Automatica 152 (2023) 110971

Contents lists available at ScienceDirect
automatica

Automatica

journal homepage: www.elsevier.com/locate/automatica

Brief paper

I.)

Check for
updates

Lie-brackets-based averaging of affine systems via a time-delay
approach”

Jin Zhang ***, Emilia Fridman®

@ School of Mechatronic Engineering and Automation, Shanghai University, Shanghai 200072, China
b School of Electrical Engineering, Tel Aviv University, Tel Aviv 69978, Israel

ARTICLE INFO ABSTRACT

Article history:

Received 21 May 2022

Received in revised form 16 November 2022
Accepted 20 January 2023

Available online 11 March 2023

In this paper, we study input-to-state stability (ISS) of affine systems with a small parameter ¢ > 0
and additive disturbances in the presence of state-delays. We present a time-delay approach to Lie-
brackets-based averaging, where we transform the system to a time-delay (neutral type) one. The
latter has a form of perturbed Lie brackets system. The ISS of the time-delay system guarantees the
same for the original one. We present a direct Lyapunov-Krasovskii (L-K) method for the time-delay
system and provide sufficient conditions for regional ISS. Further we apply the results to stabilization
of linear uncertain systems under unknown control directions using the bounded extremum seeking
controller with measurement delay. In contrast to the existing results that are all qualitative, we
derive constructive linear matrix inequalities for finding quantitative upper bounds on ¢ and the time-
delay that ensure regional ISS of the original system and on the resulting ultimate bound. Numerical
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examples illustrate the efficiency of our method.
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1. Introduction

Extremum seeking (ES), as a real-time model-free optimiza-
tion approach, has received much attention during the past
decades, starting with the rigorous proof of local convergence
in Krsti¢ and Wang (2000) and extension to semi-global conver-
gence in Tan, NeSi¢, and Mareels (2006). Various maps and dithers
were introduced for ES systems in Diirr, Stankovi¢, Ebenbauer,
and Johansson (2013), Grushkovskaya, Zuyev, and Ebenbauer
(2018), Guay and Dochain (2014), Oliveira, Feiling, Koga, and
Krsti¢ (2020), Scheinker and Krsti¢ (2017) and Tan, NeSi¢, and
Mareels (2008). Besides, ISS of nonlinear time-varying systems
with application to ES was recently studied in Labar, Ebenbauer,
and Marconi (2022). A majority of the aforementioned literature
relies on the classical averaging method (Khalil, 2002) and Lie
brackets approximation (Gurvits & Li, 1993; Sussmann & Liu,
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1993). By exploiting the converging trajectories property of the
original system and the averaged system, the stability of the
original system is guaranteed provided that the parameter ¢ > 0
is small enough. In case of averaging-based stability analysis of
time-varying systems, a direct Lyapunov method along solutions
of an oscillatory system was suggested e.g. in Morin and Samson
(1997) and Teel, Peuteman, and Aeyels (1999). Note that in Morin
and Samson (1997) the first analytical upper bound on & was
suggested, but in the example the analytical upper bound was
not calculated (being conservative) and appropriate values of &
were found from simulations. However, bounds on the small
parameter found from simulations only are not reliable for the
unknown systems. Some upper bounds on the small parameter
for finite-time stabilization of linear systems under unknown
control directions via classical ES method were presented in Mele,
De Tommasi, and Pironti (2022). However, the latter bounds still
employed approximations.

Recently, a constructive time-delay approach to periodic av-
eraging was introduced in Fridman and Zhang (2020), where
the system is transformed to a time-delay (neutral type) system
whose nominal part is the stable averaged system. The direct
Lyapunov-Krasovskii (L-K) method applied to the neutral system
leads to linear matrix inequalities (LMIs) for finding an efficient
upper bound on the small parameter ensuring the stability and
ISS of the original system. In Zhang and Fridman (2022b), an im-
proved time-delay approach to periodic averaging was presented
with fewer terms to be compensated in the L-K analysis leading
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to less conservative and simpler LMIs. The time-delay approach to
averaging was applied to power systems (Grifid, Ortega, Fridman,
Zhang, & Mazenc, 2021), vibrational control (Zhang & Fridman,
2022a), and extended to ES (Zhu & Fridman, 2022; Zhu, Fridman,
& Oliveira, 2023). Note that for the completely unknown models,
the time-delay approach allows for new results (e.g. sampled-
data and delays in Zhu et al., 2023) and more explicit bounds,
whereas for partially unknown models (with applications of ES
to control of vehicles in GPS-denied environment) it provides the
quantitative bounds that are very important for reliable control.

As it is well known, input and output delays are unavoidable
in practical applications. Classical ES subject to a large known
constant delay was studied in Oliveira, Krsti¢, and Tsubakino
(2016) by using backstepping-based predictors and in Malisoff
and Krstic (2021) by using sequential predictors. Robustness of
classical ES with constant sampling and small constant delays
was presented in Zhu et al. (2023). We will consider, for the first
time, affine systems in the presence of state time-varying delays
(without any restriction on the delay derivative) that may include
the sampling and constant delays as particular cases.

In this paper, motivated by Fridman and Zhang (2020), Zhang
and Fridman (2022b), Zhu and Fridman (2022) and Zhu et al.
(2023), we propose a time-delay approach to Lie-brackets-based
averaging of affine systems with a small parameter ¢ > 0 and
additive disturbances in the presence of state-delays. We trans-
form the affine system to a time-delay system of neutral type
without any approximations. The ISS of the resulting time-delay
system guarantees the ISS of the original one. We provide L-K-
based sufficient conditions for regional ISS. We further consider
an application to stabilization of linear systems under unknown
control directions (Scheinker & Krsti¢, 2013), where we employ a
bounded ES controller (Scheinker & Krsti¢, 2014) in the presence
of delayed measurements and derive LMIs. By verifying these
LMIs, one can find quantitative bounds on ¢ and on the time-delay
that ensure regional ISS along with the corresponding initial and
attractive balls. A conference version of the results confined to the
non-delayed case was presented in Zhang and Fridman (2022c).

Notation: The Lie bracket of two vector fields f, g : Rx R" — R"
with f(t, -) and g(t, -) being continuously differentiable is defined
by [f, gl(t, x) = "g“‘)f(t x) — LY (t, x). For x,y € R", we use
x =y to denote x +y y (not the set {x+y,x —y}).

We will employ extended Jensen’s inequalities (Grifio et al.,
2021):

Lemma 1. Letf : [a, b] — Rand ¢ : [a, b] — R", where a < b, be
functions such that the integration concerned is well-defined. Then
for any 0 < R € R™" the following extended Jensen’s inequalities
hold:

[ F(s)pT(s)dsR [ F(s)(s)ds

< [LIF(0)1d8 [, 1F(5)|¢T (s)Rep(s)ds,

[ [P gT(0)dodsR [* [ (6)dods

< 58 [ [ @ (O)Re(0)d0 s,

L2 [P [P o (6)dedodsR [} [ [ ¢(&)dedads
< B0 b (b 1Y 4T ()R (& )dEdBS.

2. A time-delay approach to Lie-brackets-based averaging

(1)
(2)

(3)

Consider the following input-affine system in the presence of
state time-varying delay:

X(t) = fo(t, x(t)) + v(t)
4
%Z )f(t X(t —et(t)), t=>to
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with the state x(t) € R", the fast-oscillating signals u; : [tp, c0) —
R (i = 1,...,¢), small parameter ¢ > 0, map fy : [ty, 00) X
R"™ — R" that is continuous and locally Lipschitz continuous
in the second argument, twice continuously differentiable maps
fi ¢+ [tp,00) x R" — R" (i = 1,...,¢) and the disturbance
v : [tg, 00) — R™. For simplicity we consider to = 0. We assume
the following:

Al For i,j = 1,...,¢, the following holds (Diirr et al.,, 2013;
Grushkovskaya et al., 2018; Labar et al., 2022; Scheinker & Krsti¢,
2014):

(i) y ( ) is piecewise- continuous bounded and e-periodic in ¢,
has zero mean value, i.e. fo 2)ds = 0;

(ii) for every compact set C C ]R" the functions fy(t, x), fi(t, x),
af’(r L, Uiltx) 0 ("f‘(t Yf(t, x)) and (fo (LY £ (¢ x)) are uniformly

a  x
bounded forall x € C and t > 0.

A2 The disturbance v(t) is assumed to be measurable and locally
essentially bounded meaning that

[v[0, tlllcc = esssupgepo g [V(O)] < 00 V¥t > 0.

A3 The delay t(t) is supposed to be bounded, i.e. 0 < t(t) < )
and fast-varying (without any restriction on the delay derivative).
Assumption A3 includes sawtooth delays that model network-
based control. The initial condition of the delayed system (4) is
given by x(0) = ¢(0), 6 € [—ety, 0] with ¢ € C[—e1y, 0].
The small delay consideration is consistent with the fast structure
of (4), where x(t) = 0(¢~%>). The small delay et(t) assumption
is consistent with the same assumption (for the fast subsystem)
for a singularly perturbed LTI system, which is necessary for
delay-dependent stability of the system (Fridman, 2002).

Remark 1. As in Section 3, v(t) in (4) may be dependent on x
(i.e. v(t) = v(t, x)) provided that it is uniformly bounded in x and
t as well as the solution of system (4) starting from the initial ball
|x(0)] < o9 is well-defined.

The Lie brackets averaging method (Gurvits & Li, 1993; Suss-
mann & Liu, 1993) has not been applied yet to the delayed
system (4). To obtain the averaged system of (4), we first use the
following:

JUi(E (e x(t — eT(0))) = Zui(}) )
< IR X(0) = [0 D80 oi(s)ds].

By defining

¢ t
1 t / ofi(t, x) .
—— E i(— — |y ds, 6
7 L uz(g) — ox |x—x(s)x(5) S (6)

we rewrite the delayed system (4) as
x(t) = fo(t, x(t)) + v(t) + Yz1(t)

t
7
+ L Y uCREA), £ 20 ™

i=1
Note that le( ) is of the order of O(ty;) provided x(t) is of the
order of O(—= =). Thus, the term Yz;(t) will vanish as 7y — 0. The

resulting tlme delay model (see (19)) will be a perturbation of the
following “averaged” system

14 14
+ i
; ,»;1 4 (8)
% Ufi £1CE Xao(£)) + 0(E) + Yer(E)lxesan

with x4,(t) € R" and

Bij = Zfof i(

Xau(t) = fo(t, Xau(1))

Juj(£)dods. (9)
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By changing the order of integration in (9) and adding the zero
term % [¢ fgo ui(2)ui(£)dsdd (due to (i) of A1) to the right-hand

side of (9), weobtainforij: 1,...,¢
Bi= = fo fo dsd@
+;2 I f f) ~(f)dsd6' (10)
= fo f )dsd9 = —Bji.

The latter 1mplles ,Bii =0(i=1,...,4).

Differently from the Lie brackets system (8) approximating the
behavior of the original system (4), we will directly transform
system (4) to a time-delay system, which may be considered as a
perturbation of (8). Namely, as in Fridman and Zhang (2020) and
Zhang and Fridman (2022b) we integrate both sides of system (7)
over [t — e, t] fort > &+ e1y, i.e.

A-Kee) - 1ﬁ [fols, X(5)) + Yea(s) an
+v(s) + ﬁ g(s)lds, t>e+ety
with
Zu fi(t, x(t)). (12)
Then we present the left-hand side of (11) as
MRS — Lx(0) + G(0)]
+2 [ 1fols, X(8)) + Yer(s) + v(s))ds (13)
—fo(t, x(t)) = Yri(t) — v(t), t=e+ ey,
where
G6) = -7 [l (s—t+e)g(s)ds (14)

with notation (12). Note that G(t) depends on g(t) only (that is the
fast-varying term to be “averaged”) and not on the whole x(t) as
in Fridman and Zhang (2020). From (11) and (13) we obtain

1x(e) + GO = folt. (0)) + Yer(£) + o(t)
+iE S gs)ds, t>e+eTu.

Denote for t > ¢ + ety

(15)

8f,-(9 X)

ox  Ix=x(0

£ t t
1 s 9fi(0, x)
t) = Tl Z/ / uf(g) 30 |x:x(9)d9d5’
: —& Js

¥ //wmww
s e’ ox

X fo 9,x ))déds,

o[ [ [

=1

x g (A E X))|X=X($)k(§)d§d0ds,

s [ "

j=1

1
(BeXpe, )| X(E)deOds
Z

o RS
t—e Js 921’(9 8 8

BN | e X(E)dEdOds.

)v(e)deds,

|x=x(9)

—~

m
HMN
[N

= =

£l

MN‘_‘
M -

\@ﬁ

8

s

Yr2(t 8]2
i=1 j=1

df,(9 X)
ax  Ix=x(0)
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By subtracting the zero terms fft . g)dsfl(t x(t)) (due to (i)

of A1) fori=1,..., ¢, we present

¢ t
oIt 2 s@/u )
x[fils, x(s)) — fi(t, x(t))]ds (17)
afi(
= Yot Z/ / 2 fax oo (0)d0s.

For the last term on the right-hand side of (17), we have

Z// 2 3f,9x|x (o X(O)0ds
14 t
SN ERAL: —%ZZ//

=1 j=1
xu( DGR (6O, %6 — s7(6)))

££(0, x(0))) £ Lt oxei(E> X(£))1dOds

¢
=Y Bilfi e, x(t)

i=1 j—i+1

+ Z Yi(t) + Y
where in the first equality we added and subtracted

I J JS w6, %(9))

afi(t, ..
+ faxx |x—x(r)f1 (t,x(e))dods, i,j=1,...,4¢,

(18)

+ YTZ( )

and in the second equality we used (9) and (10). Substituting (18)
into (17) and further into (15), we transform system (4) to the
following time-delay system:

3
SO + GO = fo(t, X() + Y Yi(t)

i=0
4 4
+>0) 7 Bilfi f1(E. x(1)) (19)
i=1 j=i+1
2
t)+ Z Yi(t) +u(t), t>e+ety
i=1

with x(t) satisfying (4), B; given by (9), G(t) defined by (14) with
notation (12), Y,(¢t), Yi(t) (i = 0, ..., 3) and Y;,(t) given by (16),
and Y,(t) given by (6).

Differently from the time-delay approach to the classical av-
eraging of linear systems (Fridman & Zhang, 2020; Zhang &
Fridman, 2022b), we here propose a time-delay approach to the
Lie-brackets-based averaging of nonlinear systems leading to a
time-delay neutral type system. The latter system is a perturba-
tion of the averaged system (8) given in terms of Lie brackets.
Moreover, compared with the averaged system (8) via the Lie
brackets averaging (Diirr et al., 2013; Grushkovskaya et al., 2018;
Labar et al., 2022; Scheinker & Krsti¢, 2014), system (19) addi-
tionally includes perturbation terms G(t), Y;(t) (i = 0, 1, 2), Y,(t)
of the order of O(/¢), Y3(t) of the order of O(¢) and Y,,(t) of the
order of O( /ety ) provided X is of the order of O(is). Note that
the perturbations as well as Y., (t) defined by (6) will vanish as
e — 0 and 7y — 0. If ¢ and 1y increase, system (4) may become
unstable. However, till recently bounds on the small parameter
could be found from simulations only, which is not reliable for the
unknown systems. Thus, differently from the qualitative analysis
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in Diirr et al. (2013), Grushkovskaya et al. (2018), Labar et al.
(2022) and Scheinker and Krsti¢ (2014), our objective is to find
the first efficient quantitative upper bounds on ¢ and 1y that
ensure the stability.

Remark 2. Note that the term Y,(t) in system (19) may be treated
in the Lyapunov analysis as a disturbance, which can be directly
upper bounded (as considered in Zhu and Fridman (2022) for ES
method). Alternatively, one can consider appropriate Lyapunov
functional (see (46)) to compensate this term that leads to less
conservative results than those via the upper bounding method.

Remark 3. From (11), (17) and (18) we obtain the following
integral equation

x(t + &)= x(t)+ % [ gls)ds
+ [T fols, x(9)) + Yer(s) + v(s))ds

3
=X(t)+ Y eYi(t) + Y, (t) + Yea(t)
i=0

2 13
+) ) eBilfi e, x(1)

i=1 jo=it1
-I-ftHS(fO(S’ X(s)) + Yi1(s) + v(s))ds, t=>0,

where Y,(t), Yi(t) (i =0, ..., 3) and Y,, are from (16) and Y, is
from (6) with t and t — & changed by t +¢ and t, respectively. The
latter is similar to the integral equations (A.2) in Grushkovskaya
et al. (2018) and (A.23) in Labar et al. (2022). In the time-delay
approach, instead of the integral Eq. (20), via (13) we arrive at
the differential Eq. (19) with time-delays that allows to apply L-
K method and to derive constructive and explicit LMIs for finding
an efficient upper bound on ¢ that ensures the ISS along with the
resulting ultimate bound (see Section 3).

We now present the relation between solutions of systems (4)
and (19):

Proposition 1. [f x(t) is a solution to system (4), then it satisfies
the time-delay system (19) with notations (6), (12), (14) and (16),
where x(t) is defined by (4).

From Proposition 1 it follows that if solutions x(t) of the time-
delay system (19) for t > ¢ + ety satisfy some bound (e.g. ISS
bound given by (22)), then the same bound holds for solutions of
the affine system (4) for t > ¢ + e1y.

We will present next Lyapunov-based regional ISS conditions
for system (4). We assume that given0 < oy < 0, > 0and ty >
0 let there exists a constant § > 0 such that solutions of the Lie
brackets system (8) starting from the initial ball [|¢|c{—g—¢zy,00 <
oo are exponentially approaching an attractive ball of radius o
with a decay rate 6. Our conditions will be formulated in terms
of Lyapunov functional V(t) = V(t, X, X, &, &, Ty ) for the time-
delay system (19) (proved as Proposition 2 of Zhang and Fridman
(2022¢)):

Proposition 2 (Regional ISS of System (4)). Consider system (4)
subject to A1, A2 and A3. Given ¢* > 0 and 7y > 0, let
there exists a locally Lipschitz in the first four arguments Lyapunov
functional V(-, -, -, -, &, tm) : [e + Ty, 00) X C[—¢, 0] X Ly(—& —
ey, 0) x Ly(—e,0) — Ry with ¢ € (0, e*] such that V(t) =
V(t, x;, X, &, €, Ty ) is absolutely continuous along solutions of (19)
for t > & + ety. Moreover, let there exist positive scalars oy, o, p;i
(i=1,2,3),4, y, yo and o such that oy < o1 and the following
conditions hold for all £ € (0, £*]:

(i) V(e + etm) < pl”"s-&—er”%[,gyo] + 021|8etery ||fz(7g,0) + p3

||ks+£rM ”%2(75,81—%0) and V(e + ety) > |x(e + 87:M)|2;
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(ii) V(t) + 28V(t) — ¥ — yolv(t)]? < 0Vt > & + ety for solutions
of (19) subject to |x(t)| < o Vt > & + g1y;

(iii) ||Xs+etM “C[fs,O] < o < o, ||g8+stM ||L2(7a,0) < oy and
|Xetery liy(—e—ery,0) < o3 for solutions of (4) starting from

lpllcr—ezy.01 < 0Oo0.
If additionally the following holds:

3 *\2
pr0i2+w < o2, (21)
‘ 268

i=1

then for all disturbances v(t) subject to

V[0, t]llec < v* VE >0, Vee(0,e*]

and for all & € (0, *] the solution of (4) starting from ||¢|lc(—sz,.01
< oy satisfies

X(t)? <o} <o?, tel0,e+ eyl

3
()P < e 2t=emem) N pig? (22)
i=1
2
+7+V0|\;§0,t]|\00 < 027 t> ¢+ ey
Moreover, the ball
X={xeR":|x < ”“’37‘5(“*)2} (23)

is exponentially attractive with a decay rate §.

Remark 4. For system (4), we can consider also a state time-
varying delay in the term fy(t, x(t)), i.e. fo(t, x(t — n(t))) with
fast-varying but bounded n(t). In this case, we will arrive at
system (19), where fo(t, x(t)) is changed by fo(t, x(t — n(t))). The
results of Propositions 1 and 2 can be correspondingly extended
to this case.

3. Stabilization under unknown control directions

We consider the following linear system
x(t) = A(t)x(t) + B(t)u(t), t=>0 (24)

under a bounded ES controller with a time-varying delay that
appears due to delayed measurement of the state

u(t) = Jaw cos(wt + kix(t — Z(t))?)

= Jaw[cos(wt) cos(k|x(t — Z1(t))|?) (25)
— sin(wt) sin(k|x(t — 2Z(t))|?)].

Here x(t) € R" is the state, u(t) € R is the input, w is the
frequency of the dither signal whose magnitude is /aw with
o > 0, k > 0is the controller gain, and the delay (t) satisfies A3.
To implement u(t) for t > 0, we assume that the measurements
of x(t) are available for t > —%”rM. The time-varying coefficients
A(t) and B(t) have the following form

A(t) = Ay + AA(t), B(t) = By + %Asm, (26)

where Ay € R™" is a constant matrix, By € R" is a known
constant vector up to its sign, and AA(t) € R™" and AB(t) € R"
denote the time-varying uncertainties that satisfy the following
inequalities
[AA) < Aa, |AB(t)] < Ab Vvt >0 (27)
with small constants Aa > 0 and Ab > 0. The latter implies
IAOI <a VE=0, a=]lAl+ Aa. (28)

Moreover, since the sign of By entries is unknown, one cannot
design for system (24) a classical PID type stabilizing controller.
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For simplicity we here consider that AA(t) and AB(t) depend on
t only. Both uncertainties can be dependent on t and x provided
that they satisfy (27) for all t and x and the solution of system
(24), (25) is well-defined.

By letting w = 27” we rewrite system (24)-(26) in the
following form

#(t) = [Ao + AA)IX(E) + Y222 By [ cos(224)
x cos(k|x(t — gr(t))|2) sin(M)

x sin(k|x(t — et(t))|*) | +v2ma AB(t
x cos(2ZL + k|x(t — eT(t))]), t=> O,

which can be presented as system (4) with

=2, folt,x)=1[Ao + AA(t)]x,

fi(t, x) = Bo cos(k|x|?),  f(t, X) = —By sin(k|x|?),

ur(L) = v2warcos(ZL),  uy(t) = v2mwasin(ZL) (30)
u(t) = V2w AB(t) cos( L + klx(t — E'L’(t))|2).

The initial condition of system (29) is given by x(0) = ¢(0),
0 € [—ety, 0] with ¢ € C[—eTy, 0].
Taking into account

¢ 4
Do Bilfi S0

i=1 j=it+1

= —kaByB}x,

the averaged system that corresponds to (29) is given by the
following Lie brackets system:

Xay(t) =

with x4, (t) € R",

[Agy + AA(E)IXqu(t) + le(t)|x:xav + v(t)|x:xav
v(t) defined in (30) and

Yo(e) = 2eze [0 sin(2E 4 kix(s)?)

. (31)
xBoxT(s)k(s)ds, Aay = Ao — kaBoBy.

We assume that there exist constants « and k leading to Hurwitz
Agy in (31). This assumption guarantees the solvability of LMIs in
Theorem 1 and Corollary 1 for small enough ¢* > 0, 7y > O,
Aa > 0 and Ab > 0. A sufficient condition for existence of
a stabilizing ok is BOB(T) > 0 (implying controllability of the
corresponding system (4), where u; and u, are considered as
control inputs). Note that in Example 2, where Ay possesses
purely imaginary eigenvalues, we managed to find a stabilizing
ak though BoB] is singular.

We will further present explicitly the time-delay system (19)
that corresponds to (29). Here G(t) is defined by (14) with

t) = /27 aBy cos(ZZL + klx(t)]?), (32)

whereas notations (6) and (16) have the following form: Yy(t) =
Y3(t) = 0 (due to By = 0), Y;¢(t) is defined in (31) and

47'[/{0([[ gf Slrl 27rS +k|X( )| )
xcos(w + k|x(0))? )BOABT( x(0)dods,

¥i( Zk«/ﬂft gff sin(% + K|x(0)?)
xBox™ (6)A(0)x(0)do ds,
Valt) = — 228 [, [} J; BoBisin(2(s — ) =

+4k cos(*Z (s + ) + 2K|x(§)* x(§ X" (§)

+sin(ZE (s + 0) + 2K|X(E)P)1k(€ )dE dods,
Yoo(t) = Sﬂk < ft gf f@ gr(g)SIH(Zﬂs + k|x(6 )| )

X Sin(zjsﬁ + k|x(&)I?)BoBLx(0)XT (& )X(& )dE dOds.
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Thus, using (32) and (33) the time-delay system (19) is presented
as follows:

LIX() + G(£)] = [Aay + AA(D)IX(E) + Y, (1)

2
(34)
+ Y (V) + Yel) + 0(t), €= &+ e,
i=1

where X(t) satisfies (29).

Remark 5. Note that system (29) can be also presented as system
(4) with v(t) = 0 and

fi(t, x) = B(t) cos(k|x|?), fo(t, x) = —B(t) sin(k|x|?),

where the other terms coincide with (30). The latter leads to zero
term Y,(t) and non-zero terms Yy(t), Y3(t) (to be compared with
zero terms Yo(t), Y3(t) and non-zero term Y,(t) under the ex-
pression (30)), which complicate the stability analysis. Moreover,
one needs to impose an additional assumption on the derivative
of B(t) (which should be small) such that non-zero terms Yy(t)
and Y5(t) are small perturbations. It is clear that expression (30)
provides a simpler stability analysis and removes the assumption
on the derivative of B(t).

Theorem 1. Consider system (29) subject to (27) under || ¢ || cj—szy,01
< oy. Let positive a and k lead to Hurwitz A, in (31). Given Aa > 0,
Ab > 0 and ty > 0, positive scalars §, €*, o9 < o and a tuning
parameter q > 0, let there exist n x n symmetric positive definite
matrices P, R, Q,, Q;, Q; (i = 1, 2) and positive scalars Ap, Ag, Ag,,
Agp A, (i=1,2), A, v, yo that satisfy the following inequalities for

all ¢ € (0, &*]: (21) and

P—1 P
o= [ o, +R6725£*} >0, @ <0, (35)
ym =y — 2kgmal|Bo|* — /Ehg,(j1|Bol)* = O, (36)
P<isl, R<il, Q =<hql, )
Q =<Aigl, Qi=<Xgl, i=12,

o1 = e 1+ W)(gy + /2e*ma(|By| 4 /¥ Ab)
X(1+1y)) <o
where @ is the symmetric matrix composed of
@11 = PAg, + AL P 4 28P + A(Aa)l + [Ve*hg,
x(Ab)? + /e*hq, (kao }* + 4/e*rq, ki*(1 + ko?)
+TmAq,, (kL) + v/e¥Tmhq,, (€% ™ okin)?](Bo |1,
@ =AlP+25P, @;=P, i=12 j=3,...,9,

(38)

By = — 25" 4 I8P, by = _4\/?5(1“0[)2 e 2", (39)
Pag = _Zx/sl*mx e Qi, Pes = _811\;716( e PmQy,,
P55 = —me_zw%, Dgg = —Al,
D77 = _me—zas*(zﬂ’ DPgg = —yol
with other blocks being zero, and
= 2e*ma|By|, v* = 2mwaAb,

03 = /1 F tylae® 1+ (/e*ay 4 /2w ae*(|By|
+/e* Ab)(1 4 ) + V2 a(|Bo| + /¥ Ab)],
pr=01+ %))\P + &*/e*|Bo|*[Aq,(AD)? + Aq, (kac )*], (40)
P2 = (14 q)rp + Ag,
p3 = &*|Bo[V/e* g, (1 + 2ko?)? + Ty hq,, (ko )?
Ve Ay, (ko? (3 + e ™)),
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Here a is defined in (28) and ji = /e*ac + /2w a(|Bg| + +/€* Ab).
Then for all ¢ € (0, &*] the solution of system (29) with the
initial condition ||¢||c(—ezy.01 < 00 satisfies (22). For all the initial
conditions ||@|lcj—ezy,00 < oo the ball (23), where v* is defined in
(40), is exponentially attractive with a decay rate 5. Moreover, the
inequalities (21) and (35)-(38) are always feasible for small enough
e* >0, 14 >0, Aa > 0and Ab > 0.

Proof. As in Zhang and Fridman (2022c) and Zhu and Fridman
(2022), we assume that

[x(t)] <o Vt=>0. (41)

holds for solutions of system (29). Note that (41) can proven
by following the contradiction-based arguments in Zhang and
Fridman (2022c) and Zhu and Fridman (2022). For the analysis
of system (29), we employ Proposition 2 and choose

Vp(t) = [x(t) + G(t)l;, 0 <P eR™™, (42)
where G(t) is defined by (14) with (32). Differentiating Vp(t) along
(34) we obtain

Va(t) = 2[x(t) + G(t)]"P[(Aqy + AA(DX(E)
2

Yy (0) + ) (Y(E) + Yeil£)) + v(0)].
i=1

To compensate the term G(t) in
Shaikhet, 2016)

V() = & [, e ) s — ¢+ &)?|g(s)3ds, (44)
where 0 < R € R™", We have
Vi(t) + 28Vi(t) = |g(t)?

—g% f[t e B (s — £ 4 &)|g(s)|3ds (45)

(37 2
< 2)\.R7TO[|Bo|

(43)

(43), we employ (Fridman &

265|G(r)|2
where we used the extended Jensen’s inequality (1)
GO < 5 fi (s — t+ &)lg(s)[3ds
To compensate the term Y,(t) in (43), we suggest
t t —
Vo, ity = % ftigfs e~ D=0)(s —t 4+ ¢)
X |BoABT(0)x(0)[3, dOds, 0 < Q, € R™".
Via (26) and (3 ) we have
Vau(n) + 28Vo, () = /&|Bo ABT(X(0)]3,
_ﬁ f[_s fs e—25<t-9)|BOABT( 0)x(0)[3, dods (47)
< V/Ehg, (AbIBo P IX()? — 7bme P IV (013,
where we used the extended Jensen’s inequality (2)
2
Yo(£)2, < 8= 0 [T 1By ABT(0)x(6)12, d6ds.
To compensate the term Y;(t) in
2 t t _ —
Voo = 2% J, i e s —t +e)
><|BoxT(9)/‘\(0)x(9)|zQl dods, 0 < Q; € R™™",
From (28), (37) and (41) we obtain
Va, (£) + 28V, () = +/&k?(Box" (D)AOX(D)3,
2
— 2 ft , JE e 2= BoxT (g )A(Q)x(0)|(221 dods (49)
= «/j“Q] kaa |Bo|*[x(t)* — m _258|Y1(f)(221
where we used the extended Jensen’s inequality (2)

VA0, < e [T [ |Box" (0)AX(6)[3, d6ds.

(46)

(43), we suggest

(48)
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To compensate Y,(t) in

Vo,(0) = 7 Jie Jo Jy €775 — t + €)[BoBy
X (I + 2kx(& X7 (§))X(£)I5,dedOds, 0 < Q € R™™.

)-(29), (37) and (41) we obtain

(43), we consider

(50)

From (27

Vi, (t) + 28V, (t) = ‘B B |BOBT(1+21<X( t)
KOG, — gz Jee Sy Jy €209
x|BoBg(1+2kx(g X (€))%(£)[3, dEdods (51)
< V&g, (1|Bo|)*(1 + 4k(1 4 ko®)|x(t)|?)

9 —28£|y2( )

" 4 /e(rka|By|)? e Q’

where we used the extended Jensen’s inequality (3)

YVa(0)3, < Sk’ ¢t |BeB]
(1+2kx($) (£))%(8)I5, A dods,

and
VEIX(O)| < V/Eao + v/2ra([Bo| + /EAD) £ 1 (52)
In order to compensate the term Y;{(t) in (43), we suggest

Ver =K ft eTm .[ e - S)lB XT(S)

2 nxn (53)
xX(s )|Qﬂdsd(9, 0 < Q;q € R™,

From (27)-(29), (37), (41) and (52), we obtain
Vo, (t) + 28V, (t) = erk2|BoxT(t)>’c(t)|zqﬂ
—I2 [, e P Box (s)k(s)3 d (54)
< Tk, (kilBo PIX(D)P — g-l—e —stwﬂ(r)laﬂ,
where we employed Jensen’s inequality (3.87) in Fridman (2014)
Yea(0)I3, | < 8umka ff_”M |Box" ($)X(5)lq, , ds.
To compensate the term Y;,(t) in (43), we suggest
2k2
VQyz = oVelBo ft e-f fe ory (S~ E+€)

(55)
&2 BoBTx(0T (£)(&)13, dEdods,

where 0 < Q,; € R™", We obtain

. 2
Vo, (t) +28Vq,,(t) = fl‘(z ftt —_— |BOBTX(I)

<X (EWENR, 06 = 2o [ 1 Sy e
x e~ 20| ByBIX(0 T (£ )X(&)I3 dEdods (56)
< Vehq, (KIBol ? [, IX(EWT(§)%(8)2dE

_ 1 —25¢ 2
16-ey (rkalBo 2 |Yf2(t)|sz’

where we employed the extended Jensen’s inequality
20)2 0
|Y12( )Q2 = 32rM(Zk : ft[—s fs[ fe—arM
X |BoByx(0)x" (£)X(£)I5_, d& dOds.

To cancel the positive term on the right-hand side of (56), w
additionally consider

VQ‘[Z karZ k|BO| ft —ETM f

(57)
e S mem)|x(6)xT (£)%(& ) *dE ds.
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From (27)-(29), (37), (41) and (52

VQ,Z(r)+26vQ2 = V/eeTAq,, (€ ™K|Bo| )

X XX (O — /Ehg, (KIBo P [,

x e~ 2= ()T (£)%(8)|%dE (58)
< ETuhq,, (™o ku|Bo| PIX(t)[?

ek, (KIBol? i, IX(EXT(€)X(E)IPds.
From (56) and (58), it follows that

Vo, (£) + 28V, (£) + Vi, (t) + 28V, (t)
< VETmha, (€™ akp|Bo| P IX(E)I* (59)

1 —26 2
16 Jery (nkalBo 2 € £|Y12(t)|Qrz'
Define a Lyapunov functional as
‘-/(t) = V(t, X, X, 8, €, ™)
= VP( )+ V() + Vo, () + Vo, (t)

+ZVQ

where Vp(t), Vg(t), Vo, (£), VQl(t), VQz(t), Vo, (t), VQrz(t) and VQrz(t)
are given by (42), (44), (46), (48), (50), (53), (55) and (57), respec-
tively. Note that from (27) we obtain |AA(t)x(t)] < Aalx(t)|. To
compensate AA(t)x( ) in (43), we apply S-procedure: we add to

v(t )+28V( )—y — volv(t)|* the left-hand part of A((Aa)?|x(t)|> —
[AA(EX(1)]?) > 0 with some A > 0. In view of (43), (45), (47),

), we obtain

+ Vo, (1), t>e+eTy,

(49), (51), (54) and (59), we obtain for all ¢ € (0,&*] and t >
e+ ety
V(t)+28V(t) — ¥ — yolu(t)* < ¢ ()PL(E) — yu.

where yy, is defined in (36), @ is composed of (39), and
¢(t) = col{x(t), G(t), Yy(t), Ya(L), Ya(t), Yr1(E),
Yoo(t), AA(E)x(t), v(t)}.

Thus, (ii) of Proposition 2 holds since @ < 0in (35) and yy >0
n (37).

We now prove (i) of Proposition 2. By Jensen's inequality
(3.87) in Fridman (2014)

VR(E) = e 2| [ (s — t + &)g(s)ds|3 = e 2¢|G(1)[2,
we find for all ¢ € (0, &*]
V(t) > Vp(t) + Vi(t)

> [0 0[]+ KOP = X,

where the last inequality holds due to ® > 0 in (35). By Young’s
inequality with tuning parameter g > 0 and Jensen’s inequality
(3.87) in Fridman (2014) to Vp(t)-term we obtain

Vp(t) < (1+ DIXO)I3 + (14 )G

< (1+ DIXOB + 52 [ (s — t +)g(s)[3ds
Thus, from (37) we arrive at
Vp(t) + Vr(t) < (1+ %))\P|X(t)|2

(61)

. (62)
+((1+ e + Ar) [, 18(s)[*ds.
From (41), (27), (28) and (37), we have
Vo, (t) + Vo, (t) < /€|Bo|*[Aq,(ADb)
+Xq,(kao) ]fhg |x(s)|%ds,
Vi, (£) + Vg, , () + Vo, (£) + Vo, (t) < |Bol*[ Ve (63)

XAQ2(1+2’(O' ) +‘L'M}\.Qﬂ kU +[AQ2 kU )

x(3 + Tye?em) ]ft_a_”M |%(s)|?ds.

Automatica 152 (2023) 110971

Thus, from (40) and (61)-(63), it follows that V(t) in (60) satisfies
(i) of Proposition 2 for all ¢ € (0, *].

To prove (iii) of Proposition 2, we denote x.(8) = x(t + 9),
0 € [—e1y, 0]. From (29), it follows that
¢(t +0), t+6 <0,
x(0) = 1 $(0) + [y TAGS(S) + YZLB(s)
x cos(2Z2 4 k|x(s — e7(s))|*)lds, t+6 > 0.

The latter together with (27) and (28) implies
IXelet—cny.01 < Bllci—cu.01 + @ fo 1X(5)Ids
+Z2(|By| + /e Ab)t
< @ llci—eng.0 + V2ema(|Bo| + /2Ab)(1 4 Ty)
+a [y IXsllc—eay,0ds,  t € [0, & + eTyl.
By applying the Gronwall inequality, under the initial condition
l@llci—enyy,01 < 00 We arrive at
Xt llci—emy.01 < € (00 + v/2&ma(|Bol
+/€Ab) 1+ 1)), te[0,e+ eyl
Using (38) we obtain || X,y ¢, llc[—s,00 < o7 for all ¢ € (0, £*]. From

(32) and (40) we obtain [|gsteqy lliy(—e.0) < v2emal|Bo| < o for
all ¢ € (0, ¢*]. Moreover, from (28), (29) and (64) we find

(6] < alx(t)] + YZZ%(|Bo| + /£ Ab)
< ae®(og + v/2ema(|Bo| + /EAb)(1 + i)
+L22E(|Bo| + /eAD), € €[0, ¢ + eTul.

Then, using (40) we have [|Xeteqy lliy(—s—ery,00 < 03 for all & €
(0, £*]. Thus, we arrive at (iii) of Proposition 2. Then Theorem 1
follows from Proposition 2.

Finally, we show the feasibility of inequalities (21) and (35)-
(38). Choose

(64)

1
o=(")5, Q=Q=0Qi=I
)LQU=)\,QI-=)\,Q“-=q=1, i=1,2,
y =2 gmalBol2, A =(4Aa)", yo=(Ab)",

where Ay satisfies AgI > R with R found from ® > 0 defined in
(35) with ¢* = 0. The feasibility of (21), (36)-(38) and ® > 0 in
(35) is self-evident. We now check the feasibility of @ < 0in (35).
Since Aq, in (31) is Hurwitz, there exists a nxn matrix P > 0 such
that for any § € (0, §) where —§ equals to the largest real part
of the eigenvalues of matrix Ag,, the following inequality holds:
PAg, + Al P+ 28P < 0. By using Schur complements to @ < 0 in
(35), we find that @ < 0 is equivalent to

PAgy + AT P + 26P + [0(sT0)
+0(ty) + O(Aa) + O(Ab)]I < 0.

Ase > 0,y > 0, Aa > 0 and Ab > 0 go to 0, the inequality
(65) (thus, @ < 01in (35)) is always feasible provided Ag, in (31)
is Hurwitz. This completes the proof. O

(65)

Remark 6. It should be pointed out that in the transformation of
the delayed system (29), we used the same term G(t) defined by
(14) and (32) as in the non-delay case (Zhang & Fridman, 2022c).
The latter leads to the time delay system (34). If one uses G(t)
defined by (14) with g(t) = ~/2mwaBy cos(M + klx(t — eT(1))?),
system (34) will take the following form:

2
LX) + GIOT = [Aay + AA()IX(E) + Y, (1) + Y Yi(t)
i=1

+1 [ Yea($)ds + Yoo(£) + u(t), € > €+ ety
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In order to compensate the new term % ftt_s Y;1(s)ds, we need to
add the term 1 ft; fsier e 2U=stem)(s — ¢ + ¢)|Box" (0)X(0)3, |
dods to Vo, (t) given by (53). The latter leads to the following
more conservative upper bounding on Vg, (t) + 28V ,(t) (to be
compared with (54)):

Vo, (t) +28Vq, ,(t) < tmAq,, (kulBol 21x(t)|?

1 —28e(141y) (1 [t 2
Serwte M |£ ftfs le(s)dsl(lr]’

and gives a larger upper bounding on Vj_,(t) (to be compared
with that in (63)), which result in more conservative results.
When the time-varying delay z(t) are absent in (29), i.e.
X(t) = [Ao + AAD)IX(t) + ~ZZ* B[ cos( %)
x cos(k|x(t)|?) — sin(ZZL) sin(k|x(t)[*)] (66)
+v/2ma AB(t) cos(ZE + k|x(t)]*), t >0,
then the time-delay system that corresponds to (66) is given by
(34) with Y;;(t) = 0 (i = 1, 2) (see also the conference version
of this paper Zhang & Fridman, 2022c for the direct derivation),
where x(t) satisfies (66). Based on Theorem 1, we have the fol-
lowing corollary (that coincides with Theorem 1 of Zhang and
Fridman (2022c)).

Corollary 1. Consider system (66) subject to (27) under |x(0)| <
og. Let positive o and k lead to Hurwitz A, in (31). Given Aa > 0
and Ab > 0, positive scalars §, €*, oy < o and a tuning parameter
q > 0, let there exist n x n symmetric positive definite matrices P,
R, Q,, Qi (i = 1, 2) and positive scalars Ap, A, Ao, Ag; (i=1,2), A,
y, Yo that satisfy the following inequalities for all ¢ € (0, *]: (21)
and (35)-(38), where we set Ty = Ag,;, =0and Q;; =0 (i =1, 2),
and take away the 6th and 7th block-columns and block-rows of ®.
Then for all ¢ € (0, &*] the solution of system (66) with the initial
condition |x(0)| < oy satisfies (22) with ty; = 0. For all the initial
conditions |x(0)| < og the ball (23), where v* is defined in (40), is
exponentially attractive with a decay rate 8. Moreover, the derived
inequalities are always feasible for small enough ¢* > 0, ty > 0,
Aa > 0and Ab > 0.

Remark 7. Note that for A(t) = 0, B(t) € {—1,1}and n = 1,
system (66) coincides with the ES system in Zhu and Fridman
(2022) with f” = 2. For this case our time-delay system has the
same from as (64) in Zhu and Fridman (2022):

LIX(t) + G(t)] = —kax(t) + Ya(t)

with Y,(t) given by (33). Differently from Zhu and Fridman
(2022), where the term Y,(t) was treated as a disturbance in the
Lyapunov analysis, we employ Vo, (t) in (50) to compensate this
term, which is consistent with Lyapunov functional construction
in Zhu et al. (2023). As a result, Corollary 1 leads to a larger upper
bound & and a smaller ultimate bound than those via (Zhu &
Fridman, 2022) in Example 1.

4. Examples

Example 1. Consider the scalar system (24) with
A(t)] = |AA(t)| < Aa, Bo € {—1,1}, AB(t)=0 (67)

under the bounded ES controller (25) with 7(t) = 0, « = 0.1 and
k = 9. It is clear that a = Aa, Ab = 0 and b = |By| = 1. We have
Agy = —0.9. Let the desired decay rate be § = 0.5.

For different values of og, o and Aa, we verify LMIs of Theorem
3 in Zhu and Fridman (2022) and of Corollary 1 with ¢ = 10
that lead to the upper bounds &* (that preserve the ISS for all
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Table 1
Solutions by Zhu and Fridman (2022), Corollary 1 and Theorem 1 (Example 1:
§ =0.5).

Method 00, O Aa  &* ™ UB
Zhu and Fridman (2022) 0.01, 1 - 0.42-10~* - 0.9986
1,2 - 0.16-10% - 1.4103
Corollary 1 001,1 0 1991074 - 0.9541
0.01, 1 0.1 1.06-1074 - 0.9203
1,2 0 053.107% - 1.2572
1,2 0.1 028-10% - 1.2589
Theorem 1 0.01, 1 0 09-1074 0.0108 0.9118
0.01,1 0.1 0.9-1074 0.0019  0.9073
1,2 0 0.2.1074 0.0129 1.2448
1,2 0.1 0.2:107* 0.0041 1.2449

¢ € (0, £*]) and the resulting ultimate bound (see Table 1). As ex-
pected, Corollary 1 provides an essentially larger ¢ and a smaller
ultimate bound than those via Theorem 3 in Zhu and Fridman
(2022). Note that Zhu and Fridman (2022) has not considered the
case of A(t) # 0.

For the numerical simulations, under the initial condition
x(0) = 10, ¢ = 0.02 (that is essentially larger than that from
Table 1) and A(t) = 0.39sin(t), the state response of system
(24), (67) under the bounded ES controller (25) with t(t) = 0,
o = 0.1, k = 9 and its norm on a logarithmic scale (from which
we obtain the practical decay rate as 0.8421 that is larger than
the theoretical decay rate § = 0.5) are shown in Fig. 1, which
confirms our theoretical results illustrating the conservatism.

Moreover, by verifying LMIs of Theorem 1 with ¢ = 10 and
different values of oy, 0, Aa and &*, we find the quantitative
upper bounds 7 (that preserve the ISS for all ¢ € (0, ¢*]) and
the resulting ultimate bound, see Table 1.

Example 2. Consider system (24), where

e[y & we [} )

IAA(I < Aa,  AB(t) = [Ab(t), Aby(0)]', (68)
2

> 1Ab(6)? < (AbY, £>0

i=1

under the delayed bounded ES controller (25) with « = 0.01
and k = 10. We obtain a = Aa + 0.1, [B(t)] < ~/2 + /£Ab,
and A;, = —0.11. Let the desired decay rate be § = 0.067. By
verifying LMIs of Theorem 1 with ¢ = 5 and different values of
09, 0, Aa, Ab and &*, we find the quantitative upper bounds 1y
(that preserve the ISS for all ¢ € (0, ¢*]) and the resulting ultimate
bound, see Table 2.

For the numerical simulations, under the initial condition
o(t) = [5,=5]T fort < 0, ¢ = 0.05 (that is essentially larger
than that from Table 2), AA(t) = 0.032sin(t) and AB(t) =
0.25[sin(t), cos(t)]”, the state responses of system (24), (68) un-
der the delayed bounded ES controller (25) with@ = 0.01, k = 10
and 7(t) = 0.16 (that is essentially larger than that from Table 2)
and their norm on a logarithmic scale (from which we obtain the
practical decay rate as 0.092 that is larger than the theoretical
decay rate § = 0.067) are shown in Fig. 2, which confirms our
theoretical results illustrating the conservatism.

Remark 8. To enlarge ¢* and 7y, one can decrease o to § with
some large N > 0, where accordingly the parameters A(t), AB(t)
and the decay rate § are changed by %, %(” and % (that is N
times smaller), respectively. Then by verifying the LMIs with the
same By, k, 09, 0 and ¢, one can find the corresponding upper
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Fig. 1. State response and its norm on a logarithmic scale (Example 1).
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Fig. 2. State responses and their norms

Table 2

Solutions by Theorem 1 (Example 2: § = 0.067).
0o, O Aa, Ab &* ™ UB
0.01, 1 0,0 0.3-1074 0.0054 0.9914
0.01, 1 0.002, 0.002 0.3-1074 0.0045 0.9963
0.5, 2 0,0 0.1-1074 0.0045 1.3176
0.5, 2 0.002, 0.002 0.1-1074 0.0037 1.3523

Table 3

Solutions by Theorem 1 (Example 1: § = 0.05/N and Example 2: § = 0.067/N
after the scaling in Remark 8 with N = 100).

00, O Aa, Ab &* ™v UB

0.01, 1 0,0 0.0045 0.0177 0.9427
0.01, 1 0.1:1074, 0 0.0045 0.0088 0.9256
1,2 0,0 0.001 0.0192 1.2786
1,2 0.1-107%, 0 0.001 0.0103 1.2611
0.01, 1 0,0 0.0015 0.0076 0.9923
0.01, 1 0.2-1074, 0.2.107* 0.0015 0.0068 0.9923
0.5, 2 0,0 0.0005 0.0070 1.2999
0.5, 2 0.2:107%, 0.2.10~* 0.0005 0.0062 1.3202

bounds on &* and 1), (see Table 3, where lines 2-5 and 6-9 are,
respectively, for Examples 1 and 2 after the scaling with N = 100)
that are larger than those in Tables 1 and 2. Thus, there is a
tradeoff between the decay rate § and the values of ¢* and .

5. Conclusions

We have presented a constructive time-delay approach to Lie-
brackets-based averaging that transforms the affine system with
state-delays and additive disturbances to a time-delay system
without any approximations. The latter allows to provide sulffi-
cient L-K-based conditions for regional ISS of the original system.
We have further applied the results to stabilization of linear un-
certain systems under unknown control directions via a bounded

0 5 10 15 20 25 30 35 40 45 50
time(s)

on a logarithmic scale (Example 2).

ES controller with a measurement time-varying delay and have
derived constructive LMIs for finding quantitative upper bounds
on ¢, the delay (that ensure the ISS) and on the resulting ultimate
bound. Alternative constructive results can be derived by using
the classical Lie brackets averaging methods if the remainder
terms are taken into account. This may be a topic for future
research.
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