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Abstract

The Lyapunov second method is developed for linear coupled systems of delay dif-
ferential and functional equations. By conventional approaches such equations may be
reduced to the neutral systems and the known results for the latter may be exploited. In
the present paper we introduce a new approach by constructing a Lyapunov—Krasovskii
functional that corresponds directly to the descriptor form of the system. Moreover, by
representing a neutral system in the descriptor form we obtain new stability criteria for
neutral systems which are less conservative than the existing results. Sufficient conditions
for delay-dependent/delay-independent stability and for robustness of stability with respect
to small delays are given in terms of linear matrix inequalities. Illustrative examples show
the effectiveness of the method.

0 2002 Elsevier Science (USA). All rights reserved.

1. Introduction

Delay differential-algebraic equations, which have both delay and algebraic
constraints, often appear in various engineering systems, including aircraft sta-
bilization, chemical engineering systems, lossless transition lines, etc. (see, e.g.,
[3,13,15,18,25,29] and references therein). Depending on the area of application,
these models are called singular or implicit or descriptor systems with delay. As
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has been pointed outin [4,5], descriptor systems with delay may in fact be systems
of advanced type. Being a more general class than neutral systems, descriptor
systems may be destabilized by small delay in the feedback [22].

A particular case of such systems (the so-called lossless propagation models)

x1(t) = Ax1(t) + Bxo(t — h), x2(t) = Cx1(t) + Dx2(t — h) 1)

has been treated as a special class of neutral systems either byaetting z(¢)
[26] or by writing the second equation as [16,25]

d

T [x2(t) — Cx1(t) — Dx2(t — h)] =0. (2)
Stability of a general neutral type descriptor equations with a single delay

Ex(t)+Ax(t)+ Bx(t —h)+ Cx(t —h)=0 3)

and singular matrix has been studied in [29] by analyzing its characteristic
equation

de{sE+ A+ (sB+C)exp(—hs)| =0

and finding frequency domain conditions which guarantee that all roots of the
latter equation have negative real parts bounded away from 0.

In the present paper we consider a descriptor system with multiple and distrib-
uted delays. We construct a Lyapunov—Krasovskii functional that corresponds di-
rectly to the descriptor system. We derive delay-independent and delay-dependent
conditions in terms of linear matrix inequalities (LMIs). For information on the
LMI approach to delay-independent and delay-dependent stability criteria for
linear retarded and neutral type systems see [2,11,17,20,21,23,24,28]. Note that
LMls give only sufficient conditions, which are more conservative than those ob-
tained by analysis of the characteristic equation. However, the method is better
adapted for robust stability of systems with uncertainties (see, e.g., [20]) and for
other control problems.

A Lyapunov—Krasovskii functional for descriptor system with delay was
suggested (as a conjecture) in [10] on the basis of the traditional (for delay-
dependent stability) transformation of the delay system

%(t) = Ax(t) + Bx(t — h)
in the form (see, e.g., [15, p. 156])
0
x(t)=(A+B)x(t)— B / Ax(t —h+s)ds.
—h
The conservatism of conditions based on this transformation is twofold: the trans-
formed system is not equivalent to the original one having a double distributed
delay (see [8]) and bounds should be obtained (completion of the squares) for
certain terms.
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Recently, for linear differential systems a new Lyapunov—Krasovskii func-
tional has been introduced in [11]. It is based on equivalent augmented model—a
“descriptor form” representation of the system and it leads to less conservative
conditions. In the present paper we adopt this approach to descriptor systems
with delay. We develop the second method of Lyapunov for descriptor equations
with delay. By defining appropriate descriptor Lyapunov—Krasovskii functionals
we derive stability conditions in terms of LMIs.

Notations. Let R" be Euclidean space with vector nofm, C,[a, b] be the space
of continuous functiong : [a, b] — R" with the supremum norin|, andL>[a, b]

be the space of square integrable functions. Denote, ) = x(t + 0) (0 €
[—h, 0]). The notationP > O for (n x n)-matrix P means thatP is symmetric
and positive definite. Symmetric terms in symmetric matrices are denoted by

R

2. A classof descriptor system with delay. Existence and uniqueness of
solution

2.1. Preliminaries on descriptor systems

Consider a linear autonomous system without delay:
Ex(t) = Aox (1), (4)

wherex (r) € R", E andAg aren x n matrices, ranlE = n1 < n. We assume that

(4) is regular, i.e., the characteristic polynomial(@&t — Ag) does not vanish
identically in s. It is well known that descriptor system may have impulsive
solutions. The existence of the latter solutions is usually studied in terms of the
Weierstrass canonical form and tivelex of the system which are defined as
follows [6,7,22]: there exist nonsingular matricesQ € R"*" such that

QEP:[IE’)l 1‘3,} QAOP:[é 10] )
no

and (4) for the new variable = col{y1, y2} = P~1x has the canonical form
yi(t) = Jy1(1), Ny2(t) = y2(1), (6)

wheren1 +n2 =n, N € R"2*"2 andJ € R"1*"1 are in Jordan form. The matrix
N is nilpotent of index, i.e., N¥ =0, N*~1 £ 0. The index of (4) is the index of
nilpotencyv of N.
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It is well known that (6) admits impulsive solutions iff> 1:

v—2

0 =e""y10,  y2)==) 8§ ONTy07),
i=0

wheres is the Dirac delta-function and superscrifgtenotes théth distributional
derivative.
In the case of system with delay

Ex(t) =Agx(®) + A1x(t — h), (7

for P andQ as above angd = P~1x we obtain the following canonical form:

y1(t) = Jy1(t) + C1y1(t — h) + Coya(t — h),

Nya(t) = y2(t) + C3y1(t — h) + Caya(t — h), 8)
where
|1 C1 C2
QAP = [C3 CJ .

By the index of descriptor system with delay (7) we mean the index of the
corresponding descriptor system without delay (4).

As in the case without delay (8) admits impulsive solutionafer 1. Thus for
t € [0, h) we obtain

t

yi(t) = e’'y1(0) + f eI Cry1(s — h) + Caya(s — h)] ds,

0
v—2 ' A v—1 A ) )
o) == 8 (ONTLyp(07) = Y N [Cayi? (¢ — h) + Cayy) (t — )]
i=0 i=0

That is why for stability analysis we restrict ourselves to descriptor systems of
index one.

2.2. Descriptor systems with delay

In the present paper we analyze the stability of the following system:
i=0

m 0
E;'c(t):ZAix(t—hi)+/B(s)x(t+s)ds, (9)
—h

wherex (1) = col{x1(t), x2(¢)}, x1(t) € R™, x2(t) € R"2, hg=0,h; > 0,h > 0,
i=1,...,m, E and A; are constantny + n») x (n1 + n)-matrices,B(s) is
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a piecewise-continuous and uniformly bounded + n2) x (n1 + n2)-matrix-

function. Denoten 2 n1 + no. We assume that the matrices in (9) have the
following structure:

|1,y O

E—[o 0]

A A .

A,—|:Ai3 Ai4:|’ i=0,...,m, detAgs#0,

_|B1 B2

s 2] 0

If (4) has index one then (9) can be put in the form of (9) and (10) (e.g., as de-
scribed in Section 2.1).
Note that (9) and (10) includes a class of neutral descriptor system

[xl(z) — > Dix1(t — hy) }

0
m 0
:ZAix(t—hi)—i-/B(s)x(t+s)ds, (12)
i=0 2

whereE andAg are given by (10). Really, considering an augmented system

x1(t) =y,
y(@) =YLy Diy(t —hy)
0
m 0
=Y Aix(t—h)+ / B(s)x(t + s)ds, (12)
i=0 “n

we obtain a particular case of (9) and (10).
System (9) is the system of functional differential equations:

)'cl(t)_ZZA,jx](t h)+Z/Bjxj(t+s)ds, (13a)

j=1i=0
2 m
=ZZ ij+2xj(t — h)-i-Z/ 42X (1 +5)ds. (13b)
j=1i=0 j=12,

Consider the following initial conditions for (9):

x1() =¢1(t), x2(1) =¢2(1), te€[—h,0l (14)
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Substituting initial functiory = col{¢1, ¢2} into the second (functional) equation
of (13) we have

ZZA, e h>+Z / Bj26;(s) ds =O. (15)

j=1i=0

Proposition 1. For any continuoug = col{¢1, ¢2} that satisfieg15) there exists
a unique functionx (¢) defined and continuous dr-4, co) that satisfies system
(9) on [0, co) and initial conditiong14).

Proof. Differentiating the second equation of (13) with respect tind taking
into account that1(¢) is differentiable we obtain the neutral type system (13a)
and

2 m 2 0
d
E|:A04x2(1)+ZZAi,j+2xj(t—hi)+Z/Bj+2x]'(t+s)ds:|

j=1li=1 J=12,

+A03|:ZZA,]x](t h)+Z/B xj(t+s)dsj| 0. (16)

j=1i=0

The latter system has a unique continuoug-eh, co) solution satisfying initial
conditions (14) [15]. If additionally (15) holds, then this solution is a unique
solution of (13), (14). O

3. Second Lyapunov method for descriptor systemswith delay

We define stability of the trivial solution of (9) similarly to stability in the case
of non-descriptor system with delay [9,15,18]:

Definition 1. The trivial solution of (9) is said to be stable if for any> 0 there
exists as(¢) such that for all continuoug = col{¢1, ¢2}, with ¢ satisfying (15)
and|¢| < §, the solution to (9), (14} (¢)(¢) satisfies inequalityx (¢)(7)| < ¢ for

all t > 0. The trivial solution of (9) is said to be asymptotically stable if it is stable
and furthermore

t&rgo x(¢)()=0.

In the latter case the system (9) is said to be asymptotically stable.
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Consider the operatdp: C,,[—h, 0] — R"2:

0

m

D(xz) =x2(t) + Y AgjAuaxa(t — hy) + / Aga Ba(s)x2(t + ) ds.
i=1 n

We assume:
(Al) The operatoD is stable (i.e., equatioPxy, = 0 is asymptotically stable).
Sufficient condition for (A1) is given by

(A1) Let

m

0
S Agtai] + / |AgtBa(s)| ds < 1.
i=1 !

For a continuous function® : C,[—h, 0] — R define

. _ 1
V(¢) =lim sup E[V(mh(t,qb)) -V,

h—0t

wherex; (fo, ¢) is a solution to (9) such that, = ¢.

Lemma 1. Under (Al), if there exist positive numbess 8, y and a continuous
functionalV : C,,[—h, 0] — R such that

Ble1 O < Vi) < ylol, (17a)
V(g) < —alp ), (17b)

and the functiorV/ (r) = V (x;) is absolutely continuous for; satisfying(9), then
(9) is asymptotically stable.

Proof. Integrating (17b), wherg = x,, with respect ta from 0 tor we have
t
V) = V(g) < —a f Jx(s)]?ds. (18)
0

From (17a) and (18) it follows that

Blri)> < V) < V($) <vIgle (19)

Hence,x1 is bounded and small for smad|. From (13b) we find that2(¢) is a
solution of
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Dxz; = h(1),

m 0
h(t) == AgiAizxa(t —h) — / AgiBa(s)xa( +5) ds, (20)
i=0 “h

whereh(t) is bounded and small for sma|. Then under (A1) by Theorem 3.5
[15, p. 275]x2(¢) is bounded and small for smad|. Hence, (9) is stable.

To prove asymptotic stability we use Barbalat's lemma [1,12]. We note that
the right-hand side of (13a) and thiis are bounded. Hencey () is uniformly
continuous on[0, co). Moreover,x2(¢) is a bounded solution of (20), where
h(t) is uniformly continuous and bounded. Then under (Al) by Lemma 7.1
[15, p. 291]x2(¢) is uniformly continuous on0, co). From (18) it follows that
x(t) € L2[0, 00). Therefore by Barbalat's lemmg) — 0 fort — co. O

4. Delay-independent with respect to discrete delays stability
4.1. Main results

The descriptor type Lyapunov—Krasovskii functional for the system (9) has the
following form:

V(x))=xT()EPx(t) + V1 + V2, (21)
where
P:[g 193}, p=pPl >0, (22)
m t
Vi= Z / xT(s)Qix(s) ds, Q;>0, (23)
izltfhi
and
0 ¢
Vo =/ / xT(s)BT (0)RB(©)x(s)dsdf, R=>O0. (24)
—h t+6

The first term of (21) corresponds to the descriptor system (see, e.g., Y27]),
corresponds to the delay-independent stability with respect to the discrete delays
andV, to delay-dependent stability with respect to the distributed delays (see [17,
19)). The functional (21) islegeneratéi.e., nonpositive definite) as it is usual for
descriptor systems.

We obtain the following:
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Theorem 1. Under(A1’), (9) is asymptotically stable if there exigt x n)-matrix
P of (22), with (n1 x n1)-matrix P; and (n2 x np)-matrix P3, and (n x n)-
matricesQ; = Q7 ,i=1,...,m, R= R that satisfy the following LMI

TPTAc+ AP+ Y1, 0 7]
+ /% BT(s)RB(s)ds  PT A4 PTA, hPT
* —a ° 9% o @
>;< * * _an 0
L * * * * —hR |
Proof. Note thatx” E Px = x{ P1x1 and, hence,
drr T . T, pT | X1(2)
E[x (EPx(1)] = 2x{ (1) Pria(t) = 2x" (1) P o |- (26)
Differentiating (21) inz and substituting (9) in (26) we obtain
PTAg+ AP+, 0;
. + /% BT(s)RB(s)ds PTAy ... PTA,
V) =&" * —01 ... 0 |¢&
* * * —Qm
0
+n(t)—/xT(t+9)BT(9)RB(9)x(t+9)d9, (27)
—h
wheregécol{x(t),x(t—hl),...,x(t—hm)},
t
102 -2 [ XTOPT BG4+ ds. (28)
t—h
For any(n x n)-matricesk > 0
t
n(t)gthPTRflPx—i-/xT(t—i—s)BT(s)RB(s)x(t—i—s)ds. (29)

t—h

Equations (27) and (29) yield (by Schur complements) that 0 if (25) holds.
Therefore functionalV satisfies (17) and by Lemma 1 system (9) is asymptoti-
cally stable. O
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4.2. LMI condition for delay-independent stability of the difference operator

LMI (25) yields the following inequality:

Al4P3+ P Aoa+ Y /L1 Qia PjA1a ... PJApa
* — 0
. Qus - ) <0, (30)
* * e —Oma

where Q;4 is a (2, 2) block of Q;. If there exists a solution to (25), then there
exists a solution to (30). We shall show that (30) guarantees delay-independent
stability of D with B4 = 0, which is equivalent to the following condition (see
[15, p. 286, Theorem 6.1]):

(A1) If o(B) is the spectral radius of matri&, thenog < 1 where

m
aoéSUp{a<ZAngk4e"9k>: Okel0,2n], k=1,....m¢.

k=1
(31)

Lemma 2. If there exist(nz x np)-matricesPs, Q1a4, ..., Oma that satisfy(30),
then Ap4 is nonsingular and

(i) (A1) holds
(i) the difference operator

m
D(xz) =x2(t) + Y AgzAiaxa(t — hy)
i=1
is stable for allh; > 0;
(i) under additional assumption thd@ > 0, the “fast system”

Ka(t) = Aoaxa(t) + ) Ajaxa(t — hi) (32)
i=1
is asymptotically stable for alt; > 0.

Proof. (iii) is well known (see, e.qg., [17]) and (ii) is equivalent to (i). To prove (i)
note that

m
fOr.....m) =0 (ZAojAk4e"9k)

k=1
is a continuous function on the compact §&t27] x --- x [0, 27] and thus it
achieves it maximum value on this set. Therefore it is sufficient to prove that

fO1,...,0m) <1 VO01,...,0,€[0,27] x --- x [0, 27].
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By Schur complements (30) implies

PgA04+ Ag4P3 + Z(QM + PgAk4Q;4lA£4P3) < 0. (33)
k=1
Since Q14, ..., Oma Must be positive definite, it follows from (33) thaty, is
nonsingular. Multiplying (33) by € R” from the right and byy” from the left
we have

1/2 ~1/2

—2|y" AgaPsy| + Z |04 Ak4A84TAg4P3)"2] <0

k=1

y\ +10:a

whereAg, = (A, 7. Since

1054 |+|Q AlaAgs A04P3y| >2|y" Al4Aos AGaP3y|,
we obtain from the previous inequality that

1/2 ~1/2

m
—|y" A4P3y| + Z|yTAkT4A54TAg4P3y| <0.
k=1
Choosey to be an eigenvector afy ;" ; AajAMe"ek), 0r € [0, 2], that cor-
responds to the eigenvalaeFrom the latter inequality and the inequality

( D AlAy € ek) AbaPay

m
Y I Al AGuPsy| >

we conclude that

~|v" AgaPay| + I1I|y" AG4Psy| <O
and thus|A| < 1. Hence, f(61,...,60,) <1 V01,...,0, € [0,27] x --- X
[0,27]. O

Remark 1. From Lemma 2 it follows that in the case Bf = 0, Theorem 1 holds
without assumption (A).

Remark 2. In the scalar case delay-independent stability of the fast system
implies that)";" ; |A5in4| < 1[14]. From Lemma 2 it follows that (30) implies
(A1”) and thusy""; |Ags Aal < 1.

4.3. A special form of term with distributed delay

Consider (9) with a special form of term with distributed delay,
0 m 0
/B(s)x(t—f-s)ds:Zh,Bi /x(t—f-s)ds, (34)

—h i=1 —h;
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i.e., a system of the form
m m 0
Ei(f)=ZAix(f—hi)+ZhiBi /x(t—i—s)ds, (35)
i=0 i=1 iy

where B; are constant matrices. Lyapunov—Krasovskii functional for (35) has a
form of (21), whereP andV; are given by (22) and (23), whil& is defined by

m 0 1
Vo= Z / / xT(s)Rix(s)dsd®, R;>D0.
izlfh,‘ t+6
Assumption (A1) for this case has the following form:

(A1) Let
m

> [lAial + 1| Bial] < L.
i=1

We obtain the following result:

Theorem 2. Under(A1), (35)is stable if there exigt: x n)-matrix P of (22), with
(n1 x n1)-matrix P; and (n2 x n2)-matrix P3, and (n x n)-matricesR; = RiT,
Q;=0Q!,i=1,...,m, that satisfy the following LMI

rPT Ao+ AL P+Y ", 0 7
+ 3 hiR; PTay ... PTA, mPTBy ... hyPTB,
* -01 ... 0 0 0
* * * —Qm 0 0
* * * * —hiR1 ... 0
N * * * * * .. —hmRy
<0. (36)

Proofis similar to that of Theorem 1, where in the second line of (27) we obtain

0
m
n—Z/xT(z+9)R,~x(z+9)dz
=1,
and
m 0
n:ZZ/xT(s)PTBix(t+s)ds
i=1

—h;
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m 0
< Z[hixT(t)PTBiRilB,TX(t) + / xT(t +5)Rix(t +S)dS}.
i=1 i

From Lemma 2 it follows that in the case Bf4=0,i =1, ..., m, Theorem 2
holds without assumptiorAd).

4.4. The case of neutral type descriptor systems

For system (11) we consider a continuous initial functhoa col{¢1, ¢2} with
continuously differentiable;. Stability of (11) is defined similar to Definition 1
with the only difference thaip; € Cn,[—h, 0] and instead of¢| < § we have
||+ |h1| < 8. By representing (11) in two different retarded type descriptor forms
we obtain two different criteria.

First we put (11) in the retarded type descriptor form (12) that we rewrite as

0

m
Ex(t)=Y Aix(t—h)+ / B(s)x(t +s)ds, (37)
i=0 s
where
X1 . I, O 0
x=| vy |, E=( 0 0, O |,
X2 0 0‘12
] o I 0
Ao=| Aor —1In, Ao2 |,
Apz 0 Ay
] 0 0 0
Ai=| A1 D Ap|, i=1...m,
Aiz 0 A
~[o o o
B=|B1 0 By |. (38)
B3 0 By

OperatorD for (37) has a “triangular” form:

y(@) = >0y Diy(t — hi) — Y7 q Ajaxo(t — hy)
— [i2y Ba(s)x2(t + ) ds

xa(t) + YJy Agg Aiaxa(t — hi)
+ [, Agi Ba(s)xa(t + 5) ds

ﬁ(yt, X2) =

To guarantee stability aP independently with respect oy, . . ., h, we assume
(A1) ((A1") for the case oB4 = 0) and
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(A2) Let the difference operatdPoy, = y(r) — Y -1 Diy(t — h;) be stable for
all h; > 0.

Due to Lemma 2 (A2) holds if there exiét1 x n1) functionsPp, U, ..., Uy,
that satisfy the following LMI:

—Py— P +>" Ui P{D1 ... PIDy
* U ... 0
, o S| <o (39)
* * ... =Uy

Under (AZ) and (A2) a counterpart of Lemma 1 for (37) holds true and
Theorem 1 implies the following result:

Corallary 1. Under (A1’) ((A1”) for the case ofBs = 0) and (A2), (11) is
asymptotically stable if there exist a matrix of (22), with (n1 x n1)-matrix
Py and(n x n)-matrix P3, and(n1 +n) x (n1 + n)-matricesk = R”, Q; = 07,
i =1,...,m, that satisfy the following LMI

PTA+ALP+Y 1, 0 N
+ (% BT(s)RB(s)ds PTAy ... PTA, hPT
* B R
* * * —0mn 0
B * * * * —hR |
In the case of (34), (37) has the form
m m 0
Ex()=) Aix(t—h)+ Y hiBi /)E(t—i—s)ds, (41)
i=0 i=1 s
whereE, ¥ andA; are defined as above and
i 0 0 0
Bi=| B1 0 Bp
Biz 0 Big

From Theorem 2 the following result follows:

Corollary 2. Under(A1) ((A1”) for the case oB4; = 0) and(A2), (11)with (34)
is asymptotically stable if there exist a mat#xof (22), with (n1 x n1)-matrix
P1 and(n x n)-matrix P3, and(n1+n) x (n1+ n)-matricesR; = RiT, 0; = QiT,
i=1,...,m,that satisfy the following LMI
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rPTAg+ALP+Y1 0 7
+ M iR PTAy ... PTA, mPT'By ... huPTBy,
* -01 ... 0 0 0
* * ¥  —0m 0 0
* * * * —h1Ry ... 0
L * * * * * oo —hmRy
<0. (42)

The second representation of neutral system (11) is obtained by introducing a
new variabley = x1 — Y/ ; Dix1(t — h;) and it has a form (37) (or (41) fa® of
(34)), where

y . I, O 0
i=|x|. E=|0 0, 0|,
X2 0 0 012
. 0 Ap1 Ao
Ao=| I, In, 0 s
0 Aoz Aos
_ 0 Ail A12
A;i=|10 D; O |, i=1....m,
0 Aiz A
. 0 B1 B . 0 B Bp2
B=|0 0 0|, B=|0 0 o|. (43)
0 B3 Ba 0 Biz Bia

Corollaries 1 and 2 hold also with matrices given by (43), i.e., for the second
representation.

Remark 3. The case of non-descriptor system (11), where- 0, with a special
distributed delay term (34) has been considered in [11] by applying the first
descriptor form representation. For this case results of Corollary 2 coincide with
results of [11].

The two different descriptor representations of neutral systems may lead to
complementary results: for some systems conditions of Corollary 1 (or 2) for one
of representations hold and for another do not. We illustrate this by two examples
of non-descriptor neutral systems.

Example 1. Consider a non-descriptor neutral system

X(t) — D1x(t — g) = Aox(t) + A1x(t — h), (44)
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where
-2 0 1 3
AOZ[ 0 —15] Al:[—s 1]
-08 0
Dl:[ 0.2 —0.8]' (45)

Since there is no distributed delay term we may apply both corollaries. We apply
Corollary 1. We use an LMI Toolbox of Matlab for solution of LMIs. The stability
conditions of [28] and of Corollary 1 for the second representation do not hold
for this system. Applying Corollary 1 for the first representation we find that this
system is stable for all delays.

Example 2. Considering the system (44) with

0 1 0 09
Aoz[—z —3] Al:[—l.s —1.9]

and D1 as above, we find that stability conditions of Corollary 1 for the first
representation do not hold. By [28] and by Corollary 1 for the second represen-
tation the system is asymptotically stable for all delays.

5. Delay-dependent stability. Effects of small delayson stability of
descriptor systems

5.1. Delay-dependent stability conditions

We are looking for delay-dependent conditions with respect to slow vari-
able x1. With respect to discrete delays in the fast variables, the results will be
delay-independent. The latter guarantees robust stability with respect to small
changes of delay. We apply to (11) a descriptor representation introduced in [11]
for non-descriptor case:

x1(t) = y(1),
[)’(t) _Z:‘n:lDi)’(t_hi):|
0
-[En he]os 2] -m
" 0 0
_Z[;‘g] / y(t+s)ds+/B(s)x(t+s)ds. (46)
i=1 “h; “h

The latter system can be represented in the form
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m m 0
Ei0 =Y Ak —h)+ Yo, [ 5 +9)ds
i—0 b

i=1

0
+ / B(s)x(t + s)ds, (47)
—h
where
X1 B Iy, 0 0
=y |, E=| 0 0, 0|,

X2 0 0 012

0 I 0

0 O 0
Alz 0 D Ap |, i=1, ,m,
_0 0 A
0 0 0 0O 0 O
Biz 0 —A;1 O], B=|BL 0 B |. (48)
_0 —A;z3 O B3 0 By

From Theorems 1 and 2 the following result follows:

Theorem 3. Under (Al’) ((A1”) for the case ofB4 = 0) and (A2), (11) is
asymptotically stable if there exist a matrix of (22), with (n1 x n1)-matrix
Py and(n x n)-matrix P3, and(n1 +n) x (n1+n)-matricesk; = R], Q; = 0],
i=1,...,m, R=RT that satisfy the following LMI

rv pPTAy ... PTA, mPT'By ... h,P'B, hPTT
* —01 ... 0 0 0 0
* * x —Q0p 0 0 0
* * * * —h1R1 0 0
L * * * * * * —hR |
<0, (49)

where

0
m m
lI’:PTAo—i—AcT)P—i—ZQi+ZhiRi+/ET(S)RB(s)ds.

i—1 i—1 f
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For the case of special distributed delay term (34) we obtain (47)Kuith A;
given by (48), and

) o o0 o0
B =0, Bi=| Bi1 —Ai1 Bi2
Biz —A;3 Bis

For this case Theorem 3 holds undadj and (A2).

Remark 4. In the case of non-descriptor system (11) with a special distributed
delay term (34) Theorem 3 gives the same delay-dependent conditions as [11].

5.2. Sufficient conditions for robustness of stability with respect to small delays

Itis well known [22] that small delays may change the stability of a descriptor
system. Necessary conditions and sufficient conditions for robust stability of
descriptor systems with respect to small delays are given in [22] in terms of
the spectral radius of a certain transfer matrix. Theorem 3 yields the following
effective LMI criterion for robust stability:

Corallary 3. Assume thafA2) holds. Then(11) is asymptotically stable for all
small enougth; > 0 andi > 0 if there exist a matrixP of (22), with (n1 x n1)-
matrix P, and (n x n)-matrix P3, and (n1 + n) x (n1 + n)-matricesQ; = Ql.T,

i =1,..., m, that satisfy the following LMI

PTAO-FASIS-FZ;":]_Q,‘ PTA, ... PTA,
* - 0
. G g (50)
* * * —O0m

Proof. If (50) holds, then folR; = R = I,,,+, and small enough delays (49) holds
and result follows from Theorem 3.0

Note that (50) guarantees delay-independent stability for the following de-
scriptor system without terms with distributed delay and with zero-delay in the
slow variable:

i) = Yy Dixat —h) |~ , [ )
[ 0 } ZA’[xza—hi)]

i=0
5.3. lllustrative examples

We consider two simple examples from [22] and [10].



42 E. Fridman / J. Math. Anal. Appl. 273 (2002) 24-44

Example 3[22]. Consider the system

[_11 _11}5(@):[_01 _Ol:|x(t)+|:_ll :|u(t),
u(t) =[1—-1x(t — h), (51)

wherex (r) = col{x1(r), x2()} € R2. The closed-loop system (51) has a following
canonical form:

x1(t) =0.5x1(¢) — x1(t — h), (52a)
0= —x1(t) — x2(2). (52b)

Stability of (52) is equivalent to stability of the first retarded type equation and
thus stability is robust with respect to small delays. By well-known frequency
domain results (see, e.g., [9, Chapter 3, Section 3]), (52a) is asymptotically stable
for h < h* and unstable fok > h*, whereh* = arccos(6/./(3/4) ~ 1.2092.
Applying to (52a) more conservative LMI criteria of [17,20] we obtain that the
system is stable fok < 0.33. By LMI criterion of Theorem 3 we obtain the less
restrictive result: (51) is asymptotically stable fox 1.

Example 4 [10]. Consider the system

|:é gi|x(f)=|:_02 _11:|x(t)+|:é 0?5]x(t—h)’ (53)

wheree = 0. By applying LMI of [10] we find that the system is asymptotically
stable forh < 0.14. By applying delay-independent stability criterion of Theo-
rem 1 we find that the corresponding LMI has a solution. Therefore the system is
asymptotically stable for all delays.

Note that solving the algebraic equation of (53) with respeat tand substi-
tuting the resulting expression into the differential equation of (53), we obtain the
following decoupled system of equations:

x2(t) — 0.5x2(t — h) = —2x2(¢t) + x2(t — h) — 0.5x2(t — 2h),
x1(t) = —0.5x2(t) + 0.25x2(r — h).
By well-known results [14] the first scalar equation of the latter system is as-

ymptotically stable for all delays. Hence, the latter system and system (53) are
asymptotically stable for all delays.
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