u/ x|z(x, £))%dx.  (4.5)
0 0

First, this Lyapunov functional candidate V(t) is equivalent to the
energy of the system E(t) in the sense that

E(t) = V(t) = (1 + nL)E(Y). (4.6)

Then, let us estimate its time derivative. For t € [tg, tk+1),
substituting (4.4) into (3.1) and differentiating V(t) along (3.1),
one gets

V(t) = E(t) + V,(t)

L L
= 2/ z(x, t)0.z(x, t)dx + 2,u/ xz(x, t)0:z(x, t)dx
0 0

=2 / L(1 + ux)z(x, t) [ —vduz(x, t) — z(x, t)dz(x, t)
’ —0yz(x, t) + Az(x, t) — Kz(x, t) | dx
+ 21<ZN:/9(1 + ux)z(x, )[fi(x, t) + pi(t)]dx.
Hence, _
V(t) = —v|z(0, t)]>— 3W/0L |0xz(x, t))2dx

L L
2
+u | |zx, t)Pdx + ,M/ Z23(x, t)dx
0 3 0

L
2k =) f (1 + p)lz(x, )P

+ 2K Z[ (1 4+ ux)z(x, Of(x, t) + pi(t)]dx.
Using (4.3), for any Ao > 0 we can deduce that
V(e) < V(O + o [VE@) + 7o) = lleiC- Dl ]

L
<—=3uv | [8z(x, t))2dx—(2K — . — Aoy — 2A)/ z(x, t)|2dx
0 0
2 L L
+ 5“/ Z23(x, t)dx — (2K — zx)uf x|z(x, t)|*dx
0 0

+21<Z/ (14 ux)z(x, OIf(x, t) + pi(t)ldx

+ XovoE(0)e™" — Aollew(-, D)llfaq 1)
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Several estimates can now be obtained to deal with each of these
terms and bring this into a quadratic form. First, Cauchy-Schwarz
inequality and Sobolev’s inequality (see Lemma A.3) lead to

L L
/ 20x, 0 < 20 Ol / j2(x, £)ldx
0 0
< LVLIOZ(, 170,126, Olli2o.py (48)

Then from Lemma A.4, Wirtinger's inequality yields

72
b [naxz(-, Ol — 5 120+ t)nfzm,] > 0. (4.9)
for any A1 > 0.

Moreover, since fg
inequality rewrites
2

A
5+ Oy < 5 N, Ol

bringing for any Az >0

i(x, t)dx = 0, from Lemma A.5, Poincaré’s

N 2
T
Yy [naxz(-, Otz — Sz 1AC t)nfzmj)] > 0. (4.10)
j=1
Applying the Cauchy-Schwarz inequality, we obtain
N N Ny 2
> / IO ICHCIED B ( / eu(x, t)dx)
= e = — 1951 \ Vg
= ' (4.11)
L
< Z/ ex(x, t)dx_/ ex(x, t)dx.
Hence,
3o [llextcs g ) = Ty Jo, PO = 0, (4.12)

Set n(x, t) = col{z(x, t), fi(x, t), p;(t)}. Substituting (4.8) and (4.11)
into (4.7), and adding (4.9), (4.10) and (4.12) to V(t), we obtain

N
V() +28V(t) 52/ n(x, t)T ex)n(x, t)
= 2

4.13
—(3;;1) —A Az—fL*[HZ ||L20L)||8XZ( t)“L?(OL) @13

L
2K =1 —8)u / x|z(x, t)]2dx 4+ AoyoE(0)e™2,
0

where
11 K14+ pux) K(1 4 ux)
72
Pd(x) = * —A2 e 0
* * —Ao

2
and ¢ry = —2K + 24 + i + oy — o5 + 25 as in (38).
Applying Schur complement theorem (Fridman, 2014), one
gets that @(x) < 0 is equivalent to
2

A
d11 + K*(1+ px)? ( 3
Ao

+ Ag‘) <0,

that also writes

2 AZ
—21(+2A+M+Aoy—kln—+26+1(2(1+ux)2 +15Y)<0
12 )\277.'2

(4.14)

Since we need that property for all x € [0, L], and since we have
1 < (14 px)? < (14 pul)?, then it proves

d(L)<0 = &(x)=<0, Vxel0,L].
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Hence, denoting & = &(L) so that (3.6) holds, we have proved
that

Z/Q nix, )"

A final step as to be performed to handle the non-quadratic
estimate (4.8). Let us first assume that

n(x,t) < 0. (4.15)

I2(-, )ll 20,1y < R, Vt = 0. (4.16)

Under assumptions (3.5)-(3.6) and (4.16), from (4.13) and (4.15)

and choosing K > X\ + §, we obtain
V(£) + 28V(t) < hoyoE(0)e " < AoyoV(0)e ", Vt > 0.

Now let & > 6. Then, for all t > 0 we can write

t
V(t) < e 2V(0) + royoe PtV(0) / e 209 s
0

< e 2ty(0) + %‘Zgoﬁ(g)) [e72" —e2]
Moo sty Moo —20t
< (1 + 3025 5)) eHV(0) = 5P VIO

From (4.6) it follows that

A0Yo
2(60 —9)

E(O)e—zer’

E(t) < (1 +

A0Y0
2(9 —4)
which implies (3.9).
In order to end the proof of Theorem 1, we need to prove that
(4.16) holds. On the one hand, for t = 0, inequality (4.16) holds

by hypothesis in Theorem 1, so that E(0) < —. On the other

hand, let (4.16) be false for some t > 0 and let t* be the smallest
instant such that E(t*) > R?. Since E is continuous in time, we
have E(t*) = R? and E(t) < R? for t € [0, t*). Therefore, the
feasibility of inequality (3.5) and LMI (3.6) guarantee that (4.17)
is true for all t € [0, t*). Hence, by continuity,

) (14 uL)e2*E(0)

(4.17)

A0Y0
20 — 26
A0Y0 1
<1 1 L)—,
—< +29—25>( bR

The above inequality, together with the assumption (3.7), implies

E(t) < (1 + )(1 + ul)e 2E(0)

vt € [0, t*].

AoYo
20 — 26

forall t € [0, t*], which contradicts the definition of t*. Therefore,
(4.16) holds.

Note that the feasibility of the strict LMI (3.6) with § = 0
implies its feasibility with a slightly larger §o > 0. Therefore, if
the strict LMI (3.6) holds for § = 0, then the closed-loop system
is exponentially stable with a small decay rate.

E(t) < <1+ )(1+ML)% <R

Remark 4. It must be stressed that the present Lyapunov func-
tion cannot work for the case of a simple sampled-data control
under averaged measurement and that the event-triggered law
is critical in the proof of stability.

Remark 5. Given K > X + §, the LMI conditions of Theorem 1
are always feasible for small enough y, 39, A and large enough Ag
such that Ay is small. By Schur complement, @ < 0 is equivalent
to (4.14) with x = L. The latter holds for u = Ay =y = A =0,
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and large enough Aq. Thus, LMIs hold for small enough u, 11, v,
A, Yo, R with appropriate (large enough) Ao.

Remark 6. Let us explain here what prevents us from obtaining
such results under point measurements. For the case of aver-
aged measurements, in the proof of Theorem 1, we need the
Lyapunov functional to be continuous in L>-norm. For the case
of point measurements, for a matter of continuity in the space
variable, we need to guarantee that the Lyapunov functional is
continuous in H'-norm. But this requires that the solution is in
C([0, T]; H'(0, L)), therefore requiring more regular initial and
boundary data than it is the case here.

5. Extension to the controller distributed on subdomains

In this subsection, we are concerned with the case that the
actuation does not cover the whole domain £2 and the averaged
measurements are measured over the parts of the subdomains.
As in Wang and Wu (2014), let

0<X1 <X <X3<X<---<Xpn_1<Xn <L,

[X2j—1, %] C [X-1,%], j=1,2,...,N.
Denote sz £ [Xyj_1, X2j]. Now we study the system (2.1) under
the event-triggered controller

N
f(x,t)=—K Zij(tk)lléj(x), K> A,

j=1

(5.1)

where

- 1 ~ - -
Zi(t) = —=— [ 2(x, tk)dx, [82j] = Xaj — Xzj1

3 (5.2)

By applying the ﬁrst mean value theorem, since z € C([0, T],
L2(0 L)) we obtain that there exists a point ¥ € £; such that

@ /sz z(x, t)dx = z()'c’;, t).

Then the controller (5.1) can be rewritten as

fxt) ==K 3[R, 6) — B0l (),

|/ er(x, t)dx.

This leads to the closed- loop system

(5.3)

where p;(t

0z + zaxz + 0xZ + VOyxZ — AZ

=K Z[z ®,0)—

n (0, L) x [ty, tky1), kK €N,
z(0,t) = z(L, t) =0, 0yz(L,t) =0,
z(x,0) = z%x), Vx e (0, L).

Denote

— B(t)]1g ().

. - -
li £ max{x;; — Xj_1, Xj — Xpj_1}.

(see Fig. 1)
Then we have the following result:

Proposition 2. Consider the closed-loop system (5.5). Let L >
0, T > 0. Denote

Qi
l_maxl], A2 mm| i (5.7)

i1l
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Given a desired decay rate § > 0, a control gain K > A + §, length
bounds I > 0, A > 0, and positive tuning parameters g, R, 6 > &,
yo > 0, assume that there exist positive scalars u, ,q, Bi (i = 1, 2),
y, and I' that solve the following optimization problem:

minI”  subject to
2
—3uv 4 A+ B+ 5/uzLﬁ <0, (5.8)
2
d1 /32 a2 0 K(1 4 pl)
@ A s 0
=| * “KA-p; —Kul 0 <0,
* * —B1 0
* * * —Xo
(5.9)
AoYo 5
1 L)1 R°I', 5.10
(+M)<+2(9_8))< (5.10)
where
w2 2
d11 =+ Aoy + (A +28) 1+ ul)+ B4 —ﬁzﬁ —Mz (5.11)

Then for any initial function z° € L*(0, L) satisfying [1z°|| 21y <
——, the closed-loop system (5.5) under the event-triggering mech-

anism (3.4) is exponentially stable in the sense that (3.9) holds.
Moreover, if the above LMIs hold with § = 0, then the closed-loop
system is exponentially stable with a small enough decay rate.

Proof. Consider V(t) given by (4.5). Differentiating V(t) along
(5.5), for any Ao > 0 one gets

Ve) < V0 + ko YE(E) + yoE @ ~ e, O,

L
< —]3:2(0, 1) — 3uvf |9z (x, £)*dx
0
L 2 L
+(u+/\oy)/ |z(x, £)[*dx + 5“[ 23(x, t)dx
0 0

L N
+2A/ (1+ pL)lz(x, ) dx — 2K Y " 2*(X}, )] 521
0 -
Jj=1

N
— 2Ky / X1 (X)2(x, 1)z(x, t)dx
— 2

N
+21<Z/ 135,(x)(1
j=1 7%

+ XoyoE(0)e2f —

+ ux)z(x, t)pi(t)dx

)‘OHek('v t)”fZ(o,L)'

(5.12)

Cauchy-Schwarz's inequality yields

S0 that

AOZ / e, O ~ [15, (B0 dx = 0.
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From §j C $£2;, one has By > 0 such that

N
pry° [ [l o0 = 10zt 0 = 0
j=17%

Wirtinger’s inequality leads to (4.9) and

[z(x, t) — z(&}, £)]2dx

2

5 , X ,
=/ [2(x,t)—Z(??’f,t)]zder/)J][Z(x,t)—Z()‘c’[,t)]zdx (5.13)

G—

4R —x P R AR [
ST ozt X0 oz
7 Xt 7 i
From (5.7) and (5.13), it follows that
AP
[2(x, t) — z(%,, )Pdx < —
.Qj b Qj

|9xz(x, £)]7dx,
which implies

, T S \g2
£ Zf 2t OF = Tl 0~ 2%, OF [de 2 0
for some constant 8, > 0.

Set 7i(x. £) = (z(x. 1), 2(%. 1), 15 (02(x. 1), 15,(x)py(1)). Using
(4.8), (4.9), (5.7), (5.12) and applying S-procedure, we have

V(t) 4+ 28V(t)
< VO+28V (0o [y EO)+10EO)e 2 — e Dl |
2

+)‘*1 |:||8XZ( )“LZ(O L) 2 ”Z(.’ t)”fz(O,L)]

P Zf [IZ(x, 0 — [Ilgj(X)z(x,t)]z] dx
=1 Y%
JN 72 .
+82 ;/;z] [Iaxz(x, 0 — E[Z(X, t) — z(%,, t)]z] dx
N
< Z f fitx, £)T &(

(wv M—ﬁz——M Ll (-, ||Lz<m)||axz( O30y

where

X)i(x, t) + AoyoE(0)e™"

2

T
o1 B2 YT 0 K(1 + ux)
- B 2
Px)=| x —2KA— ﬂz% —Kpux 0 :
* * —pi 0
* * * —Ao

with ¢4 as in (5.
(5.9) yield (3.9). O

11). Thus, by Schur complement, the LMIs (5.8),

the LMI conditions
of Proposition 2 are always feasible for small enough y, o, R <

zf

¢11+ A1y K2 (1+ uLy?

_ A+48
Remark 7. Given A < 1and K > j_L )

and large enough X¢. By Schur complement, & < 0 <>

2 2

— (B2 12)[ 2KA — ﬂz +/31 K2 2L2] 1
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Toj1 T T2

Fig. 1. Subdomain S~2j = [Xyj_1, X1, point R’t and ;.

_ 42
< 0. Choose B, = ZKA—Z. The latter holds for u = Ay =

T
y = 0, small enough 8; and large enouglg Ao. Thus, LMIs hold
for small enough w«, A1, B1, ¥, Y0, R < v with appropriate
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Fig. 2. State of the open-loop system with A = 0.5.

o
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_ 4P
(large enough) A¢, (small enough) I such that gy and 2K A — are
Fig

small.

6. Numerical examples
Consider the KdV system:
0rZ 4 z0xZ + 0xZ + vOxxZ — AZ = f(X, t),
VO<x<L, t>0
z(0,t) =z(L,t) = oxz(L, t) = 0,

2(x, 0) = 2%(x) = 0.32 (1 - cos(zjzx))  xelo,1],

where v > 0 will be chosen below.

0.2

Fig. 3. State of the closed-loop system with the event-triggered control law (2.3) distributed over all domain.
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0.045

0.04 - b
0.035 - B
0.03 |- 4

0.025 |- B

0.015 - B

0.01 i

mrrmTTTTTTTTTm Ll

1 1
0 0.02 0.04 0.06 0.1 0.12 0.14 0.16 0.18 0.2

0.005

Fig. 4. Release instants and release interval by event-triggering.

We will give simulation for the following cases:

e Open-loop system without input (i.e. f(x, t) = 0)

e Closed-loop system under continuous-time controller f(x, t)
= —Kz(x, t)

e Closed-loop system under event-triggered controller dis-
tributed on the whole domain with averaging f(x,t) =
—K Y Zi(x, t)Lg (%)

e Closed-loop system under event-triggered controller dis-
tributed on subdomains with averaging f(x, t) = —K Zf: 1%
(%, )15, (%)

where K > X is a controller gain.

Example 1. For the event-triggered control law (2.3) under
averaged measurements, we verify LMI conditions of Theorem 1
withK =L =11 =05v =038 =04A4 =01R =
0.5. We find that the closed-loop system under event-triggering
mechanism (3.4) with & = 2, y = 0.00029 and y, = 0.02 is
exponentially stable for x = 0.5401 and for any initial values

satisfying [|2°],2(0.1) < ~ 0.4.

A finite difference method ?s used to illustrate the effect of
the proposed event-triggered control law. The steps of space and
time are chosen as 0.05 and 0.0001, respectively. Fig. 2 illustrates
the evolution of the state of the open-loop KdV system. It is
seen that the open-loop system is unstable. Fig. 3 illustrates the
evolution of the state of the closed-loop KdV system under the
event-triggering mechanism

tkr1= lﬂf[t >ty

lexlI7, o1, 0-00029E(t) + o.ozE(O)e—‘“}.

with the control law (2.3) where z](tk) =10 fg z(¢,)de, t e
[tk, ter1) subject to xj — xj_1 = [£2] = = 0. 1 It shows that
the state of closed-loop KdV system under the event-triggered
controller converges exponentially to zero. Fig. 4 shows that the
release time and release interval by event-triggering for t €
[0, 0.2]. Fig. 5 demonstrates the time evolution of In(E(t)) for the
open-loop system, the closed-loop system under continuous-time
controller, and the closed-loop system under the event-triggered
controller. The simulations show that the event-triggered con-
troller improves the performance.
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Energy
20 T T T T
Energy of open-loop
Energy of closed-loop with controller — 7, %;(t;)
Energy of closed-loop with controller —2(z, t)
15 ( B
10 B
—
=
g 5f 1
=
0r i
5 i
10 I I I I I I I I L

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
t

Fig. 5. In(E(t)) of the open-loop system, closed-loop system under continuous-
time/event-triggered controller.

Example 2. For the event-triggered control law (5.1) under av-
eraged and localized measurements, we verify LMI conditions of
Proposition 2 with K =L=1,A=0.5,1=1,v=10.3,5§ =04,
R=05,1=0.2, A =1/3. We find that the closed-loop system
under event-triggering mechanism (3.4) with 6 = 2, y = 0.0013
and yy = 0.02 is exponentially stable for © = 0.0235 and for

any initial values satisfying ||ZO||L2(0’1) < ~ 0.46. We

.5603
proceed further with numerical simulations of the closed-loop
KdV system under the event-triggering mechanism

fpr = 1nf{t > | llexll% g > 0.0013E(t) + 0.02E(0)e’4t}.

2(0,L) =

Let x =0, x; =0.3,x; = 0.6, x3 = 0.9 and x4, = 1. Set X; = 0.1,
X =0.2,X3=04,% =0.5,% =0.7,Xxs = 0.8, X, = 0.9, xg = 1.
The simulations show that the state of closed-loop KdV system
converges to zero (see Fig. 6).

7. Conclusion

The present work discusses event-triggered control of the
nonlinear KdV equation. An event-triggering mechanism has been
proposed to reduce the number of control update. By constructing
an appropriate Lyapunov functional, sufficient LMI-based condi-
tions have been investigated while ensuring that the closed-loop
system is regionally exponentially stable. The avoidance of Zeno
behaviour is guaranteed. The presented method gives efficient
tools for various event-triggered controller and observer design
problems for nonlinear PDEs.

Appendix

Lemma A.3 (Sobolev Embedding and Inequality). The embedding
H'(0,L) C C([0, L]) is compact and for any g € H}(0, L), it holds

gl < VLIE 20,

Lemma A4 (Wirtinger Inequality Hardy, Littlewood, & Pélya, 1988).
Assume thatg € H'(0,L) with g(0) = 0 or g(L) = 0. Then

||g||L2 o = L1g' I, Moreover, if g € Hi(0, L), then |igI%,q

< Lg%y,



W. Kang, L. Baudouin and E. Fridman
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Fig. 6. State of the closed-loop system with the event-triggered control law (5.1) distributed over subdomains.

Lemma A.5 (Poincaré Inequality Fridman & Bar Am, 2013, Hardy
et al., 1988). Assume that g € H'(0, L) with fOLg(x)dx = 0. Then

L2
18120, < 518150,
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