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Observer-Based Decentralized Predictor Control for Large-Scale
Interconnected Systems With Large Delays

Yang Zhu and Emilia Fridman , Fellow, IEEE

Abstract—This article proposes a decentralized predictor-based
output feedback to compensate for large delays in large-scale in-
terconnected systems under the premise that the interconnections
between subsystems are not strong. The full state of each sub-
system is assumed to be unmeasurable and the observer-based
output feedback is employed. Two methods are used to tackle the
large delays: the backstepping-based partial differential equation
(PDE) approach and the reduction-based ordinary differential equa-
tion (ODE) approach. The PDE method is used for continuous-time
control and manages with larger delays, whereas the ODE method
is applicable to sampled-data implementation under discrete-time
measurement.

Index Terms—Delay, large scale, predictor.

I. INTRODUCTION

By virtue of rapidly developed communication and digital technolo-
gies, networked control systems (NCSs) show great potential in modern
control. However, the development of NCSs is also full of challenges.
Among many technical difficulties, an important and popular topic is
the time delay, which renders the controlled system unstable when
disregarded. A large body of existing literature on NCSs concentrates
on the robust stability analysis with respect to “small” delays in the
feedback loop via communication network. In other words, the delays
are not compensated and the largest values of the delays that preserve
the performance are investigated in terms of Linear Matrix Inequality
(LMI) condition [3], [7]

To compensate for large delays, a key tool is the predictor feedback,
which has found a widespread application in practice since it was
developed 60 years ago [1]. However, most results assume a single
plant with a centralized controller [2], [10], [11]. The decentralized
networked control for large-scale time-delay systems [4]–[6], [17]–[19]
applies the predictor-free feedback, but the delays are not compensated
in the control design so that the delay length is limited to be “small.”
The eigenvalue-based approach [14]–[16] provides a necessary and
sufficient condition for the stability analysis of time-delay systems,
which reduces the conservativeness. The recent paper [9] considers
predictor-based stabilization for two interconnected systems, but the
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results are based on state feedback and restricted to continuous-time
control.

This article extends the predictor feedback to decentralized control
for large-scale interconnected systems with large input delays. The local
control network of each subsystem operates independently without em-
ploying information from other neighbors provided that the interactions
in large-scale systems are not strong. Different from our preliminary
work [12] where the state-feedback is considered, this article addresses
a more challenging problem where the full-state of each subsystem is as-
sumed to be unmeasured. We propose two output feedback approaches
for the delay compensation: the backstepping-based partial differential
equation (PDE) method and the reduction-based ordinary differential
equation (ODE) method. The PDE-based predictor is capable to derive
simpler LMI conditions and withstand larger delays, whereas the ODE-
based method is applicable to both continuous-time and sampled-data
stabilization. In our conference paper [13], the sampled-data control
with continuous-time measurement is taken into account, whereas this
article addresses a more realistic case of the sampled-data control with
discrete-time measurement.

II. CONTINUOUS-TIME FEEDBACK: PDE APPROACH

A. PDE Framework

Consider large-scale interconnected linear systems with input delays
as follows:

ẋi(t) = Aixi(t) +Biui(t− ri) +
∑
i �=j

Fijxj(t) (1)

yi(t) = Cixi(t) (2)

where i = 1, 2, . . . ,M is the subsystem index, xi(t) ∈ Rni , yi(t) ∈
Rqi , and ui(t) ∈ Rmi are the state, output, and local control input of
the ith plant, respectively. We denote Fij to be the interaction between
the ith plant xi(t) and the jth plant xj(t). The control input is subject
to a large constant and known input delay ri > 0. We assume that the
plant state xi(t) is unmeasurable, the pair (Ai, Bi) is stabilizable and
(Ai, Ci) is detectable, which means there exist matrices of appropri-
ate dimensions Ki and Li such that Ai +BiKi and Ai − LiCi are
Hurwitz.

In this section, we deal with the case of continuous-time feedback
by the PDE-based framework [8].

We introduce a multivariable function

vi(σ, t) = ui(t+ σ − ri), σ ∈ [0, ri] (3)

to represent the control inputui(θ) over the time interval θ ∈ [t− ri, t].
With (3), the system (1)–(2) is represented by the ODE-PDE cascade
as follows:

ẋi(t) = Aixi(t) +Bivi(0, t) +
∑
i �=j

Fijxj(t) (4)

yi(t) = Cixi(t) (5)
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∂tvi(σ, t) = ∂σvi(σ, t), σ ∈ [0, ri] (6)

vi(ri, t) = ui(t). (7)

It is apparent that (3) is a solution of the transport PDE (6)–(7). We
denote x̂i(t) to be an estimate of the unmeasured state xi(t) and the
observer is designed as

˙̂xi(t) = Aix̂i(t) +Bivi(0, t) + Li (yi(t)− Cix̂i(t)) (8)

with the estimation error x̃i(t) = xi(t)− x̂i(t) satisfying

˙̃xi(t) = (Ai − LiCi)x̃i(t) +
∑
i �=j

Fijxj(t). (9)

The predictor-based boundary controller is designed as

ui(t) = vi(ri, t) = Ki

(
eAiri x̂i(t) +

∫ ri

0

eAi(ri−δ)Bivi(δ, t)dδ

)
.

(10)

For convenience of stability analysis, we bring in the invertible back-
stepping transformation

wi(σ, t) = vi(σ, t)−Kie
Aiσx̂i(t)

−Ki

∫ σ

0

eAi(σ−δ)Bivi(δ, t)dδ (11)

vi(σ, t) = wi(σ, t) +Kie
(Ai+BiKi)σx̂i(t)

+Ki

∫ σ

0

e(Ai+BiKi)(σ−δ)Biwi(δ, t)dδ (12)

through which the transport PDE (6)–(7), the observer, and its error
(8)–(9) are converted into the closed-loop target system as follows:

˙̂xi(t) = (Ai +BiKi)x̂i(t) +Biwi(0, t) + LiCix̃i(t) (13)

˙̃xi(t) = (Ai − LiCi)x̃i(t) +
∑
i �=j

Fij (x̂j(t) + x̃j(t)) (14)

∂twi(σ, t) = ∂σwi(σ, t)−Kie
AiσLiCix̃i(t), σ ∈ [0, ri] (15)

wi(ri, t) = 0. (16)

Theorem 1: Consider the closed-loop system consisting of the plant
(1)–(2), observer (8), and controller (10). Given tuning parameters
0 < ε < α, let a parameter λi > 0, matrices Pi, Ri ∈ Rni×ni > 0,
Ui ∈ Rmi×mi > 0, Pj , Rj ∈ Rnj×nj > 0, for j = 1, . . . ,M and j �=
i, satisfy the LMIs

Φi =

⎛
⎜⎜⎜⎜⎜⎜⎝

φi
11 PiLiCi PiBi 0 0 0
∗ φi

22 0 −λiC
T
i LT

i RiFi RiFi

∗ ∗ −Ui 0 0 0
∗ ∗ ∗ −λiIni

0 0
∗ ∗ ∗ ∗ −φi

55 0
∗ ∗ ∗ ∗ ∗ −φi

66

⎞
⎟⎟⎟⎟⎟⎟⎠ < 0 (17)

Ψi =

(
Ui UiKi

KT
i UT

i
λi
ri
e−2(1+2α)ri−2|Ai|riIni

)
> 0 (18)

where Φi is a symmetric matrix, Ini
∈ Rni×ni is a unit matrix, |Ai| =√

λmax(AT
i Ai), and

φi
11 = (Ai +BiKi)

TPi + Pi(Ai +BiKi) + 2αPi

φi
22 = (Ai − LiCi)

TRi +Ri(Ai − LiCi) + 2αRi

φi
55 = diagj=1,...,M

{
2ε

M−1
Pj , j �= i

}
φi
66 = diagj=1,...,M

{
2ε

M−1
Rj , j �= i

}
Fi = rowj=1,...,M {Fij , j �= i} .

Then, the closed-loop large-scale system is exponentially stable with
a decay rate ρ = α− ε.

Proof: The Lyapunov–Krasovskii functional (LKF) is selected as
Vi(t) = VPi

(t) + VRi
(t) + VUi

(t) where

VPi
(t) = x̂T

i (t)Pix̂i(t), Pi > 0 (19)

VRi
(t) = x̃T

i (t)Rix̃i(t), Ri > 0 (20)

VUi
(t) =

∫ ri

0

e(1+2α)σwT
i (σ, t)Uiwi(σ, t)dσ, Ui > 0. (21)

Taking the time derivative of (19) along (13), we have

V̇Pi
(t) + 2αVPi

(t)

= x̂T
i (t) (2Pi(Ai +BiKi) + 2αPi) x̂i(t)

+ 2x̂T
i (t)PiBiwi(0, t) + 2x̂T

i (t)PiLiCix̃i(t). (22)

Taking the time derivative of (20) along (14), we get

V̇Ri
(t) + 2αVRi

(t)

= x̃T
i (t) (2Ri(Ai − LiCi) + 2αRi) x̃i(t)

+ 2x̃T
i (t)Ri

∑
i �=j

Fij (x̂j(t) + x̃j(t)) . (23)

Taking the time derivative of (21) along (15)–(16) and using the
integration by parts in σ, we obtain

V̇Ui
(t) + 2αVUi

(t)

= 2

∫ ri

0

e(1+2α)σwT
i (σ, t)Ui∂σwi(σ, t)dσ

− 2

∫ ri

0

e(1+2α)σwT
i (σ, t)UiKie

AiσdσLiCix̃i(t)

+ 2α

∫ ri

0

e(1+2α)σwT
i (σ, t)Uiwi(σ, t)dσ

= −wT
i (0, t)Uiwi(0, t)− 2ξTi (t)LiCix̃i(t)

−
∫ ri

0

e(1+2α)σwT
i (σ, t)Uiwi(σ, t)dσ (24)

where ξTi (t) =
∫ ri
0

e(1+2α)σwT
i (σ, t)UiKie

Aiσdσ.
Utilizing Jensen’s inequality, ξTi (t) satisfies

∣∣ξTi (t)∣∣2 =

∣∣∣∣
∫ ri

0

e(1+2α)σwT
i (σ, t)UiKie

Aiσdσ

∣∣∣∣2

≤ ri

∫ ri

0

∣∣e(1+2α)σwT
i (σ, t)UiKie

Aiσ
∣∣2 dσ

≤ rie
2(1+2α)ri+2|Ai |ri︸ ︷︷ ︸

μi

∫ ri

0

∣∣wT
i (σ, t)UiKi

∣∣2 dσ. (25)

From (22)–(25), we have

V̇i(t) + 2αVi(t)− 2ε

M − 1

∑
i �=j

Vj(t)

+
1

λi

(
μi

∫ ri

0

∣∣wT
i (σ, t)UiKi

∣∣2 dσ − ∣∣ξTi (t)∣∣2
)

≤ −
∫ ri

0

wT
i (σ, t)

(
Ui − μi

λi

UiKiK
T
i UT

i

)
wi(σ, t)dσ
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+ ηT
i (t)diag

{
I, I, I,

1

λi

I, I, I

}

Φidiag

{
I, I, I,

1

λi

I, I, I

}
ηi(t) ≤ 0 (26)

whereλi > 0 andηi(t) = col{x̂i(t), x̃i(t), wi(0, t), ξi(t), colj=1,...,M

{x̂j(t), j �= i}, colj=1,...,M{x̃j(t), j �= i}} and I is a unit matrix of
appropriate dimension.

Applying Schur complement lemma in [3, Sec. 3.2.3], inequality
(26) is implied by LMI condition (17)–(18). From (26), we con-
clude the LKF candidate along the solution of closed-loop system
(13)–(16) satisfies V̇i(t) + 2αVi(t) ≤ 2ε

M−1

∑
j �=i Vj(t), then we have

V̇ (t) + 2(α− ε)V (t) ≤ 0 where V (t) =
∑M

i=1 Vi(t), which implies
the exponential stability of the closed-loop system by the comparison
principle. �

Remark 1: Given any large delays, as long as the couplings among
the large-scale systems are not strong, the PDE-based LMIs (17)–(18)
are always feasible. When Fij = 0 in (1), which implies there is no
interaction among subsystems, applying Schur complement to (18),
the LMIs (17)–(18) are reduced to

φ̄i =

⎛
⎜⎜⎝

φi
11 PiLiCi PiBi 0
∗ φi

22 0 −λiC
T
i LT

i

∗ ∗ −Ui 0
∗ ∗ ∗ −λiIni

⎞
⎟⎟⎠ < 0

Ui − μi

λi

UiKiK
T
i UT

i > 0. (27)

Let λi (i = 1, . . . ,M ) be large scalars. Then, there exist Ui that
satisfy the second inequality in (27). Since (Ai +BiKi) in φi

11 and
(Ai − LiCi) in φi

22 are assumed to be Hurwitz, for some α > 0, there
exist Pi and Ri such that φ̄i < 0. Fix next ε ∈ (0, α). Applying Schur
complement to (17) with Pi, Ri, Ui subject to (27), we obtain

φ̄i +

⎛
⎜⎜⎝

0
RiFi

0
0

⎞
⎟⎟⎠(

φi
55

−1
+ φi

66

−1
) (

0 FT
i RT

i 0 0
)

= φ̄i +
M − 1

2ε

∑
j �=i

⎛
⎜⎜⎝
0 0 0 0
0 RiFij

(
P−1
j +R−1

j

)
FT
ijR

T
i 0 0

0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ < 0.

(28)

By selecting Fij such that

FijF
T
ij ≤ ωjλ

−1
max

(
Pj

−1 +Rj
−1
)
I (29)

whereωj are small scalars and λmax(·) denote the maximum eigenvalue
of the matrix, we achieve the feasibility of LMIs (17)–(18).

B. Stability Analysis: Decentralized Versus Centralized

In this section, treating the large-scale system as an overall system,
we apply a full-order LKF to stability analysis, and compare the conven-
tionally centralized method with the decentralized one of Theorem 1.

Please note the delay ri of each subsystem appears in the limit of
integration of (21). In order to construct a global LKF, this should
be avoided. Thus, we apply the rescaled unity-interval notation to
(3) so that (3) is replaced by vi(σ, t) = ui(t+ ri(σ − 1)), σ ∈ [0, 1].
Accordingly, the target system (15)–(16) becomes

ri∂twi(σ, t) = ∂σwi(σ, t)− riKie
AiriσLiCix̃i(t) (30)

wi(1, t) = 0, σ ∈ [0, 1]. (31)

TABLE I
COMPARISON BETWEEN DECENTRALIZED AND CENTRALIZED LMIs

To analyze the large-scale systems as an overall system, we integrate
(13)–(14) and (30)–(31) for i = 1, 2, . . .,M into

˙̄x(t) = Āx̄(t) + B̄w(0, t) (32)

R̄∂tw(σ, t) = ∂σw(σ, t)− K̄Ē(σ)L̄x̄(t) (33)

w(1, t) = 0 (34)

where x̄(t) = [x̂1(t)
T , . . . , x̂M (t)T , x̃1(t)

T , . . . , x̃M (t)T ]T ,
w(σ, t) = [w1(σ, t)

T , . . . , wM (σ, t)T ]T , and as also given in the
unnumbered equation shown at the bottom of the next page.

Proposition 1: Consider the closed-loop system consisting of
the plant (4)–(7), observer (8), and controller (10). Given tun-
ing parameters ρ > 0 and μ > max{r1, . . . , rM}, let param-
eter λ > 0, matrices P̄ ∈ R2(n1+···+nM )×2(n1+···+nM ) > 0, Ū ∈
R(m1+···+mM )×(m1+···+mM ) > 0, satisfy the LMIs

Φ =

⎛
⎝ ĀT P̄ + P̄ Ā+ 2ρP̄ P̄ B̄ −λL̄T

∗ −R̄Ū 0
∗ ∗ −λI

⎞
⎠ < 0 (35)

Ψ =

(
2ρR̄Ū

(
μI − R̄

)
R̄ŪK̄

K̄T ŪR̄ λ
γ
I

)
> 0 (36)

where Φ is a symmetric matrix, I is a unit matrix with appropri-
ate dimension, γ = e4ρμ|diag{e2|A1 |r1 , . . . , e2|AM |rM }|. Then, the
closed-loop system is exponentially stable with a decay rate ρ.

Proof: The global LKF is selected asV (t) = VP̄ (t) + VŪ (t)where

VP̄ (t) = x̄T (t)P̄ x̄(t), P̄ > 0 (37)

VŪ (t) =

∫ 1

0

e2ρμσwT (σ, t)R̄ŪR̄w(σ, t)dσ, Ū > 0. (38)

Note that the tuning parameter μ > 0 is inserted into VŪ of (38) to
address the asymmetric structure of (30) with ri multiplying ∂twi.
Following a similar argument of the proof of Theorem 1, we conclude
that the inequality V̇ (t) + 2ρV (t) ≤ 0 is implied by (35) and (36). �

Remark 2: Comparing Theorem 1 with Proposition 1, we have the
following.
1) Decentralized analysis: The number of lines of the coupled matri-

ces (Φi,Ψi) of all subsystems is (3ni +mi + 2
∑

j �=i nj)M +
(mi + ni)M . The number of decision variables (Pi, Ri, Ui, λi)

is
∑M

i=1(
n2
i
+ni

2
+

n2
i
+ni

2
+

m2
i
+mi

2
+ 1). The number of tuning

parameters (α, ε) is 2.
2) Centralized analysis: The number of lines of the matrix (Φ,Ψ)

is 4
∑M

i=1 ni +
∑M

i=1 mi +
∑M

i=1 mi + 2
∑M

i=1 ni. The num-

ber of decision variables (P̄ , Ū , λ) is
(2
∑M

i=1
ni)

2+2
∑M

i=1
ni

2
+

(
∑M

i=1
mi)

2+
∑M

i=1
mi

2
+ 1. The number of tuning parameters

(ρ, μ) is 2.
It is seen that the decentralized LMIs possess less decision variables

but more lines than the centralized LMI as the number of subsystems
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increases (see Table I). In other words, there is a tradeoff between the
number of decision variables and lines via distinct LMIs.

What is more important, when delays and sampling intervals vary
from subsystem to subsystem, the decentralized analysis under decen-
tralized predictors is performed in a simpler way. Note that, for decen-
tralized analysis, there is no need to group the closed-loop subplants
[which is in a decentralized manner (13)–(16)] into a complex global
body like (32)–(34). This simplicity is more evident in the sampled-data
case where the centralized closed-loop system is more complicated
since it contains asynchronous sampling terms and multiple inverse
Artstein transformations due to distinct delays [see (67) and (68)].
Correspondingly, multiple integral terms [see VUi

, VWi
in (69)] and

additional inequalities [see (71)] should be inserted into the LKF-based
centralized analysis to take care of multiple samplings and inverse
Artstein transformations, which complicates the analysis.

III. CONTINUOUS-TIME FEEDBACK: ODE APPROACH

A. ODE Framework

In this section, we still address the case of continuous-time control.
To lay a foundation for the sampled-data implementation in later
sections, we employ the ODE scheme here.

Concentrating on the system (1)–(2), the variable x̂i(t) is used to
denote the estimate of the unmeasured state xi(t) with the estimation
error x̃i(t) = xi(t)− x̂i(t). The observer is designed as

˙̂xi(t) = Aix̂i(t) +Biui(t− ri) + Li (yi(t)− Cix̂i(t)) . (39)

We introduce the observer-based predictor

ẑi(t) = eAiri x̂i(t) +

∫ t

t−ri

eAi(t−s)Biui(s)ds. (40)

If the term of estimation error Li(yi(t)− Cix̂i(t)) = 0 in (39), it is
evident that (40) is an exact prediction of the future state ẑi(t) = x̂i(t+
ri).

The predictor control law is selected as

ui(t) = Kiẑi(t) (41)

= Ki

(
eAiri x̂i(t) +

∫ t

t−ri

eAi(t−s)Biui(s)ds

)
. (42)

For stability analysis, taking the time derivative of (40) along (39),
the dynamics of ẑi(t) is calculated as

˙̂zi(t) = Aiẑi(t) +Biui(t) + eAiriLi (yi(t)− Cix̂i(t))

= (Ai +BiKi)ẑi(t) + eAiriLiCix̃i(t). (43)

Making use of (41), the inverse conversion of (40) for the jth plant
is brought in as

x̂j(t) = e−Ajrj ẑj(t)−
∫ t

t−rj

eAj(t−rj−s)Bjuj(s)ds

= e−Ajrj ẑj(t)−
∫ t

t−rj

eAj(t−rj−s)BjKj ẑj(s)ds

= e−Ajrj ẑj(t)−
∫ 0

−rj

e−Aj(θ+rj)BjKj ẑj(t+ θ)dθ︸ ︷︷ ︸
ξj(t)

. (44)

Subtracting (39) from (1) and substituting (44), the estimation error
x̃i(t) = xi(t)− x̂i(t) satisfies

˙̃xi(t) = Aix̃i(t)− Li (yi(t)− Cix̂i(t)) +
∑
i �=j

Fijxj(t)

= (Ai − LiCi)x̃i(t) +
∑
i �=j

Fij (x̃j(t) + x̂j(t))

= (Ai − LiCi)x̃i(t) +
∑
i �=j

Fij

(
x̃j(t) + e−Ajrj ẑj(t)− ξj(t)

)
.

(45)

Ā =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A1 +B1K1 0 · · · 0 L1C1 0 · · · 0
0 A2 +B2K2 · · · 0 0 L2C2 · · · 0
...

...
. . .

...
...

...
. . .

...
0 0 · · · AM +BMKM 0 0 · · · LMCM

0 F12 · · · F1 M A1 − L1C1 F12 · · · F1 M

F21 0 · · · F2 M F21 A2 − L2C2 · · · F2 M

...
...

. . .
...

...
...

. . .
...

FM1 FM2 · · · 0 FM1 FM2 · · · AM − LMCM

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

B̄ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

B1

. . .
BM

0n1×m1

. . .
0nM×mM

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
R̄ =

⎡
⎢⎣
r1Im1

. . .
rMImM

⎤
⎥⎦ K̄ =

⎡
⎢⎣
0m1×n1

r1K1

. . .
. . .

0mM×nM
rMKM

⎤
⎥⎦

Ē(σ) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0n1×n1

. . .
0nM×nM

eA1r1σ

. . .
eAMrMσ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
L̄ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0n1×n1

. . .
0nM×nM

L1C1

. . .
LMCM

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Remark 3: In [10] where a single plant is considered, besides
the observer predictor (40), the plant predictor is also introduced
such that zi(t) = eAirixi(t) +

∫ t

t−ri
eAi(t−s)Biui(s)ds. If the

method of [10] is applied to large-scale systems, an alternative
version of the closed-loop system (43) and (45) is of the form:
˙̂zi(t) = (Ai +BiKi)ẑi(t) + eAiriLiCie

−Airi z̃i(t), ˙̃zi(t) =
(Ai − eAiriLiCie

−Airi)z̃i(t) + eAiri
∑

i �=j Fij(e
−Ajrj z̃j(t) +

e−Ajrj ẑj(t)− ξj(t)), where z̃i(t) = zi(t)− ẑi(t). It is apparent
that (43) and (45) proposed in the present article is simpler and the
redundant change of variable zi(t) is avoided. The similar analysis can
be extended to later sections.

Theorem 2: Consider the closed-loop system consisting of the plant
(1)–(2), observer (39), and controller (42). Given tuning parame-
ters 0 < ε < α, let matrices Pi, Ri,Wi ∈ Rni×ni > 0, Pj , Rj ,Wj ∈
Rnj×nj > 0, for j = 1, . . . ,M and j �= i, satisfy the LMIs

Φi =

⎛
⎜⎜⎜⎜⎝
φi
11 Pie

AiriLiCi 0 0 0
φi
22 RiFi RiF ẑ

i −RiFi

∗ −φi
33 0 0

∗ ∗ −φi
44 0

∗ ∗ ∗ −φi
55

⎞
⎟⎟⎟⎟⎠ < 0 (46)

where Φi is a symmetric matrix, and

φi
11 = (Ai +BiKi)

TPi + Pi(Ai +BiKi) + 2αPi + W̄i

W̄i = riK
T
i BT

i

(∫ 0

−ri

e−AT
i
(θ+ri)Wie

−Ai(θ+ri)dθ

)
BiKi

φi
22 = (Ai − LiCi)

TRi +Ri(Ai − LiCi) + 2αRi

φi
33 = diagj=1,...,M

{
2ε

M − 1
Rj , j �= i

}

φi
44 = diagj=1,...,M

{
2ε

M − 1
Pj , j �= i

}

φi
55 = diagj=1,...,M

{
1

M − 1
e−2αrjWj , j �= i

}
Fi = rowj=1,...,M {Fij , j �= i}
F ẑ

i = rowj=1,...,M

{
Fije

−Ajrj , j �= i
}
.

Then, the closed-loop system is exponentially stable with a decay rate
ρ = α− ε. �

Proof: The LKF is constructed as Vi(t) = VPi
(t) + VRi

(t) +
VWi

(t) where

VPi
(t) = ẑTi (t)Piẑi(t), Pi > 0 (47)

VRi
(t) = x̃T

i (t)Rix̃i(t), Ri > 0 (48)

VWi
(t) = ri

∫ 0

−ri

∫ t

t+θ

e2α(s−t)ẑTi (s)K
T
i BT

i e
−AT

i
(θ+ri)Wi

× e−Ai(θ+ri)BiKiẑi(s)dsdθ, Wi > 0. (49)

Please note that VWi
(t) is used to handle the distributed delay ξj(t) in

(45).
Taking the time derivative of (47) along (43), we have

V̇Pi
(t) + 2αVPi

(t)

= ẑTi (t) (2Pi(Ai +BiKi) + 2αPi) ẑi(t)

+ 2ẑTi (t)Pie
AiriLiCix̃i(t). (50)

Taking the time derivative of (48) along (45), we get

V̇Ri
(t) + 2αVRi

(t)

= x̃T
i (t) (2Ri(Ai − LiCi) + 2αRi) x̃i(t)

+ 2x̃T
i (t)Ri

∑
i �=j

Fij

(
x̃j(t) + e−Ajrj ẑj(t)− ξj(t)

)
. (51)

Taking the time derivative of (49) and using Jensen’s inequality, we
have

V̇Wi
(t) + 2αVWi

(t) = riẑ
T
i (t)K

T
i BT

i

×
(∫ 0

−ri

e−AT
i
(θ+ri)Wie

−Ai(θ+ri)dθ

)
BiKiẑi(t)

− ri

∫ 0

−ri

e2αθ ẑTi (t+ θ)KT
i BT

i e
−AT

i
(θ+ri)

×Wie
−Ai(θ+ri)BiKiẑi(t+ θ)dθ

≤ ẑTi (t)W̄iẑi(t)

− e−2αri

(∫ 0

−ri

ẑTi (t+ θ)KT
i BT

i e
−AT

i
(θ+ri)dθ

)

×Wi

(∫ 0

−ri

e−Ai(θ+ri)BiKiẑi(t+ θ)dθ

)
= ẑTi (t)W̄iẑi(t)− e−2αriξTi (t)Wiξi(t) (52)

where W̄i has been given underneath (46).
From (50)–(52), we get

V̇i(t) + 2αVi(t)− 2ε

M − 1

∑
j �=i

Vj(t) + e−2αriξTi (t)Wiξi(t)

− 1

M − 1

∑
j �=i

e−2αrj ξTj (t)Wjξj(t)

≤ ηT
i (t)Φiηi(t) ≤ 0 (53)

where ηi(t) = col{ẑi(t), x̃i(t), colj=1,...,M{x̃j(t), j �= i}, colj=1,...,M

{ẑj(t), j �= i}, colj=1,...,M{ξj(t), j �= i}}. It is apparent that inequal-
ity (53) is suggested by LMI condition (46). Thus, we derive V̇ (t) +
2(α− ε)V (t) ≤ 0 from (53) where V (t) =

∑M
i=1 Vi(t), which im-

plies the exponential stability of the closed-loop system. �
Remark 4: Similar to Remark 1, we check the feasibility of the

ODE-based LMI (46) for nonstrong coupling. When Fij = 0 in (1),
which implies there is no interaction among subsystems, the LMI (46)
is reduced to

φ̄i =

(
φi
11 Pie

AiriLiCi

∗ φi
22

)
< 0. (54)

Given α > ε > 0, applying Schur complement to (46) with Pi and Ri

subject to (54), we obtain

φ̄i +

(
0

RiFi

)(
φi
33

−1
+ φi

55
−1
) (

0 FT
i RT

i

)
+

(
0

RiF ẑ
i

)
φi
44

−1
(
0 F ẑ

i
T
RT

i

)
=

φ̄i + (M − 1)
∑
j �=i

(
0 0
0 RiFij

(
1
2ε
Rj

−1 + e2αrjW−1
j

)
FT
ijR

T
i

)

+ (M−1)
2ε

∑
j �=i

(
0 0

0 RiFije
−AjrjPj

−1e
−AT

j
rjFT

ijR
T
i

)
< 0.

(55)
By selecting Fij such that

FijF
T
ij ≤ ωjλ

−1
max

(
1
2ε
Rj

−1 + e2αrjW−1
j

)
I

FijF
T
ij ≤ ωjλ

−1
max

(
e−AjrjPj

−1e
−AT

j
rj
)
I

(56)
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Fig. 1. Sampled-data control with discrete-time measurement for large-scale systems with large delays.

whereωj are small scalars and λmax(·) denote the maximum eigenvalue
of the matrix, we achieve the feasibility of LMI (46).

B. Time Delay in Interconnections

In this section, we consider a more complicated case where the
system is subject to a time delay dj(t) ∈ [0, d̄j ] in interactions between
the subsystems. In this case, the system (1)–(2) is of the form

ẋi(t) = Aixi(t) +Biui(t− ri) +
∑

i �=j Fijxj(t− dj(t))

yi(t) = Cixi(t).
(57)

The observer, predictor, and controller are identical with (39)–(42).
As a result, the dynamics of ẑi(t) takes the same form as (43).

Substituting t− dj(t) into (44), under the interconnection time
delay, the estimation error is govern by

˙̃xi(t) = (Ai − LiCi)x̃i(t) +
∑
i �=j

Fij (x̃j(t− dj(t))

+e−Ajrj ẑj(t− dj(t))− ξj(t)
) (58)

where ξj(t) =
∫ t−dj(t)

t−dj(t)−rj
eAj(t−dj(t)−rj−s)BjKj ẑj(s)ds.

Proposition 2: Consider the closed-loop system consisting of the
plant (57), observer, and controller (39)–(42). Given tuning parameters
0 < (ε1 + ε2) < α, let matrices Pi, Ri ∈ Rni×ni > 0 and Pj , Rj ∈
Rnj×nj > 0, and parameters λj > 0 for j = 1, . . . ,M and j �= i,
satisfy the LMIs

Φi < 0, Pj − λjγjInj
> 0 (59)

where Φi has the same structure as (46) without W̄i in φi
11, γj =

rj
∫ rj
0

|e−AjθBjKj |2dθ and

φi
33 = diagj=1,...,M

{
2ε1
M−1

Rj , j �= i
}

φi
44 = diagj=1,...,M

{
2ε1
M−1

Pj , j �= i
}

φi
55 = diagj=1,...,M

{
2ε2
M−1

λjInj
, j �= i

}
.

Then, the closed-loop system is exponentially stable with a decay rate
ρ, which is a unique positive solution of the equation ρ = α− (ε1 +
ε2)e

2ρ(d+r) with d = maxi{d̄i} and r = maxi{ri}.
Proof: Making use of Halanay’s inequality, the proof is similar to

that of Theorem 3. �

IV. SAMPLED-DATA FEEDBACK

In this section, we deal with the most challenging case of sampled-
data feedback with discrete-time measurement. As shown in Fig. 1, let
{sik} with k ∈ Z+

0 be sampling instants of the ith subsystem such that

0 = si0 < si1 < si2 < · · · , lim
k→∞

sik = ∞, sik+1 − sik ≤ hi. (60)

Fig. 2. Timing diagram of the NCS.

The system outputCixi(t) is sampled at the instant sik, and the sampled
data are transmitted to the observer-based controller by the communi-
cation network subject to a known constant sensor-to-controller delay
rsci > 0. A control signal is calculated by the controller and transmitted
to the zero-order hold through the communication network subject to
a known constant controller-to-actuator delay rcai > 0. Both rsci and
rcai could be much larger than the sampling interval. The controller
and zero-order hold are assumed to be event driven, which means
they update their outputs as soon as they receive new data. Therefore
the updating instants of the zero-order hold on the plant side satisfy
tik = sik + ri, where ri = rsci + rcai . For the convenience, the timing
diagram of the sampled-data feedback is revealed in Fig. 2.

Under the feedback loop of the NCS, the subsystem is of the form

ẋi(t) = Aixi(t) +Biui(s
i
k) +

∑
i �=j Fijxj(t), t ∈ [tik, t

i
k+1)

yi(t) = yi(s
i
k) = Cixi(s

i
k), t ∈ [sik, s

i
k+1).

(61)
For (61), in order to build a predictor-based controller to compensate

delay, we define a piecewise function such that

ui(t) = ui(s
i
k), t ∈ [sik, s

i
k+1) (62)

where ui(t) = 0 for t < 0, and ui(s
i
k) denotes the control law employ-

ing the information sampled at the time instant sik. Thus, (61) recovers
the form of (1) and (2) such that

ẋi(t) = Aixi(t) +Biui(t− ri) +
∑

i �=j Fijxj(t), t ∈ [tik, t
i
k+1)

yi(t) = yi(s
i
k) = Cixi(s

i
k), t ∈ [sik, s

i
k+1).

(63)
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Based on (61)–(63), the observer is designed as

˙̂xi(t) = Aix̂i(t) +Biui(s
i
k) + Li (yi(t)− ŷi(t)) , t ∈ [tik, t

i
k+1)

= Aix̂i(t) +Biui(t− ri) + Li (yi(t)− ŷi(t)) , t ∈ [tik, t
i
k+1)

ŷi(t) = ŷi(s
i
k) = Cix̂i(s

i
k), t ∈ [sik, s

i
k+1).

(64)
Here, we assume that the clocks of the plant, observer, and controller

are synchronized and the time stamp sik is transmitted together with
the signal so that tik = sik + ri can be calculated by the controller
and observer. Moreover, similar to [10], the sampled data yi(s

i
k) and

the time stamp sik are available to the observer at the time sik + rsci ;
therefore, x̂i(s

i
k) can be calculated by solving (64) on sik, at the time

sik + rsci . The benefit of such an observer design is that the subsequent
estimation error (68) has a delay due to sampled data only (does not
undergo additional delays).

According to (64), the observer-based predictor is introduced as

ẑi(t) = eAiri x̂i(t) +
∫ t

t−ri
eAi(t−s)Biui(s)ds (65)

and the control law is designed as

ui(s
i
k) = Kiẑi(s

i
k)

= Ki

(
eAiri x̂i(s

i
k) +

∫ si
k

si
k
−ri

eAi(s
i
k
−s)Biui(s)ds

)
.

(66)

For stability analysis, taking the time derivative of ẑi(t) in (65) along
(64), we have

˙̂zi(t) = Aiẑi(t) +Biui(t) + eAiriLi (yi(t)− ŷi(t)) , t ∈ [tik, t
i
k+1)

= Aiẑi(t) +BiKiẑi(s
i
k) + eAiriLiCix̃i(s

i
k)

= (Ai +BiKi)ẑi(t) +BiKivẑi(t) + eAiriLiCix̃i(t)

+ eAiriLiCivx̃i
(t), t ∈ [sik, s

i
k+1) ∩ [ti0,+∞) (67)

where vẑi(t) = ẑi(s
i
k)− ẑi(t) and vx̃i

(t) = x̃i(s
i
k)− x̃i(t).

Subtracting (64) from (63) and using the inverse transformation of
(65), it is evident that the dynamics of the estimation error x̃i(t) =
xi(t)− x̂i(t) is a “control-free” system such that

˙̃xi(t) = Aix̃i(t)− Li (yi(t)− ŷi(t)) +
∑

i �=j Fijxj(t), t ∈ [tik, t
i
k+1)

= Aix̃i(t)− LiCix̃i(s
i
k) +

∑
i �=j Fijxj(t)

= (Ai − LiCi)x̃i(t) +
∑

i �=j Fij

(
x̃j(t) + e−Ajrj ẑj(t)− ξj(t)

)
,

−LiCivx̃i
(t), t ∈ [sik, s

i
k+1) ∩ [ti0,+∞)

(68)
where ξj(t) =

∫ t

t−rj
eAj(t−rj−s)Bjuj(s)ds =

∫ rj
0

e−AjθBjuj(t−
rj + θ)dθ.

To compensate the distributed input term ξj(t) on the right-hand side
of (68), utilizing (62) and (66), we get the following inequality:

|ξj(t)|2 =
∣∣∫ rj

0
e−AjθBjuj(t− rj + θ)dθ

∣∣2
≤ rj

∫ rj
0

∣∣e−AjθBjuj(t− rj + θ)
∣∣2 dθ

≤ rj
∫ rj
0

∣∣e−AjθBj

∣∣2 dθ · supθ∈[−hj−rj ,0]
|Kj ẑj(t+ θ)|2

≤ rj

∫ rj

0

∣∣e−AjθBj

∣∣2 dθ |Kj |2︸ ︷︷ ︸
γj

supθ∈[−hj−rj ,0]
|ẑj(t+ θ)|2 .

(69)

Theorem 3: Consider the closed-loop system consisting of the
plant (63), observer (64), and controller (62), (66). Given positive
tuning parameters ε1, ε2 and α such that ε1 + ε2 < α, let matrices
Pi, Ri, Ui,Wi ∈ Rni×ni > 0, Pj , Rj ∈ Rnj×nj > 0, and parameters
λj > 0, for j = 1, . . . ,M and j �= i, satisfy the LMIs⎛

⎝ Φi Ψẑ
i Ψx̃

i

∗ −H ẑ
i 0

∗ ∗ −H x̃
i

⎞
⎠ < 0, Pj − λjγjInj

> 0 (70)

TABLE II
RESULTS WITH DIFFERENT FEEDBACK SCHEMES

where

Ψẑ
i =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

(Ai +BiKi)
TH ẑ

i

KT
i BT

i H
ẑ
i

CT
i LT

i e
AT

i
riH ẑ

i

CT
i LT

i e
AT

i
riH ẑ

i

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, Ψx̃
i =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0

(Ai − LiCi)
TH x̃

i

−CT
i LT

i H
x̃
i

FT
i H x̃

i

F ẑ
i
T
H x̃

i

−FT
i H x̃

i

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

H ẑ
i = h2

i e
2αhiUi, H x̃

i = h2
i e

2αhiWi

and Φi is a symmetric matrix composed of

Φi
11 = (Ai +BiKi)

TPi + Pi(Ai +BiKi) + 2αiPi

Φi
12 = PiBiKi, Φi

13 = Φi
14 = Pie

AiriLiCi

Φi
22 = −π2

4
Ui, Φi

44 = −π2

4
Wi

Φi
33 = (Ai − LiCi)

TRi +Ri(Ai − LiCi) + 2αiRi

Φi
34 = −RiLiCi

Φi
35 = RiFi, Φi

37 = −RiFi, Fi = rowj=1,...,M {Fij , j �= i}
Φi

36 = RiF ẑ
i , F ẑ

i = rowj=1,...,M

{
Fije

−Ajrj , j �= i
}

Φi
55 = −diagj=1,...,M{ 2ε1

M−1
Rj , j �= i}

Φi
66 = −diagj=1,...,M{ 2ε1

M−1
Pj , j �= i}

Φi
77 = −diagj=1,...,M{ 2ε2

M−1
λjInj

, j �= i}

with Inj
∈ Rnj×nj being an identity matrix. Then, the closed-loop

system is exponentially stable with a decay rate ρ, which is a unique
positive solution of the equation ρ = α− ε1 − ε2e

2ρ(h+r) with h =
maxi{hi}, r = maxi{ri}.

Proof: The LKF is constructed as Vi(t) = VPi
(t) + VRi

(t) +
VUi

(t) + VWi
(t) where

VPi
(t) = ẑTi (t)Piẑi(t), Pi > 0

VRi
(t) = x̃T

i (t)Rix̃i(t), Ri > 0

VUi
(t) = h2

i e
2αhi

∫ t

si
k

e2α(s−t) ˙̂zTi (s)Ui
˙̂zi(s)ds

− π2

4

∫ t

si
k

e2α(s−t)[ẑi(s
i
k)− ẑi(s)]

TUi

× [ẑi(s
i
k)− ẑi(s)]ds, Ui > 0, t ∈ [sik, s

i
k+1)

VWi
(t) = h2

i e
2αhi

∫ t

si
k

e2α(s−t) ˙̃xT
i (s)Wi

˙̃xi(s)ds

− π2

4

∫ t

si
k

e2α(s−t)[x̃i(s
i
k)− x̃i(s)]

TWi

× [x̃i(s
i
k)− x̃i(s)]ds, Wi > 0, t ∈ [sik, s

i
k+1). (71)
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Fig. 3. Predictor-free feedback with small delays r1 = r2 = 0.1 s.

Fig. 4. Predictor-based feedback with large delays r1 = r2 = 1 s.

Taking the time derivative of (71), we get

V̇Pi
(t) + 2αVPi

(t)
= ẑTi (t) (2Pi(Ai +BiKi) + 2αPi) ẑi(t) + 2ẑTi (t)PiBiKivẑi(t)
+ 2ẑTi (t)Pie

AiriLiCix̃i(t) + 2ẑTi (t)Pie
AiriLiCivx̃i

(t)

V̇Ri
(t) + 2αVRi

(t)
= x̃T

i (t) (2Ri(Ai − LiCi) + 2αRi) x̃i(t)− 2x̃T
i (t)RiLiCivx̃i

(t)
+ 2x̃T

i (t)Ri

∑
i �=j Fij

(
x̃j(t) + e−Ajrj ẑj(t)− ξj(t)

)
V̇Ui

(t) + 2αVUi
(t)

= h2
i e

2αhi ˙̂zTi (t)Ui
˙̂zi(t)− π2

4
vTẑi(t)Uivẑi(t)

V̇Wi
(t) + 2αVWi

(t)

= h2
i e

2αhi ˙̃xT
i (t)Wi

˙̃xi(t)− π2

4
vTx̃i

(t)Wivx̃i
(t).

(72)
Above all, we get

V̇i(t) + 2αVi(t)− 2ε1
M−1

∑
j �=i Vj(t)

− 2ε2
M−1

∑
j �=i supθ∈[−hj−rj ,0]

Vj(t+ θ)

+ 2ε2
M−1

∑
j �=i λj

(
γj supθ∈[−hj−rj ,0]

|ẑj(t+ θ)|2 − |ξj(t)|2
)

≤ ηT
i (t)Φiηi(t) + ηT

i (t)
(
Ψẑ

i Ψx̃
i

)(H ẑ−1

i 0

0 H x̃
i
−1

)(
ΨẑT

i

Ψx̃
i
T

)
ηi(t)

− 2ε2
M−1

∑
j �=i supθ∈[−hj−rj ,0]

ẑTj (t+ θ)
(
Pj − λjγjInj

)
ẑj(t+ θ)

≤ 0
(73)

whereηi(t) = col{ẑi(t), vẑi(t), x̃i(t), vx̃i
(t), colj=1,...,M{x̃j(t), j �=

i}, colj=1,...,M{ẑj(t), j �= i}, colj=1,...,M{ξj(t), j �= i}}. Applying
Schur complement, inequality (73) implies (70) and

V̇ (t) + 2(α− ε1)V (t)− 2ε2 supθ∈[−h−r,0] V (t+ θ) ≤ 0 (74)

where V (t) =
∑M

i=1 Vi(t). By Halanay’s inequality in [3, Secs. 4.1.2
and 4.7.2], inequality (74) means the exponentially stability of the
closed-loop system. �

V. SIMULATION

In this section, we use an example of two coupled inverted pendulums
on two carts (M = 2) from [5] and [6] under the decentralized control
scheme. The results for three coupled pendulums (M = 3) under the
continuous-time measurements (see in [13]). As revealed in Table I,
the decentralized LMIs have less decision variables but more lines
comparatively to the centralized LMI. The simulation results under
different feedback schemes are shown in Table II and Figs. 3 and 4. It is
evident that the predictor-based controller promises a larger delay than
the predictor-free controller.
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