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ASY},IPTOTIC ANALYSIS 0Е DIGITAL сoNTRoL sYsтЕ]"ls

Yu. V. Мikheev, v. A. SoЬolev, and Ё. M. Fridman t'Dс 62-504.12

The analysis аnd synthesis of digital сontro1 systems сarried out on the Ьаsis
of different equations сan сause а 1oss of information aЬout the Ьehevior of a
system between the quantization times. The differential-dlfferenсe approасh
Lo desсriЬing the digital systems is free of this drawbaсk. This PaPer deа1s
with an ena1ysis of suсh systems Ьy use of singular perturbаtion methods.

1. fntroduсtion
The introduction of miсroproсessor сontrol systems in industry makes it possible to ree1-

ize a wide rаnge of сontrol 1aws from the traditional ProPortional integral сontro1 to Ehe
сomplex a1gorithms of rnulticonnected аnd self-adapting сontro1. A typiсa1 digita1 сontro1
sуstem сonslsts of a continuous part (reduсed oЬjeсt) and a d1sсrete part (сontroller) and
is desсriЬed Ьy a system of differential-differeпсe equations. The ana1ysis of digitаl sys-
tems is Ьasiсa1ly сarried out by use of a reductlon of the inltlal problem formцlated in terms
of.'disсrete сontro1ler_сontinuorrs oЬjeсt to an approхimаte [1] or quasi-equivalent [2] proЬ-
lem of the form ''disсrete сontroller-disсrete oЬjeсt.'' In suсh a сase we expliсltly or im-
pliсiЕly dea1 with a partial or tota1 1oss of the informaЕion aЬout the behavior of the sуs-
tem between Еhe quantization tlmes whiсh саlls for an additional analysis in manу сases.

This paper suggests an asymptotiс method of treаting a differentiаl-differenсe model
whiсh enaЬles us to сarry out аn analysis аt all points of the tiшe span under сonsiderаtion.

This approaсh is based on ideas used ln [3' 4].

2. Statement of the ProЬlem

The quantization effect negleсted, the free motion of a 1inear control system with a
Il-сontroller in the feedback is desсriЬed аs

* (t): Aх (t) + |Е (t _ nT) _ E (t _ (n * t) T)|U (nT)'

U (nT)-_1уцo71,

where Х i,s an m-dimensiona1 state veсtor' U ls e k-dimensionаl сontrol veсtor; A, B, and K
аre сonstant matriсes of the сorresponding dimensions, H(.) is the Heavlside funсtion; T is
a quantization period; Ьy [. ] is denoted the greatest integer smaller than or equel to a given
number.

This pаper aims аt сonstruсting а simplified mode1 of the system with a sma1l quentiza-
tion period.

3. General Sсheme of an Asvmptotiс Analysis
For an asymptotiс anаlysis it is сonvenient to write system (1), (2) in the following

form:

* (t1: Ах(t) + Dх (з)
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where D = BК, {.} denotes Ehe fraсtionа1 part of a number, i.e., {ti = t - [t], the quantiza-
tion period e = T plays the role of a small parameter.

Using the change of variаbles

x('+Е):t/+h(t,Е, s)]x(t), gе[_в' 0J (4)

we can reduсe Еq. (3) to

*1t,1:|o+op+n(,'_,{+}'"))]хttl, (5)

' where I is a unit m х n.mаtrlх and h(t, Е, Е) is a matrix funсtion of three variaЬles. It
is easily seen that this change provides a separation of the oЬjeсt mаtrix and the feedbaсk
matrix into сomPonents corresponding to a сontlnuous system аnd a correсtion whiсh arсounts
for the pulse nature of the system h(t, 6, e).

IЕ is eesily shown (see Appendix) that (3) ana (a) imply the following partiаl differ-
entiа1 equation for h(L, Е, е)

g+Р!+tr+}(t,!,r)]|o+op+п(,,_"{+}',))]: аb(Ь!Е's) . (6)

It will Ьe shown in the Appendix [see (A.5) and (A.6)] that h(в, 6, e) is a function
depending only of Lhe high-speed Еime аnd its asymptotiс eхpansion сan Ьe тepresented in the
form

h(eт,е0,e):efu(т,0\*e,2h"(т,0)*..., (7)

where т = R (т = t/е) is the ''high-speed tlme,'' 0 е [_1, 0], hi are сontinuous in all argu-
ments and uniformly Ьounded mаtrix funсtions.

On substituting (7) into (6) аndequating the сoeffiсient'softhe sаme powers of е, we
obtаin Еhe equations for h1 and h,:

ry+А+o:!#'
чу*htF,o)(/+ D)+Dh| (т,_{т}): Чу, 

(8)

henсe, in view of the сondition h'(т, 0) = 0 we suЬsequent1y find

Яe,h1:(A +D)0, h,:_D(А+д) l t"+s}d,s +}t,а+ D)g. (9)

When 0 = -{т}, we obtain

h,(т,-tт}):_tт}(,4 *D),h,1",_1"11:{9'PD+А)(А+D). (10)

Therefore, Еq. (4) 
"a', Ьe represented in the following form up to the terms of order

0(в2 ) inсlusivelv:

*1t,1':|d+nfll_,{*}.,+D)+ *1*I,o"+ А)(А+ аl]]xtо. (11)

As a result, a сomplex equation (3) reduсes Еo e simpler equаtion (11).

If we need to find a solution to the Cаuсhy proЬlem (3) with an initial сondition x(0) =
X' then it is сonvenient to rePresent the solution in the form of аn аsymptotiс expension

X(t, e):xo?)+ex,(t, е)*e,X,(t, е)* . . . 
'

where Xi are сontinuous and Ьounded funсtions.
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From (11) we oЬtаin equations for Xi:

Xo:(А+D)Xo, Хo(0):
хL:(А * D) Xl,_ D (А

t":(А * D) X,- D (А

4

++D(2D+А)(А+D

аx(ltEl _ uхt:lel
oс oЬ

Tаking (5) into aссount, we obtain

We now сonsider Eq. (6). By а so1ution to (6)
ing Еq. (6) for t * Lе' t * E i Lе(l = 0, t1, ...).

We now prove that Еq. (о) ьаs a so1ution. Let
matriх of the solutlons to Eq. (5). The funсtlon U

s
o

U(s,t):\
.)
I

xo,

xo,

+ 
"){+}

+ ,){+}

r {*}',.,

Х1 (0, е) :0,

Х'*

X, (0, е):0

we wil1 mean a funсtion h

(A.r)
funсtion X(t.) continuous
. . . ), аnd Еhe initial сon-
proЬlem (3) anа (д.t) ьas

(A.з)

(A' 4)

е H1 sаtisfy-

anс so on.

The flrst term of the expаnsion of Xo has an apparent physleal meaning of free motion
of a сontinuous system with the matrlсes A and D. Note that the relation for X, сan be oЬ-
tаined by use of a forma1 eхpanslon X(t _ е{t/е}) in the initial equation (3). However, the
саlсulаtion of subsequent terms a1ong this way enсounters fundamental analуtiс diffiсulties.

The proposed method саn obviously Ьe extended to the сase of forсed motion and to the
proЬlems of аnalytiс deslgn of а disсrete сontro11er.

APPЕNDIx

Consider Еq. (З) with the initial сonditlon

x(0) :xo.

By a solution to the Cauсhy prob1em (3) anа (A.1)' we mean а
for all t > 0 аnd satisfying Еq. (3) for t > 0, t * 9'Е (9" = Т,2,
dition (A.1). Using the step method [5], we саn easi1y show [hat
a unioue solution.

Let H Ьe the с1аss of m х m-matrlx funсtions h(t, 6, e) (L е R, 6 = [_e, 0], Е = [0,
еgJ, rо > 0) sаtisfуing the equality

Й (f' 0. €):0 (A.2)
for a11 t е R, e е (0, e9) and not exсeeding еK (K , 0) in norm. We introduсe the supremum
norm in H. OЬviously, H ls а с'omplete metrlс spасe. We denote by H' Еhe set of the funс-
tions in H whiсh hаve сontinuous partial derivatives with respeсt to { for t + 6 * 9.. (9, =
0, J1, ...) and with respeсt to t for t * Lе, t * Е * Lе.

We will find a solutlon to the Cauсhy prob1em (З) аnd (A.1) whiсh is defined for a1l
t е R and саn be represented in Еhe form (4) where h is а funсtion in H1. Then on substi-
t'uting the right-hаnd side of (a) for X(t - е{L/е}) in (з) witь Е = _e{tlе}, we obtain Еq.
()r.

We now find the partiа1 differential equation for the funсtlon h. To this end we sub-
stitute the right-hand side ln (4) in Еhe obvious equa1itу

чР!+ t1+ hц,e|ф1Lo* o(l +o (', _ 
" {+} ' '))] " 

р) : !#L x (,),

Гo* o(l +, (", _' (+} '"))] u $,t)dт | I.

U(s, t) (s = R, t - R) be Lhe fundamental
satisfies the equation

(A.s)

ш
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We consider an auxiliary equation

r+F{."г I | [.'.l \\..1
л(t,Е,e): ) |,o+o (,+o("'_.t;},"))JU (s,r)ds. (A.6)

t

Here t= R, Е = [_r, 0], and h е H. Using the сontraсtion prinсip1e, we сan easily show
Еhat the system (A.5) and (д.о) ьas a unique solution for suffiсiently small e.

LEМI"IA 1. A funсtion h is a solution to (6) if and on1y lf h satisfies system (A.5) and
(A.6).

Proof. Let h Ьe a solution to (6) and let U Ьe а solution to (A.5). We denote the in-
tegral on the right of (A.о) by J. Мaking the сhange т * t = s' we obtain

'гг t | (tJ-.с': \\],: ) L,+D\/+n ("' _'t_J, 
"ilIU 

(t +т, t)dt'

Using (A.5) toexpressthe 1atter integrandwitht=t+T, Е=Е_т, wehave

- Fruu('+т'E_т,s) ,h(t+т.Е-т.я\ -|-..I r,+тl \\.l --J:)t-_--__u- -А_D \1+}l,+t'_'t-' },"ilIU{t+т,t)dt:

i

: _ 
\ # |h Q + 7'4 _ т, g) tI (t + a, t), dI : - h (t + |, 0, e) U (t + E' t, I h (t, N, r).

This and (д. z ) i',,., (A. 6 ) .

Conversely, let h = H satisfy (A.5) and (A.6). On diffаrenЕiating (A.6) with resPeсL
to t and 6, we see that h = Hr and sаtisfies Еq. (6), sinсe

|U(s,t) Г | r (t\ \\]--1i_ : _ a (s' t) [l+ D u+ h \'' 
_. tтJ' ")) J.

The lemma is proved.

Lemma 1 and the аbove remark on the soluЬi1ity of system (A.5) аnd (A.6) imp1y thaЕ there
is а unique so1ution to Еq. (6).

LЕI'0,!A 2. Let h be a solution to Еq. (6) аnd 1et Х(t) Ьe а solution to the Cаuсhy prob-
. t"m ffiЪГ(A.l). Then X(е) is a solution to the Cauсhy proЬlem (З) and (A.2) for a11
t е R, and (4) holds Еrue.

Proof. Let h be a solution to (6) anа let Х(с) be a solution to (5) and (A.1). Con-
sider the funсtion

z (t, E, е):|I+h(t, Е' в) ]x(t).

By (S) and (6) we have

dz dz /^ ?\
-тт:т. \Jl. / ,,

Furthermore, it follows from (4.2) that
z(t, o, r):x(O. (A' 8)

on solving (A.7) аnd (A.s), we obtainZ(L, Е, e) = Х(t + 6), that is, (4) holds true.
Finally, replaсing (т + ь(t, _ett/е},Е))x(t) in (5) by X(t - е{t'/е})'.we oЬtain (3)..
Consequent1y' Х(t) is a solution to problem (3) and (^.2),

The lemma is proved.

We now сonstruсt аn asymptotiс eхpansion of the funсtion h.

Г
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LЕ}.IМA 3. For sufflсient1y smаll е the funсtion h сan Ьe represented in the form

D(ет, е0. е):ohr(т, 0)+е2hz(т,0)+...+е"hn(т,0,e), (A.9)

where т е R5 0 = [-1, 0], and ti (i = 1, ..., n) are сontinuous ln а11 arguments and uni-
formly bounded m х m-mаtrix funсtions vanishing when 0 = 0; n is any naturаl number.

Proof . 0n substituting (A.9) into (6), r^le obtаin

$ to,t,,о) +. . . +r*-lhn(т, 0, r)] -]- [1 f е}1(т, 0) +. . .a a'hn (т, е)l Х

Х[,4+ D(I|еhl (т,_{т})+...+ tьntт,o,e))]: $v,tr,,0)+.. .ео1_7'hn(т,0,в).].

0n equatlng the сoeffiсients of the same Powers of е in the latter equation, we obtain
Eqs. (8). Solvlng Еqs. (з) with the initiа1 сonditions hi(т, 0) = 0 (i = 1' ...' n - 1),
we uniquely determine the funсtions h,' ..., hn-l.

For hr., we have

a-; hn{т,0, e) f еD,.(т, 0,в) [.4 + D (I +вh1(т _ (т})+ . . .

...+,,"h,(т,_{т},ф)r:+h'(т,0,r)fe8,,(т,0)hn(т,o,r)+C,,(т,0), (A.10)

D"(т' 0' e):Q'

where B,' and Cn аre known m х m-mаtrix funсEions, h,., is defined Ьy (д.10) if аnd only if hn
sаtisfies the system

(A.11)

Thls faсt can be proved similarly to Lemma 1. Using the сontraсtion prinсiple, we саn
show thаt there is a unique solution to sуstem (A.11) аnd the funсtion h,' is uniformly
Ьounded. Тhe 1emma ls proved.

The сonstruсtion of an asymptotlс expansion of a so1ution to the Cаuсhy problem (З) аnа
(A.1) hаs reduсed to Ehe сonstruсtion of an asymPtotiс expansion of а solution to the problem
(5) anа (A.1).

LЕI"IMA 4. For suffiсient1y smal1 e solutlon to the Cauсhy proЬ1em (5) аnd (A.1) сan be.eхpressed аs

X(t):уo11'1 +еX1(t, e)+'..+enx"(t,e), (A.12)

where the funсtions Хi (i = 1, ...' n) are сontj.nuous and uniformly bounded for t € [0, tr](with аny t1).
Proof. Sцbstituting (A.12) lnto (5) ana equаting сoeffiсients of the same powers of

. [xiT?t, ... r П - 1) аre assumed independent of Б], we obtаin equations likЬ (12). Еrom
these equations we unique1y determine X9, . . . , Хn- 1. For X,' we oЬtаln

x,:Гo+D(, +,u,(+' _{+})+ ...+ ""u'(*' 
_t+},.))] ""+Еn(l,e), (A.13)

Х" (0, e):0'

where for t е [0, t'] (в. R) Еn is some known pieсewise сontlnuous and uniformly bounded
funсtion with the points of disсontinuity t = lе (9. = I,2, ...). The Cauсhy problem (A.1з)
has а unique solution with the properties given in the lemma. Lemmа 4 is proved.
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