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A B S T R A C T

We study output-feedback control of 1D stochastic semilinear heat equations with nonlinear multiplicative
noise and uncertain time-varying input/output delays or sawtooth delays (that correspond to network-based
control), where the nonlinearities satisfy globally Lipschitz condition. We assume that the input delay has a
large constant known part 𝑟. We consider Neumann actuation with non-local measurement. To compensate 𝑟,
we consider a chain of 𝑀 sub-predictors (conventional sub-predictors as in the deterministic case) and a novel
chain of 𝑀+1 sub-predictors, respectively, both in the form of ODEs that correspond to the delay fraction 𝑟∕𝑀 .
For both cases, we construct Lyapunov functionals that depend on the deterministic and stochastic parts of the
finite-dimensional part of the closed-loop systems, and employ the corresponding Itô’s formulas for stochastic
ODEs and PDEs, respectively. We provide the mean-square 𝐿2 exponential stability analysis of the full-order
closed-loop system, leading to LMIs that are feasible for any 𝑟 provided 𝑀 and the observer dimension are
large enough, and Lipschitz constants, as well as the upper bounds of unknown delays, are small enough. For
the novel sub-predictors, we add an additional sub-predictor to the chain that leads to the closed-loop system
with the stochastic infinite-dimensional tail and the stochastic finite-dimensional part where the delay fraction
𝑟∕𝑀 and the stochastic term appear in separate equations, which essentially simplifies stochastic Lyapunov
functional structure and the resulting LMIs. We also consider a classical observer-based predictor for linear
heat equations with nonlinear multiplicative noise and show that the corresponding LMI stability conditions are
feasible for any 𝑟 provided the observer dimension is large enough, and the upper bounds of unknown delays
and noise intensity are small enough. A numerical example demonstrates that for comparatively large 𝑀 and
upper bound of noise intensity, the introduction of an addition sub-predictor leads to a larger 𝑟 compared with
conventional sub-predictors, whereas for the linear heat equations with nonlinear noise, the classical predictor
always allows larger delays.
1. Introduction

In recent years, estimation and control problems for stochastic PDEs
become popular due to their wide applications in many areas of sci-
ence, engineering, and finance. However, control theory for stochastic
PDEs is still at its very beginning stage and many tools and methods,
which are effective in the deterministic case, do not work anymore in
the stochastic setting [1]. Finite-dimensional controllers for parabolic
systems via the modal decomposition approach are very attractive in
applications [2,3]. Modal decomposition was extended to the stochastic
setting in [4,5] for additive noise under state-feedback and output-
feedback controllers, respectively, and in [6,7] for multiplicative noise
under state-feedback control. However, in [2–6], efficient bounds of

✩ This work was supported by Israel Science Foundation (grant no. 673/19), Chana and Heinrich Manderman Chair on System Control at Tel Aviv University,
and Azrieli International Postdoctoral Fellowship.
∗ Corresponding author.
E-mail addresses: wangpengfei1156@hotmail.com (P. Wang), emilia@tauex.tau.ac.il (E. Fridman).

the observer or controller dimensions were not provided. In recent pa-
per [8], the first constructive LMI-based method for finite-dimensional
observer-based controller of deterministic parabolic PDEs was sug-
gested, where the observer dimension was found from simple LMI
conditions. In our recent paper [9], the constructive method in [8] was
extended to stochastic parabolic PDEs with nonlinear multiplicative
noise under boundary control and observer.

Robustness with respect to small delays and/or sampling intervals
for deterministic heat equations was studied in [10] for distributed
static output-feedback control, in [11] for boundary state-feedback and
in [12] for boundary controller based on PDE observer. Delayed imple-
mentation of finite-dimensional observer-based controllers for 1D heat
equations was introduced in [13] for deterministic case and in [14] for
167-6911/© 2023 Elsevier B.V. All rights reserved.
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stochastic case. For the estimation of deterministic heat equations with
a large input/output delay, a PDE sub-predictor was presented in [15]
and a chain of observers was designed in [16]. Finite-dimensional
observer-based classical predictors and/or sub-predictors were intro-
duced in [17–19] for linear parabolic PDEs. In [20], finite-dimensional
observer-based sub-predictors for semilinear parabolic PDEs with con-
stant input delay were explored. However, for stochastic systems, there
are few results on predictor-based control, and most existing results are
confined to stochastic linear ODEs (see, e.g., [21,22] for state-feedback
case and [23] for observer-based case). In [24], the predictor-based
boundary state-feedback control for deterministic linear parabolic PDEs
with stochastic input delay was studied. To the best of our knowledge,
predictor-based control for stochastic PDEs has not been studied yet.

In the present paper, for the first time, we provide efficient predictor
methods for stochastic parabolic PDEs. We consider finite-dimensional
observer-based control of 1D stochastic semilinear heat equations with
nonlinear multiplicative noise and time-varying input/output delays or
sawtooth delays that correspond to network-based control (see [25,
Chapter 7]), where the nonlinearities satisfy globally Lipschitz con-
dition. We assume unknown measurement delays and large input/
transmission delays that have known constant part 𝑟 and unknown
time-varying part 𝜏𝑢. We consider Neumann actuation with non-local
measurement. To compensate 𝑟, we construct a chain of 𝑀 sub-
predictors (conventional sub-predictors as the deterministic case [17,
20]) and a novel chain of 𝑀 + 1 sub-predictors, respectively, both in
he form of ODEs that correspond to the delay fraction 𝑟∕𝑀 . For both

cases, we construct appropriate Lyapunov functionals that depend on
the deterministic and stochastic terms of the finite-dimensional part of
the closed-loop systems, and employ corresponding Itô’s formulas for
stochastic ODEs and PDEs, respectively. We provide the mean-square
𝐿2 exponential stability analysis of the full-order closed-loop system,
leading to LMI conditions for finding 𝑀 , the observer dimension 𝑁 ,
Lipschitz constants, the known delay 𝑟, and upper bounds of unknown
delays that preserve the exponential stability. We show that for any
𝑟, the LMIs are feasible for large enough 𝑀,𝑁 , and small enough
Lipschitz constants and upper bounds of unknown delays. Note that
for the novel sub-predictors, we add an additional sub-predictor to
the chain that leads to the closed-loop system with the stochastic
infinite-dimensional tail and the finite-dimensional part where the de-
lay fraction 𝑟∕𝑀 and the stochastic term appear in separate equations.
uch separation of stochastic term and the delay fraction 𝑟∕𝑀 avoids

some stochastic-dependent terms in our Lyapunov functional which has
only one stochastic-dependent term that corresponds to measurement
delays. This essentially simplifies the Lyapunov-based stability analysis.

We also consider a classical observer-based predictor for linear heat
equations with nonlinear multiplicative noise, where differently from
the deterministic case [19], the predictor is constructed for the unstable
modes only (otherwise the stochastic part explodes for large observer
dimension). We show that the corresponding LMI stability conditions
are feasible for any 𝑟 provided the observer dimension is large enough
and upper bounds of unknown delays and noise intensity are small
enough. A numerical example demonstrates that our sub-predictors
with additional sub-predictor and the conventional sub-predictors as
studied in [17,20] for deterministic PDEs lead to complementary re-
sults, whereas additional sub-predictor for the stochastic case leads
to a larger delay for comparatively large 𝑀 and upper bound of
noise intensity. For the linear heat equations with nonlinear noise, a
numerical example shows that the classical predictor always allows
larger delays.

The novelty of stochastic compared with deterministic case [13,17–
20] can be formulated as follows:

1. We have a novel chain of sub-predictors to simplify stochastic
Lyapunov functional structure and the resulting LMIs.

2. Differently from the deterministic case, we construct a stochastic
2

classical predictor for the unstable modes only.
3. In the Lyapunov-based stability analysis we use stochastic Lya-
punov functionals combined with Halanay’s inequality for the
expected value of the Lyapunov functional and Itô’s formula.

Preliminary results on sub-predictors for stochastic semilinear heat
equations with constant input delay were reported in [26].

Notations: Let (𝛺, ,P) be a complete probability space with a
filtration {𝑡}𝑡≥0 of increasing sub 𝜎-fields of  and let E{⋅} be the
expectation operator. Denote by (𝑡) the 1D standard Brownian mo-
ion defined on (𝛺, ,P). Denote by 𝐿2(0, 1) the space of all square
ntegrable functions 𝑓 ∶ [0, 1] → R with inner product ⟨𝑓, 𝑔⟩ =
1
0 𝑓 (𝑥)𝑔(𝑥)d𝑥 and induced norm ‖𝑓‖2

𝐿2 = ⟨𝑓, 𝑓⟩. Let 𝐿2(𝛺;𝐿2(0, 1))
e the set of all random variables 𝑧 ∈ 𝐿2(0, 1) with E‖𝑧‖2

𝐿2 < ∞.
𝐻1(0, 1) is the Sobolev space of functions 𝑓 ∶ [0, 1] ⟶ R with a
square integrable weak derivative. The norm defined in 𝐻1(0, 1) is
‖𝑓‖2

𝐻1 = ‖𝑓‖2
𝐿2 + ‖𝑓 ′

‖

2
𝐿2 . The Euclidean norm is denoted by | ⋅ |. For

𝑃 ∈ R𝑛×𝑛, 𝑃 > 0 means that 𝑃 is symmetric and positive definite. The
symmetric elements of a symmetric matrix will be denoted by ∗. For
0 < 𝑃 ∈ R𝑛×𝑛 and 𝑥 ∈ R𝑛, we write |𝑥|2𝑃 = 𝑥T𝑃𝑥. Denote N by the set of
positive integers and 𝐼 by the identity matrix of appropriate size. Let
𝐽0,𝑀 be an upper triangular Jordan block of order 𝑀 with zero diagonal
nd ⊗ be the Kronecker product. Denote by (𝑁𝑘), 𝑘 ∈ R the order of
𝑁𝑘 time complexity.

Consider the Sturm–Liouville eigenvalue problem

𝜙′′ + 𝜆𝜙 = 0, 𝑥 ∈ (0, 1), 𝜙′(0) = 𝜙′(1) = 0.

This problem induces a sequence of eigenvalues with corresponding
eigenfunctions given by:

𝜙1(𝑥) = 1, 𝜆1 = 0,

𝜙𝑛(𝑥) =
√

2 cos(
√

𝜆𝑛𝑥), 𝜆𝑛 = (𝑛 − 1)2𝜋2, 𝑛 ≥ 2.
(1.1)

The eigenfunctions {𝜙𝑛}∞𝑛=1 form a complete orthonormal system in

𝐿2(0, 1). Given a positive integer 𝑁 and ℎ ∈ 𝐿2(0, 1) satisfying ℎ
𝐿2
=

∑∞
𝑛=1 ℎ𝑛𝜙𝑛, we denote ‖ℎ‖2𝑁 =

∑∞
𝑛=𝑁+1 ℎ

2
𝑛.

2. Sub-predictors for stochastic semilinear heat equation

Consider the following stochastic semilinear heat equation under
delayed Neumann actuation:

d𝑧(𝑥, 𝑡) = [ 𝜕
2

𝜕𝑥2
𝑧(𝑥, 𝑡) + 𝑔(𝑥, 𝑧(𝑥, 𝑡))]d𝑡 + 𝜎(𝑥, 𝑧(𝑥, 𝑡))d(𝑡),

𝑥(0, 𝑡) = 0, 𝑧𝑥(1, 𝑡) = 𝑢(𝑡 − 𝑟 − 𝜏𝑢(𝑡)),

(𝑥, 0) = 𝑧0(𝑥),

(2.1)

here 𝑧0 ∈ 𝐿2(𝛺;𝐿2(0, 1)), d(𝑡) ∶= ̇(𝑡)d𝑡 with ̇(𝑡) formally
egarded as the derivative of Brownian motion (𝑡) (see P. 2 in [27]).

is the control input to be designed. We assume the input delay
ith a known constant part 𝑟 and unknown time-varying part 𝜏𝑢(𝑡) ∈
0, 𝜏𝑀,𝑢]. In (2.1), 𝜎(𝑥, 𝑧(𝑥, 𝑡))d(𝑡) is a nonlinear multiplicative noise
hich appears due to the random parameter variation of 𝑔(𝑥, 𝑧(𝑥, 𝑡))d𝑡.
onlinear functions 𝑔, 𝜎 ∶ [0, 1] × R → R satisfy for all 𝑥 ∈ [0, 1],

(𝑥, 0) = 0, |𝜎(𝑥, 𝑧1) − 𝜎(𝑥, 𝑧2)| ≤ �̄�|𝑧1 − 𝑧2|,

(𝑥, 0) = 0, |𝑔(𝑥, 𝑧1) − 𝑔(𝑥, 𝑧2)| ≤ �̄�|𝑧1 − 𝑧2|, ∀𝑧1, 𝑧2 ∈ R,
(2.2)

here �̄�, �̄� > 0 are constants. Here �̄� describes the upper bound of noise
ntensity.

emark 1. As in [9], our results can be easily extended to a more
eneral Sturm–Liouville operator 𝜕

𝜕 (𝑝(𝑥)
𝜕
𝜕𝑥 𝑧(𝑥, 𝑡)) + 𝑞(𝑥) on the right-

and side of (2.1). Note that in (2.1), we consider the white noise which
s uniform in the spatial variable. Such white noise appears in many
pplications including Musiela’s equation of the bond market (see [28,
ec. 13.3]) and filtering equations (see [28, Sec. 13.8]). We suggest a
onlinear noise perturbation function 𝜎(𝑥, 𝑧) to describe the distribution

of noise with respect to space and state. A more general case is to
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consider the space-dependent white noise (see [29, P. 44]). In this
case, treatment of the induced term ⟨𝜎(𝑧(⋅, 𝑡))d(⋅, 𝑡), 𝜙𝑛⟩ is challenging.
The extension to space-dependent white noise via modal decomposition
may be a topic for future research.

We consider the delayed non-local measurement output:

𝑦(𝑡) = ⟨𝑐, 𝑧(⋅, 𝑡 − 𝜏𝑦(𝑡))⟩, 𝑡 − 𝜏𝑦(𝑡) ≥ 0,

𝑦(𝑡) = 0, 𝑡 − 𝜏𝑦(𝑡) < 0,
(2.3)

where 𝑐 ∈ 𝐿2(0, 1), 𝜏𝑦(𝑡) is unknown measurement delay satisfying
𝜏𝑦(𝑡) ≤ 𝜏𝑀,𝑦 for some known 𝜏𝑀,𝑦 > 0. Note that 𝑟 may be much larger
than 𝜏𝑀,𝑢 and 𝜏𝑀,𝑦. Similar to [13], we treat two classes of input and
output delays: continuously differentiable delays and sawtooth delays
that correspond to network-based control.

For the case of continuously differentiable delays, we assume that
𝜏𝑦(𝑡) is lower bounded by 𝜏𝑚,𝑦 > 0. This assumption is employed for
well-posedness only. Following Sec. 3.1 of [18], we assume that there
exists a unique 𝑡∗𝑢 ∈ [𝑟, 𝑟 + 𝜏𝑀,𝑢] such that 𝑡 − 𝑟 − 𝜏𝑢(𝑡) < 0 if 𝑡 < 𝑡∗𝑢 and
𝑡 − 𝑟 − 𝜏𝑢(𝑡) ≥ 0 if 𝑡 ≥ 𝑡∗𝑢 . For the case of sawtooth delays, 𝜏𝑦(𝑡) and
𝑟 + 𝜏𝑢(𝑡) are induced by two networks (from sensor to controller and
from controller to actuator) with 𝑟 being large transmission delay from
sensor to actuator (see Sec. 7.5 in [25]). Henceforth the dependence of
𝜏𝑦(𝑡), 𝜏𝑢(𝑡) on 𝑡 will be suppressed to shorten notations.

Present the solution to (2.1) as

𝑧(𝑥, 𝑡) =
∑∞
𝑛=1 𝑧𝑛(𝑡)𝜙𝑛(𝑥), 𝑧𝑛(𝑡) = ⟨𝑧(⋅, 𝑡), 𝜙𝑛⟩, (2.4)

where {𝜙𝑛}∞𝑛=1 are given in (1.1). By differentiating 𝑧𝑛 in (2.4) and
using integration by parts, we arrive at the following infinite stochastic
equations

d𝑧𝑛(𝑡) = [−𝜆𝑛𝑧𝑛(𝑡) + 𝑔𝑛(𝑡) + 𝑏𝑛𝑢(𝑡 − 𝑟 − 𝜏𝑢)]d𝑡

+ 𝜎𝑛(𝑡)d(𝑡), 𝑛 ≥ 1,
(2.5)

where
𝑔𝑛(𝑡) = ⟨𝑔(⋅,

∑∞
𝑗=1 𝑧𝑗 (𝑡)𝜙𝑗 ), 𝜙𝑛⟩,

𝜎𝑛(𝑡) = ⟨𝜎(⋅,
∑∞
𝑗=1 𝑧𝑗 (𝑡)𝜙𝑗 ), 𝜙𝑛⟩,

𝑏1 = 1, 𝑏𝑛 = (−1)𝑛−1
√

2, 𝑛 ≥ 2.

(2.6)

By (1.1) and the integral convergence test, we have
∑∞
𝑛=𝑁+1

𝑏2𝑛
𝜆𝑛

≤ 2
𝜋2
( 1
𝑁2 + ∫ ∞

𝑁
1
𝑥2
d𝑥) = 2(𝑁+1)

𝜋2𝑁2 , 𝑁 ≥ 1. (2.7)

Remark 2. For the Dirichlet actuation 𝑧(1, 𝑡) = 𝑢(𝑡 − 𝑟 − 𝜏𝑢), we
will have (2.7) with 𝑏𝑛 = −𝜙′

𝑛(1) = (𝑛), 𝑛 → ∞. In this scenario,
the sum ∑∞

𝑛=𝑁+1 𝑏
2
𝑛∕𝜆𝑛 is unbounded. We cannot get feasible LMIs to

guarantee the stability of the closed-loop system. By using the dynamic-
extension-based method (see, e.g., [30]), we may study the Dirichlet
actuation.

Let 𝛿 > 0 be a desired decay rate and let 𝑁0 ∈ N satisfy

−𝜆𝑛 + �̄� + �̄�2∕2 < −𝛿, 𝑛 > 𝑁0, (2.8)

where 𝑁0 is used for the controller design. Compared with [20] for the
deterministic PDEs, the additional term 𝜎2∕2 in (2.8) is induced by the
stochastic perturbations (see Remark 2.2 in [9]). Let 𝑁 ∈ N, 𝑁 ≥ 𝑁0,
where 𝑁 will be the dimension of the observer.

Introduce the following notations

𝑧𝑁0 (𝑡) = [𝑧1(𝑡),… , 𝑧𝑁0
(𝑡)]T, 𝐵0 = [𝑏1,… , 𝑏𝑁0

]T,

𝑧𝑁−𝑁0 (𝑡) = [𝑧𝑁0+1(𝑡),… , 𝑧𝑁 (𝑡)]T, 𝐴0 = diag{−𝜆𝑛}
𝑁0
𝑛=1,

𝜎𝑁0 (𝑡) = col{𝜎𝑛(𝑡)}
𝑁0
𝑛=1, 𝜎

𝑁−𝑁0 (𝑡) = col{𝜎𝑛(𝑡)}𝑁𝑛=𝑁0+1
,

𝐺𝑁0 (𝑡) = col{𝑔𝑛(𝑡)}
𝑁0
𝑛=1, 𝐺

𝑁−𝑁0 (𝑡) = col{𝑔𝑛(𝑡)}𝑁𝑛=𝑁0+1
,

𝑁 T

(2.9)
3

𝐴1 = diag{−𝜆𝑛}𝑛=𝑁0+1
, 𝐵1 = [𝑏𝑁0+1,… , 𝑏𝑁 ] .
From (2.5) we find that 𝑧𝑁0 (𝑡) and 𝑧𝑁−𝑁0 (𝑡) satisfy

d𝑧𝑁0 (𝑡) = [𝐴0𝑧𝑁0 (𝑡) + 𝐺𝑁0 (𝑡)

+ 𝐵0𝑢(𝑡 − 𝑟 − 𝜏𝑢)]d𝑡 + 𝜎𝑁0 (𝑡)d(𝑡),

𝑧𝑁−𝑁0 (𝑡) = [𝐴1𝑧𝑁−𝑁0 (𝑡) + 𝐺𝑁−𝑁0 (𝑡)

+ 𝐵1𝑢(𝑡 − 𝑟 − 𝜏𝑢)]d𝑡 + 𝜎𝑁−𝑁0 (𝑡)d(𝑡).

(2.10)

Let 𝑐𝑛 = ⟨𝑐, 𝜙𝑛⟩, 𝐶0 = [𝑐1,… , 𝑐𝑁0
]. Assume that

𝑛 ≠ 0, 1 ≤ 𝑛 ≤ 𝑁0. (2.11)

hen, the pair (𝐴0, 𝐶0) is observable by the Hautus lemma. Choose
0 = [𝑙1,… , 𝑙𝑁0

]T such that

𝑃𝑜(𝐴0 − 𝐿0𝐶0) + (𝐴0 − 𝐿0𝐶0)T𝑃𝑜 < −2𝛿𝑃𝑜, (2.12)

where 0 < 𝑃𝑜 ∈ R𝑁0×𝑁0 . Furthermore, following [8] we let 𝑙𝑛 = 0,
𝑁0 < 𝑛 ≤ 𝑁 . Since 𝑏𝑛 ≠ 0, 𝑛 ≥ 1 (see (2.6)), the pair (𝐴0, 𝐵0) is
controllable by the Hautus lemma. Let 𝐾0 ∈ R1×𝑁0 satisfy

𝑃𝑐 (𝐴0 − 𝐵0𝐾0) + (𝐴0 − 𝐵0𝐾0)T𝑃𝑐 ≤ −2𝛿𝑃𝑐 , (2.13)

where 0 < 𝑃𝑐 ∈ R𝑁0×𝑁0 .

2.1. Conventional sub-predictors

In this section, we follow [17,20] to design a chain of sub-predictors
(see (2.14) below). Compared with the deterministic PDEs [17,20], the
analysis for stochastic PDEs is more challenging: (i) in the Lyapunov
analysis, we cannot take generator term by term in the infinite sum
since the mean-square 𝐿2 convergence of the generators sum can-
not be guaranteed. Instead, we present the Lyapunov function in the
form of the one for the stochastic PDE and the other one for finite-
dimensional stochastic ODEs and apply the generator to each part;
(ii) To prove the mean-square exponential stability, we employ the
corresponding Itô’s formula for stochastic ODEs and (strong solutions
of) PDEs, respectively; (iii) The state-derivative-dependent Lyapunov
functionals in [17,20] are inapplicable for the stochastic case since
solutions to stochastic systems are non-differentiable. We construct a
novel Lyapunov functional (see (2.37) and (2.38)) that depends on the
deterministic and stochastic terms of the finite-dimensional part of the
closed-loop systems.

Consider stochastic systems (2.10). To deal with the constant input
delay part 𝑟 > 0, we fix 𝑀 ∈ N and divide 𝑟 into 𝑀 parts of equal size
𝑟
𝑀 . We design a chain of sub-predictors

̂𝑗1(𝑡 − 𝑟) ↦ ⋯ ↦ 𝑧𝑗𝑖 (𝑡 −
𝑀−𝑖+1
𝑀 𝑟) ↦ …

↦ �̂�𝑗𝑀 (𝑡 − 1
𝑀 𝑟) ↦ 𝑧𝑗 (𝑡), 𝑗 ∈ {𝑁0, 𝑁 −𝑁0},

(2.14)

where �̂�𝑗𝑖 (𝑡 −
𝑀−𝑖+1
𝑀 𝑟) ↦ �̂�𝑗𝑖+1(𝑡 −

𝑀−𝑖
𝑀 𝑟) means that �̂�𝑗𝑖 (𝑡) predicts the

value of �̂�𝑗𝑖+1(𝑡 +
𝑟
𝑀 ), �̂�𝑗𝑀 (𝑡 − 1

𝑀 𝑟) ↦ 𝑧𝑗 (𝑡) means that �̂�𝑗𝑀 (𝑡) predicts the
value of 𝑧𝑗 (𝑡 + 𝑟

𝑀 ). The sub-predictors satisfy

�̂�𝑁0
𝑀 (𝑡) = [𝐴0�̂�

𝑁0
𝑀 (𝑡) + �̂�𝑁0

𝑀 (𝑡) + 𝐵0𝑢(𝑡 −
𝑀−1
𝑀 𝑟)]d𝑡

− 𝐿0[𝐶0�̂�
𝑁0
𝑀 (𝑡 − 𝑟

𝑀 ) + 𝐶1�̂�
𝑁−𝑁0
𝑀 (𝑡 − 𝑟

𝑀 ) − 𝑦(𝑡)]d𝑡,

d�̂�𝑁−𝑁0
𝑀 (𝑡) = [𝐴1�̂�

𝑁−𝑁0
𝑀 (𝑡) + �̂�𝑁−𝑁0

𝑀 (𝑡) + 𝐵1𝑢(𝑡 −
𝑀−1
𝑀 𝑟)]d𝑡,

d�̂�𝑁0
𝑖 (𝑡) = [𝐴0�̂�

𝑁0
𝑖 (𝑡) + �̂�𝑁0

𝑖 (𝑡) + 𝐵0𝑢(𝑡 −
𝑖−1
𝑀 𝑟)]d𝑡

− 𝐿0[𝐶0�̂�
𝑁0
𝑖 (𝑡 − 𝑟

𝑀 ) + 𝐶1�̂�
𝑁−𝑁0
𝑖 (𝑡 − 𝑟

𝑀 )

− 𝐶0�̂�
𝑁0
𝑖+1(𝑡) − 𝐶1�̂�

𝑁−𝑁0
𝑖+1 (𝑡)]d𝑡,

�̂�𝑁−𝑁0
𝑖 (𝑡) = [𝐴1�̂�

𝑁−𝑁0
𝑖 (𝑡) + �̂�𝑁−𝑁0

𝑖 (𝑡)
𝑖−1

(2.15)
+ 𝐵1𝑢(𝑡 − 𝑀 𝑟)]d𝑡, 1 ≤ 𝑖 ≤𝑀 − 1, 𝑡 ≥ 0,



Systems & Control Letters 181 (2023) 105632P. Wang and E. Fridman

g

𝐺

𝛷

𝑧

𝜓



I
L

𝑧

−

E

B

E

f

E

T
L
t
a
m

≤

m

𝑡

𝑡

F

E
i
a
s
𝑤
𝑤
𝑡
t
⟨

t
t
𝑍
𝜅

w
𝑤
𝑤
s
c

subject to �̂�𝑗𝑖 (𝑡) = 0, 𝑡 ≤ 0, 1 ≤ 𝑖 ≤ 𝑀 , 𝑗 ∈ {𝑁0, 𝑁 −𝑁0}, where 𝑦(𝑡) is
iven by (2.3), 𝐶1 = [𝑐𝑁0+1,… , 𝑐𝑁 ],

̂𝑁0
𝑖 (𝑡) = col{�̂�(𝑖)𝑛 (𝑡)}𝑁0

𝑛=1, �̂�𝑁−𝑁0
𝑖 (𝑡) = col{�̂�(𝑖)𝑛 (𝑡)}𝑁𝑛=𝑁0+1

,

�̂�(𝑖)𝑛 (𝑡) = ⟨𝑔(⋅, 𝛷0(⋅)�̂�
𝑁0
𝑖 (𝑡) +𝛷1(⋅)�̂�

𝑁−𝑁0
𝑖 (𝑡)), 𝜙𝑛⟩,

0(⋅) = [𝜙1(⋅),… , 𝜙𝑁0
(⋅)], 𝛷1(⋅) = [𝜙𝑁0+1(⋅),… , 𝜙𝑁 (⋅)].

(2.16)

Remark 3. Here we construct the sub-predictors (2.15) without noise,
otherwise, the error systems will have double noise that leads to con-
servative results. Although there is no explicit noise in sub-predictors
(2.15), the sub-predictors are still random due to the measurement
output 𝑦(𝑡) = ⟨𝑐, 𝑧(⋅, 𝑡− 𝜏𝑦)⟩ that appears in system �̂�𝑁0

𝑀 , where 𝑧(⋅, 𝑡− 𝜏𝑦)
is a stochastic process.

The finite-dimensional observer �̂�(𝑥, 𝑡) of the state 𝑧(𝑥, 𝑡), based on
(2.15), is given by

̂(𝑥, 𝑡) = 𝛷0(𝑥)�̂�
𝑁0
1 (𝑡 − 𝑟) +𝛷1(𝑥)�̂�

𝑁−𝑁0
1 (𝑡 − 𝑟). (2.17)

The controller is chosen as

𝑢(𝑡) = 0, 𝑡 ≤ 0, 𝑢(𝑡) = −𝐾0�̂�
𝑁0
1 (𝑡), 𝑡 > 0, (2.18)

where 𝐾0 ∈ R1×𝑁0 is determined by (2.13).

2.2. Well-posedness of the closed-loop system

We start with the case of continuously differentiable delays. First,
we introduce the change of variables (see [31])

𝑤(𝑥, 𝑡) = 𝑧(𝑥, 𝑡) − 𝜓(𝑥)𝑢(𝑡 − 𝑟 − 𝜏𝑢), (2.19)

where 𝜓(𝑥) = − 2
𝜋 cos( 𝜋2 𝑥) satisfies

′′(𝑥) = −𝜇𝜓(𝑥), 𝜇 = 𝜋2

4 , 𝜓
′(0) = 0, 𝜓 ′(1) = 1. (2.20)

Then we have the equivalent stochastic PDE

d𝑤(𝑡) = [𝑤(𝑡) + 𝑔(⋅, 𝑤(𝑡) + 𝜓(⋅)𝑢(𝑡 − 𝑟 − 𝜏𝑢))]d𝑡

−𝜓(⋅)[𝜇𝑢(𝑡 − 𝑟 − 𝜏𝑢) + (1 − 𝜏′𝑢)𝐹𝑢(𝑡 − 𝑟 − 𝜏𝑢)]d𝑡

+𝜎(⋅, 𝑤(𝑡) + 𝜓(⋅)𝑢(𝑡 − 𝑟 − 𝜏𝑢))d(𝑡), 𝑡 ≥ 0,

(2.21)

where 𝑤(𝑡) = 𝑤(⋅, 𝑡), 𝐹𝑢(𝑡) = −𝐾0[(𝐴0−𝐵0𝐾0)�̂�
𝑁0
1 (𝑡)+�̂�𝑁0

1 (𝑡)−𝐿0𝐶0�̂�
𝑁0
1 (𝑡−

𝑟
𝑀 ) − 𝐶1�̂�

𝑁−𝑁0
1 (𝑡 − 𝑟

𝑀 ) + 𝐿0𝐶0�̂�
𝑁0
2 (𝑡) + 𝐿0𝐶1�̂�

𝑁−𝑁0
2 (𝑡)] satisfies d𝑢(𝑡) =

𝐹𝑢(𝑡)d𝑡, and

 ∶ () ⊆ 𝐿2(0, 1) → 𝐿2(0, 1), ℎ = ℎ′′,

() = {ℎ ∈ 𝐻2(0, 1)|ℎ′(0) = ℎ′(1) = 0}.

n (2.21), we take 𝑢(𝑡−𝑟−𝜏𝑢) (see (2.18)) as the non-homogeneous term.
et �̂�(𝑡) = col{�̂�𝑁0

1 (𝑡), �̂�𝑁−𝑁0
1 (𝑡),… , �̂�𝑁0

𝑀+1(𝑡),

̂𝑁−𝑁0
𝑀+1 (𝑡)}. From (2.3), (2.15), and (2.18), we have

d�̂�(𝑡) =
[

A�̂�(𝑡) + �̂�(𝑡) −
∑𝑀
𝑖=1 B𝑖K0�̂�(𝑡 − 𝑖−1

𝑀 𝑟)

(𝐼𝑀 ⊗ 0)�̂�(𝑡 − 𝑟
𝑀 ) + (𝐽0,𝑀 ⊗ 0)�̂�(𝑡) + L0⟨𝑐, 𝑤(⋅, 𝑡 − 𝜏𝑦)⟩

−L0⟨𝑐, 𝜓⟩K0�̂�(𝑡 − 𝜏𝑦 − 𝑟 − 𝜏𝑢(𝑡 − 𝜏𝑦))
]

d𝑡, 𝑡 ≥ 0,

(2.22)

where
A = 𝐼𝑀 ⊗ diag{𝐴0, 𝐴1}, K0 = [𝐾0, 0(𝑀𝑁+𝑁−𝑁0)×1],

B𝑖 = col{0(𝑖−1)𝑁×1, 𝐵0, 𝐵1, 0(𝑀−𝑖)×1}, 𝑖 = 1,… ,𝑀,

�̂�(𝑡) = col{�̂�𝑁0
1 , �̂�𝑁−𝑁0

1 ,… , �̂�𝑁0
𝑀 , �̂�𝑁−𝑁0

𝑀 },

L0 = col{0𝑁(𝑀−1)×1, 𝐿0, 0(𝑁−𝑁0)×1}, 0 =

[

𝐿0𝐶0 𝐿0𝐶1

0 0

]

.

For (2.22), we take 𝑤(⋅, 𝑡 − 𝜏𝑦) and other delayed terms as the non-
homogeneous terms. Therefore, the closed-loop system is the coupled
4

system between (2.21) and (2.22). (
Proposition 1. Consider the closed-loop system (2.1) subject to the con-
trol law (2.18) and the corresponding sub-predictor-based observer �̂�(𝑥, 𝑡)
defined by (2.15), (2.17) (i.e., (2.21) and (2.22)). Assume that nonlinear
functions 𝑔, 𝜎 satisfy (2.2). Then the solution to the closed-loop system
(2.1), (2.18), (2.15), with initial value 𝑧0 ∈ () almost surely and
𝑧0 ∈ 𝐿2(𝛺;𝐿2(0, 1)) exists uniquely and satisfies

𝑧(⋅, 𝑡) ∈ 𝐿2(𝛺;𝐶([0,∞);𝐿2(0, 1)))

∩ 𝐿2(𝛺 × [0,∞)∖ ;𝐻1(0, 1)),
(2.23)

and 𝑤(⋅, 𝑡) = 𝑧(⋅, 𝑡) − 𝜓(⋅)𝑢(𝑡 − 𝑟 − 𝜏𝑢) ∈ (), 𝑡 ≥ 0 almost surely.

Proof. We follow the step method used in [18] for the well-posedness.
First, we consider 𝑡 ∈ [0, 𝑡∗𝑢]. By (2.18) we have 𝑢(𝑡 − 𝑟 − 𝜏𝑢) ≡ 0,
𝑡 ∈ [0, 𝑡∗𝑢]. Since 𝑤(⋅, 0) = 𝑧0 ∈ () almost surely and 𝑔, 𝜎 satisfy
(2.2), by Theorem 6.7.4 in [29], (2.21) has a unique strong solution
𝑤 ∈ 𝐿2(𝛺;𝐶([0, 𝑡∗𝑢]);𝐿

2(0, 1))∩𝐿2(𝛺×[0, 𝑡∗𝑢];𝐻
1(0, 1)) and 𝑤(⋅, 𝑡) ∈ (),

𝑡 ∈ [0, 𝑡∗𝑢], almost surely. For 𝑦(𝑡) defined in (2.3), we have

∫ 𝑡
∗
𝑢

0 |𝑦(𝑠)|2d𝑠 ≤ 𝑡∗𝑢‖𝑐‖
2
𝐿2E sup𝑠∈[0,𝑡∗𝑢 ] ‖𝑤(𝑠)‖

2
𝐿2 . (2.24)

y Theorem 3.6.3 in [29], we obtain

sup𝑠∈[0,𝑡∗𝑢 ] ‖𝑤(𝑠)‖
2
𝐿2 ≤ �̄�1(1 + E‖𝑤(0)‖2

𝐿2 ),

or some �̄�1 > 0, which together with (2.24) implies

∫ 𝑡
∗
𝑢

0 |𝑦(𝑠)|2d𝑠 ≤ 𝑡∗𝑢‖𝑐‖
2
𝐿2 �̄�1(1 + E‖𝑤(0)‖2

𝐿2 ) =∶ 𝜅1. (2.25)

hen we consider (2.22) for 𝑡 ∈ [0, 𝑡∗𝑢]. Since 𝑔 satisfies the globally
ipschitz condition (2.2), we have that �̂�𝑗𝑖 defined below (2.15) satisfy
he globally Lipschitz condition with respect to �̂�. By taking 𝑤(⋅, 𝑡− 𝜏𝑦)
nd the delay terms as non-homogeneous terms, and using the step
ethod on [0, 𝑟

𝑀 ], [ 𝑟𝑀 , 2𝑟
𝑀 ], … until 𝑡 = 𝑡∗𝑢 , we conclude from Theorem

2.3.1 and Lemma 2.3.2 in [27] that system (2.22) admits a unique
solution on [0, 𝑡∗𝑢] which satisfies for some 𝜅2 > 0,

�̂� ∈ 𝐿2(𝛺 × [0, 𝑡∗𝑢];R
𝑀𝑁 ),

E ∫ 𝑡
∗
𝑢

0 |�̂�(𝑠)|2d𝑠 ≤ 𝜏∗𝑢 sup𝑠∈[0,𝜏∗𝑢 ] E|�̂�(𝑠)|2

𝜏∗𝑢 e
3(2‖A+𝐽0,𝑀⊗0‖2+2�̄�2)𝜏∗𝑢 (𝜏

∗
𝑢+4) =∶ 𝜅2.

(2.26)

In the second step, we consider 𝑡 ∈ [𝑡∗𝑢 , 𝑡
∗
𝑢 + 𝑡𝑚], where 𝑡𝑚 =

in{𝜏𝑚,𝑦, 𝑟∕𝑀}. We have

− 𝑟
𝑀 , 𝑡 − 𝜏𝑦(𝑡) ∈ [0, 𝑡∗𝑢], 𝑡 ∈ [𝑡∗𝑢 , 𝑡

∗
𝑢 + 𝑡𝑚],

− 𝑟 − 𝜏𝑢(𝑡) ∈ [0, 𝑡∗𝑢], 𝑡 ∈ [𝑡∗𝑢 , 𝑡
∗
𝑢 + 𝑡𝑚].

(2.27)

rom (2.26) and (2.27), it follows E ∫ 𝑡
∗
𝑢

𝑡∗𝑢−𝑡𝑚
|𝑢(𝑡 − 𝑟 − 𝜏𝑢(𝑡))|

2d𝑡 ≤ 𝜅3 and

∫ 𝑡
∗
𝑢

𝑡∗𝑢−𝑡𝑚
|𝐹𝑢(𝑡 − 𝑟 − 𝜏𝑢)|

2d𝑡 < 𝜅3 for some 𝜅3 > 0. By Theorem 6.7.4
n [29], we have that (2.21), with 𝑢(𝑡 − 𝑟 − 𝜏𝑢(𝑡)) and 𝐹𝑢(𝑡 − 𝑟 − 𝜏𝑢)
s non-homogeneous terms and initial value 𝑤(⋅, 𝑡∗𝑢) ∈ () almost
urely (obtained at the previous step), has a unique strong solution
∈ 𝐿2(𝛺;𝐶([𝑡∗𝑢 , 𝑡

∗
𝑢 + 𝑡𝑚]);𝐿2(0, 1)) ∩ 𝐿2(𝛺 × [𝑡∗𝑢 , 𝑡

∗
𝑢 + 𝑡𝑚];𝐻1(0, 1)) and

(⋅, 𝑡) ∈ (), 𝑡 ∈ [𝑡∗𝑢 , 𝑡
∗
𝑢 + 𝑡𝑚] almost surely. Next, consider (2.22) for

∈ [𝑡∗𝑢 , 𝑡
∗
𝑢 + 𝑡𝑚] with initial condition �̂�(𝑡∗𝑢) ∈ 𝐿2(𝛺;R𝑀𝑁 ) obtained at

he previous step. We have E ∫ 𝑡
∗
𝑢+𝑡𝑚

0 |𝑦(𝑠)|2d𝑠 = E ∫ 𝑡
∗
𝑢+𝑡𝑚

0 |⟨𝑐, 𝑤(⋅, 𝑠−𝜏𝑦)⟩+
𝑐, 𝜓⟩𝑢(𝑠 − 𝜏𝑦(𝑠) − 𝑟 − 𝜏𝑢(𝑠 − 𝜏𝑦(𝑠)))|2d𝑠 < 𝜅4 for certain 𝜅4 > 0, which
ogether with (2.26) implies that (2.22), with 𝑤(⋅, 𝑡−𝜏𝑦) and other delay
erms as non-homogeneous terms, has a unique solution that satisfies
̂ ∈ 𝐿2(𝛺 × [𝑡∗𝑢 , 𝑡

∗
𝑢 + 𝑡𝑚];R𝑀𝑁 ) and E ∫ 𝑡

∗
𝑢+𝑡𝑚

0 |�̂�(𝑠)|2d𝑠 < 𝜅5 for some
5 > 0.

Continuing step-by-step on [𝑡∗𝑢 + 𝑡𝑚, 𝑡
∗
𝑢 + 2𝑡𝑚], [𝑡∗𝑢 + 2𝑡𝑚, 𝑡∗𝑢 + 3𝑡𝑚], …

e obtain the existence of a unique strong solution to (2.21) satisfying
∈ 𝐿2(𝛺;𝐶([0,∞);𝐿2(0, 1))) ∩ 𝐿2(𝛺 × [0,∞)∖ ;𝐻1(0, 1)) such that

(⋅, 𝑡) ∈ (), 𝑡 ≥ 0, almost everywhere, and a unique solution to (2.22)
atisfying �̂� ∈ 𝐿2(𝛺 × [0,∞);R𝑀𝑁 ), where  = {𝑡∗𝑢 + 𝑗𝑡𝑚}

∞
𝑗=0. Using the

hange of variables (2.19), we have that (2.1) subject to control law
2.18) admits a unique solution satisfying (2.23).
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For sawtooth delays case, we can similarly obtained that the exis-
tence of a unique strong solution to (2.21) satisfying 𝑤 ∈ 𝐿2(𝛺;𝐶([0,
∞);𝐿2(0, 1)))∖ ∩ 𝐿2(𝛺 × [0,∞)∖ ;𝐻1(0, 1)) such that 𝑤(⋅, 𝑡) ∈ (),
𝑡 ∈ R+, almost surely, and (2.1) subject to control law (2.18) admits a
unique solution satisfying (2.23).

2.3. Mean-square 𝐿2 stability analysis

Define the estimation errors as follows

𝑒𝑗𝑖 (𝑡) = �̂�𝑗𝑖+1(𝑡 −
𝑀−𝑖
𝑀 𝑟) − �̂�𝑗𝑖 (𝑡 −

𝑀−𝑖+1
𝑀 𝑟), 1 ≤ 𝑖 ≤𝑀 − 1,

𝑒𝑗𝑀 (𝑡) = 𝑧𝑗 (𝑡) − �̂�𝑗𝑀 (𝑡 − 𝑟
𝑀 ), 𝑗 ∈ {𝑁0, 𝑁 −𝑁0}.

(2.28)

hen the last term on the right-hand-side of differential equation for
�̂�𝑁0
𝑀 (𝑡) in (2.15) can be presented as

0�̂�
𝑁0
𝑀 (𝑡 − 𝑟

𝑀 ) + 𝐶1�̂�
𝑁−𝑁0
𝑀 (𝑡 − 𝑟

𝑀 ) − 𝑦(𝑡)
(2.3)
= −[𝐶0𝑒

𝑁0
𝑀 (𝑡) + 𝐶1𝑒

𝑁−𝑁0
𝑀 (𝑡) + 𝜁 (𝑡 − 𝜏𝑦)]

+ 𝐶0𝛶
𝑁0
𝜏𝑦 (𝑡) + 𝐶1𝛶

𝑁−𝑁0
𝜏𝑦 (𝑡),

𝛶 𝑗𝜏𝑦 (𝑡) = 𝑧𝑗 (𝑡) − 𝑧𝑗 (𝑡 − 𝜏𝑦), 𝑗 ∈ {𝑁0, 𝑁 −𝑁0},

𝜁 (𝑡) =
∑∞
𝑛=𝑁+1 𝑐𝑛𝑧𝑛(𝑡).

(2.29)

Furthermore, by (2.28), we get

̂𝑁0
1 (𝑡 − 𝑟) +

∑𝑀
𝑖=1 𝑒

𝑁0
𝑖 (𝑡) = 𝑧𝑁0 (𝑡). (2.30)

In particular, if the errors 𝑒𝑁0
𝑖 (𝑡), 1 ≤ 𝑖 ≤ 𝑀 converge to zero, from

(2.30) we have �̂�𝑁0
1 (𝑡) → 𝑧𝑁0 (𝑡 + 𝑟), meaning that �̂�𝑁0

1 (𝑡) predicts the
future system state 𝑧𝑁0 (𝑡 + 𝑟).

Using (2.10), (2.15), and (2.29), we arrive at

d𝑒𝑁0
𝑀 (𝑡) = [(𝐴0 − 𝐿0𝐶0)𝑒

𝑁0
𝑀 (𝑡) + 𝐵0𝐾0𝛶

𝑁0
𝜏𝑢 (𝑡) +𝐻𝑁0

𝑀 (𝑡)

− 𝐿0𝐶1𝑒
𝑁−𝑁0
𝑀 (𝑡) + 𝐿0𝐶0𝛶

𝑁0
𝑀,𝑟(𝑡) + 𝐿0𝐶1𝛶

𝑁−𝑁0
𝑀,𝑟 (𝑡)

+ 𝐿0𝐶0�̄�
𝑁0
𝜏𝑦

(𝑡) + 𝐿0𝐶1�̄�
𝑁−𝑁0
𝜏𝑦

(𝑡)

− 𝐿0𝜁 (𝑡 −
𝑟
𝑀 − 𝜏𝑦)]d𝑡 + 𝜎𝑁0 (𝑡)d(𝑡),

d𝑒𝑁−𝑁0
𝑀 (𝑡) = [𝐴1𝑒

𝑁−𝑁0
𝑀 (𝑡) +𝐻𝑁−𝑁0

𝑀 (𝑡)

+ 𝐵1𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)]d𝑡 + 𝜎𝑁−𝑁0 (𝑡)d(𝑡),

d𝑒𝑁0
𝑀−1(𝑡) = [(𝐴0 − 𝐿0𝐶0)𝑒

𝑁0
𝑀−1(𝑡) + 𝐿0𝐶0𝛶

𝑁0
𝑀−1,𝑟(𝑡)

+𝐻𝑁0
𝑀−1(𝑡) − 𝐿0𝐶1𝑒

𝑁−𝑁0
𝑀−1 (𝑡) + 𝐿0𝐶1𝛶

𝑁−𝑁0
𝑀−1,𝑟 (𝑡)

+ 𝐿0(𝐶0𝑒
𝑁0
𝑀 (𝑡) + 𝐶1𝑒

𝑁−𝑁0
𝑀 (𝑡) + 𝜁 (𝑡 − 𝑟

𝑀 − 𝜏𝑦))

− 𝐿0𝐶0�̄�
𝑁0
𝜏𝑦

(𝑡) − 𝐿0𝐶1�̄�
𝑁−𝑁0
𝜏𝑦

(𝑡)

− 𝐿0𝐶0𝛶
𝑁0
𝑀,𝑟(𝑡) − 𝐿0𝐶1𝛶

𝑁−𝑁0
𝑀,𝑟 (𝑡)]d𝑡,

𝑒𝑁0
𝑖 (𝑡) = [(𝐴0 − 𝐿0𝐶0)𝑒

𝑁0
𝑖 (𝑡) + 𝐿0𝐶0𝛶

𝑁0
𝑖,𝑟 (𝑡) +𝐻𝑁0

𝑖 (𝑡)

+ 𝐿0[𝐶0𝑒
𝑁0
𝑖+1(𝑡) + 𝐶1𝑒

𝑁−𝑁0
𝑖+1 (𝑡)] − 𝐿0𝐶0𝛶

𝑁0
𝑖+1,𝑟(𝑡)

− 𝐿0𝐶1𝛶
𝑁−𝑁0
𝑖+1,𝑟 (𝑡) − 𝐿0𝐶1𝑒

𝑁−𝑁0
𝑖 (𝑡)

+ 𝐿0𝐶1𝛶
𝑁−𝑁0
𝑖,𝑟 (𝑡)]d𝑡, 1 ≤ 𝑖 ≤𝑀 − 2,

d𝑒𝑁−𝑁0
𝑖 (𝑡) = [𝐴1𝑒

𝑁−𝑁0
𝑖 (𝑡) +𝐻𝑁−𝑁0

𝑖 (𝑡)]d𝑡, 1 ≤ 𝑖 ≤𝑀 − 1,

(2.31)

where

𝛶𝑁0
𝜏𝑢 (𝑡) = �̂�𝑁0

1 (𝑡 − 𝑟) − �̂�𝑁0
1 (𝑡 − 𝑟 − 𝜏𝑢),

�̄� 𝑗𝜏𝑦 (𝑡) = 𝑧𝑗 (𝑡 − 𝑟
𝑀 ) − 𝑧𝑗 (𝑡 − 𝑟

𝑀 − 𝜏𝑦), 𝜏𝑦 = 𝜏𝑦(𝑡 −
𝑟
𝑀 ),

𝛶 𝑗𝑖,𝑟(𝑡) = 𝑒𝑗𝑖 (𝑡) − 𝑒
𝑗
𝑖 (𝑡 −

𝑟
𝑀 ), 1 ≤ 𝑖 ≤𝑀,

𝑗
𝑖 (𝑡) = �̂�𝑗𝑖+1(𝑡 −

𝑀−𝑖
𝑀 𝑟) − 𝐺𝑗𝑖 (𝑡 −

𝑀−𝑖+1
𝑀 𝑟), 1 ≤ 𝑖 ≤𝑀 − 1,

𝑗 𝑗 𝑗

(2.32)
5

𝐻𝑀 (𝑡) = 𝐺 (𝑡) − �̂�𝑀 (𝑡), 𝑗 ∈ {𝑁0, 𝑁 −𝑁0}.
Introduce the notations

𝑋𝑧(𝑡) = col{𝑧𝑁0 (𝑡), 𝑧𝑁−𝑁0 (𝑡)},  = col{𝐵0, 𝐵1},

𝑧 =

[

𝐴0 − 𝐵0𝐾0 0

−𝐵1𝐾0 𝐴1

]

, 𝐺(𝑡) =

[

𝐺𝑁0 (𝑡)

𝐺𝑁−𝑁0 (𝑡)

]

,

̄𝜏𝑦 (𝑡) =

⎡

⎢

⎢

⎢

⎣

�̄�𝑁0
𝜏𝑦

(𝑡)

�̄�𝑁−𝑁0
𝜏𝑦

(𝑡)

⎤

⎥

⎥

⎥

⎦

,

𝑒(𝑡) = col{𝑒𝑁0
1 (𝑡),… , 𝑒𝑁0

𝑀 (𝑡), 𝑒𝑁−𝑁0
1 (𝑡),… , 𝑒𝑁−𝑁0

𝑀 (𝑡)},

0 = [𝐼𝑁0
,… , 𝐼𝑁0

, 0𝑁0×𝑀(𝑁−𝑁0)] ∈ R𝑁0×𝑀𝑁 ,  = [𝐶0, 𝐶1],

̃0 = [𝐼𝑁0
, 0𝑁0×(𝑁−𝑁0)], 𝛶𝑒,𝑟(𝑡) = 𝑋𝑒(𝑡) −𝑋𝑒(𝑡 −

𝑟
𝑀 ),

(𝑡) = col{𝐻𝑁0
1 (𝑡),… ,𝐻𝑁0

𝑀 (𝑡),𝐻𝑁−𝑁0
1 (𝑡),… ,𝐻𝑁−𝑁0

𝑀 (𝑡)},

𝜁 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0𝑁0(𝑀−2)×1

𝐿0

−𝐿0

0𝑀(𝑁−𝑁0)×1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, ̃1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0(𝑀−1)𝑁0×𝑁

[𝐼𝑁0
0]

0(𝑀−1)(𝑁−𝑁0)×𝑁

[0 𝐼𝑁−𝑁0
]

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

�̄�(𝑡) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0𝑁0(𝑀−1)×1

𝜎𝑁0 (𝑡)

0(𝑁−𝑁0)(𝑀−1)×1

𝜎𝑁−𝑁0 (𝑡)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝜎(𝑡) =

[

𝜎𝑁0 (𝑡)

𝜎𝑁−𝑁0 (𝑡)

]

,

𝐹𝑒 =
[

𝐼𝑀 ⊗ (𝐴0 − 𝐿0𝐶0) + 𝐽0,𝑀 ⊗𝐿0𝐶0 −𝐼𝑀 ⊗𝐿0𝐶1 + 𝐽0,𝑀 ⊗𝐿0𝐶1

0 𝐼𝑀 ⊗𝐴1

]

,

𝛬𝑒 =

[

𝐼𝑀 ⊗𝐿0𝐶0 − 𝐽0,𝑀 ⊗𝐿0𝐶0 𝐼𝑀 ⊗𝐿0𝐶1 − 𝐽0,𝑀 ⊗𝐿0𝐶1

0𝑀(𝑁−𝑁0)×𝑀𝑁0
0

]

.

(2.33)

Then from (2.5), (2.10), (2.18), , we have the following closed-loop
system for 𝑡 ≥ 0,

d𝑋𝑧(𝑡) = [𝐹𝑧𝑋𝑧(𝑡) + 𝐾00𝑋𝑒(𝑡) + 𝐺(𝑡)

+ 𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)]d𝑡 + 𝜎(𝑡)d(𝑡),

𝑋𝑒(𝑡) = [𝐹𝑒𝑋𝑒(𝑡) +𝐻(𝑡) + 𝛬𝑒𝛶𝑒,𝑟(𝑡) − 𝐋𝜁�̄�𝜏𝑦 (𝑡)

+ 1𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡) + 𝐋𝜁 𝜁 (𝑡 −

𝑟
𝑀 − 𝜏𝑦)]d𝑡 + �̄�(𝑡)d(𝑡),

d𝑧𝑛(𝑡) = [−𝜆𝑛𝑧𝑛(𝑡) + 𝑔𝑛(𝑡) − 𝑏𝑛𝐾0[̃𝑋𝑧(𝑡) − 0𝑋𝑒(𝑡)]

+ 𝑏𝑛𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)]d𝑡 + 𝜎𝑛(𝑡)d(𝑡), 𝑛 > 𝑁.

(2.34)

or 𝑀 = 1, we have closed-loop system (2.34) with 𝐹𝑒, 𝛬𝑒, 𝐋𝜁 replaced
y

𝑒 =

[

𝐴0 − 𝐿0𝐶0 −𝐿0𝐶1

0 𝐴1

]

, 𝐋𝜁 =
[

−𝐿0

0(𝑁−𝑁0)×1

]

,

𝑒 =

[

𝐿0

0(𝑁−𝑁0)×𝑁

]

.

et

(𝑡) = col{𝑋𝑧(𝑡), 𝑋𝑒(𝑡)}, 𝛶𝑟 = 𝑋(𝑡) −𝑋(𝑡 − 𝑟
𝑀 ),

𝐈1 =
[

𝐼𝑁
0𝑀𝑁×𝑁

]

, 𝐈2 =
[

0𝑁×𝑀𝑁

𝐼𝑀𝑁

]

, 𝛬 = 𝐈2𝛬𝑒𝐈T2 , 𝐋 = 𝐈2𝐋𝜁 ,

𝐹 =

[

𝐹𝑧 𝐾00
0 𝐹𝑒

]

, 1 =

[

𝐼𝑁
̃1

]

,  = [̃0,−0],

𝐅(𝑡) = 𝐹𝑋(𝑡) + 𝐈1𝐺(𝑡) + 1𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡) + 𝐈2𝐻(𝑡)

𝑟 ̄
+ 𝛬𝛶𝑟(𝑡) + 𝐋𝜁 (𝑡 − 𝑀 − 𝜏𝑦) − 𝐋𝛶𝜏𝑦 (𝑡).
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We can write (2.34) as

d𝑋(𝑡) = 𝐅(𝑡)d𝑡 + 1𝜎(𝑡)d(𝑡), (2.35a)
d𝑧𝑛(𝑡) = [−𝜆𝑛𝑧𝑛(𝑡) + 𝑔𝑛(𝑡) − 𝑏𝑛𝐾0𝑋(𝑡)

+ 𝑏𝑛𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)]d𝑡 + 𝜎𝑛(𝑡)d(𝑡), 𝑛 > 𝑁. (2.35b)

Remark 4. In closed-loop system (2.35), the delay term �̄�𝜏𝑦 (𝑡) cor-
esponding to 𝑧𝑗 (𝑡 − 𝑟

𝑀 ) is induced by 𝑒𝑗𝑀 (𝑡) = 𝑧𝑗 (𝑡) − �̂�𝑗𝑀 (𝑡 − 𝑟
𝑀 ) with

𝑗 (𝑡− 𝑟
𝑀 ) appearing in ODE system for �̂�𝑁0

𝑀 (𝑡− 𝑟
𝑀 ). To compensate �̄�𝜏𝑦 (𝑡),

t will result in delay terms 𝑧𝑗 (𝑡− 𝑟
𝑀 ). Besides, both the stochastic term

and the delay fraction 𝑟∕𝑀 appear in system 𝑒𝑗𝑀 . Therefore, we need to
onstruct Lyapunov functional (as introduced in [32]) that depends on
tochastic term 1𝜎(𝑡) for the compensation of 𝛶𝑟(𝑡) (see 𝑉𝑄𝑟 in (2.38)).
oreover, the delay term 𝛶𝑁0

𝜏𝑢 (𝑡) corresponds to �̂�𝑁0
1 (𝑡−𝑟) = 𝑋(𝑡). From

2.30) and (2.35a), it follows

𝑋(𝑡) = 𝐅(𝑡)d𝑡 + 1𝜎(𝑡)d(𝑡), (2.36)

where 1 ≠ 0. This means that we need to construct Lyapunov func-
tional that depends on stochastic term 1𝜎(𝑡) for the compensation of
𝛶𝑁0
𝜏𝑢 (𝑡) (see 𝑉𝑄𝑢 in (2.38)).

For the mean-square 𝐿2 exponential stability of system (2.35), we
consider the following Lyapunov functional:

𝑉 (𝑡) = 𝑉tail(𝑡) + 𝑉𝑃 + 𝑉𝑦(𝑡) + 𝑉𝑟(𝑡) + 𝑉𝑢(𝑡) (2.37)

with
𝑉tail(𝑡) = 𝜌

∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡), 𝑉𝑃 (𝑡) = |𝑋(𝑡)|2𝑃 ,

𝑉𝑦(𝑡) = 𝑉𝑆𝑦 (𝑡) + 𝑉𝑅𝑦 (𝑡) + 𝑉𝑄𝑦 (𝑡),

𝑉𝑆𝑦 (𝑡) = ∫
𝑡− 𝑟

𝑀
𝑡− 𝑟

𝑀 −𝜏𝑀,𝑦
e−2𝛿(𝑡−

𝑟
𝑀 −𝑠)

|𝐈T1𝑋(𝑠)|2𝑆𝑦d𝑠,

𝑉𝑅𝑦 (𝑡) = 𝜏𝑀,𝑦 ∫
− 𝑟
𝑀

− 𝑟
𝑀 −𝜏𝑀,𝑦

∫ 𝑡𝑡+𝜃 e
−2𝛿(𝑡− 𝑟

𝑀 −𝑠)
|𝐈T1𝐅(𝑠)|

2
𝑅𝑦
d𝑠d𝜃,

𝑉𝑄𝑦 (𝑡) = ∫
− 𝑟
𝑀

− 𝑟
𝑀 −𝜏𝑀,𝑦

∫ 𝑡𝑡+𝜃 e
−2𝛿(𝑡− 𝑟

𝑀 −𝑠)
|𝜎(𝑠)|2𝑄𝑦d𝑠d𝜃,

𝑉𝑟(𝑡) = 𝑉𝑆𝑟 (𝑡) + 𝑉𝑅𝑟 (𝑡) + 𝑉𝑄𝑟 (𝑡),

𝑉𝑆𝑟 (𝑡) = ∫ 𝑡𝑡− 𝑟
𝑀

e−2𝛿(𝑡−𝑠)|𝑋(𝑠)|2𝑆𝑟d𝑠,

𝑉𝑅𝑟 (𝑡) =
𝑟
𝑀 ∫ 0

− 𝑟
𝑀

∫ 𝑡𝑡+𝜃 e
−2𝛿(𝑡−𝑠)

|𝐅(𝑠)|2𝑅𝑟d𝑠d𝜃,

𝑉𝑄𝑟 (𝑡) = ∫ 0
− 𝑟
𝑀

∫ 𝑡𝑡+𝜃 e
−2𝛿(𝑡−𝑠)

|1𝜎(𝑡)|2𝑄𝑟d𝑠d𝜃,

𝑉𝑢(𝑡) = 𝑉𝑆𝑢 (𝑡) + 𝑉𝑅𝑢 (𝑡) + 𝑉𝑄𝑢 (𝑡),

𝑉𝑆𝑢 (𝑡) = ∫ 𝑡𝑡−𝜏𝑀,𝑢
e−2𝛿(𝑡−𝑠)|𝑋(𝑠)|2𝑆𝑢d𝑠,

𝑉𝑅𝑢 (𝑡) = 𝜏𝑀,𝑢 ∫
0
−𝜏𝑀,𝑢

∫ 𝑡𝑡+𝜃 e
−2𝛿(𝑡−𝑠)

|𝐅(𝑠)|2𝑅𝑢d𝑠d𝜃,

𝑉𝑄𝑢 (𝑡) = ∫ 0
−𝜏𝑀,𝑢

∫ 𝑡𝑡+𝜃 e
−2𝛿(𝑡−𝑠)

|1𝜎(𝑡)|2𝑄𝑢d𝑠d𝜃,

(2.38)

where 𝑃 , 𝑆𝑖, 𝑅𝑖, 𝑄𝑖, 𝑖 ∈ {𝑦, 𝑟, 𝑢} are positive matrices of appropriate
dimensions and 𝜌 > 0 is a scalar. The term 𝑉𝑦 is introduced to
compensate �̄�𝜏𝑦 . The term 𝑉𝑟 is used to compensate 𝛶𝑟. The term 𝑉𝑢
is utilized to compensate 𝛶𝑁0

𝜏𝑢 . Finally, to compensate 𝜁 (𝑡 − 𝑟∕𝑀 − 𝜏𝑦),
we will use Halanay’s inequality with respect to E𝑉 (𝑡).

By Parseval’s equality (see [33, Proposition 10.29]) and the change
of variables (2.19), we present 𝑉tail(𝑡) in (2.37) as

𝑉tail(𝑡) = −𝑉1(𝑡) + 𝑉2(𝑤(𝑡), 𝑡), 𝑉1(𝑡) = 𝜌|𝐈T1𝑋(𝑡)|2,

𝑉2(𝑤(𝑡), 𝑡) = 𝜌‖𝑤(⋅, 𝑡) + 𝜓(⋅)𝑢(𝑡 − 𝑟 − 𝜏𝑢)‖2𝐿2 .
(2.39)

For function 𝑉1, calculating the generator  along stochastic ODE
(2.35a) (see [34, P. 149]), we have

𝑉1(𝑡) + 2𝛿𝑉1(𝑡) = 𝜌
∑𝑁
𝑛=1 2(−𝜆𝑛 + 𝛿)𝑧

2
𝑛(𝑡)

+ 𝜌|𝜎(𝑡)|2 + 𝜌
∑𝑁
𝑛=1 2𝑧𝑛(𝑡)[𝑔𝑛(𝑡) − 𝑏𝑛𝐾0𝑋(𝑡)]

∑𝑁 𝑁0

(2.40)
6

+ 𝜌 𝑛=1 2𝑧𝑛(𝑡)𝑏𝑛𝐾0𝛶𝜏𝑢 (𝑡).
Note that 𝑤(𝑡) is a strong solution to (2.21) (see Section 2.2). For
𝑉2(𝑤, 𝑡), calculating the generator  along (2.21) (see [29, P. 228]) we
obtain for continuously differentiable delay 𝜏𝑢

𝑉2(𝑤(𝑡), 𝑡) =
𝜕𝑉2(𝑤(𝑡),𝑡)

𝜕𝑡 + ⟨

𝜕𝑉2(𝑤(𝑡),𝑡)
𝜕𝑤 ,𝑤(𝑡)⟩

+⟨ 𝜕𝑉2(𝑤(𝑡),𝑡)𝜕𝑤 , 𝑔(⋅, 𝑤(𝑡) + 𝜓(⋅)𝑢(𝑡 − 𝑟 − 𝜏𝑢))⟩

−⟨ 𝜕𝑉2(𝑤(𝑡),𝑡)𝜕𝑤 , 𝜓(⋅)⟩[𝜇𝑢(𝑡 − 𝑟 − 𝜏𝑢) + (1 − 𝜏′𝑢)𝐹𝑢(𝑡 − 𝑟 − 𝜏𝑢)]
1
2

⟨ 𝜕2𝑉2(𝑤(𝑡),𝑡)
𝜕𝑤2 𝜎(⋅, 𝑤(𝑡) + 𝜓(⋅)𝑢(𝑡 − 𝑟 − 𝜏𝑢)),

𝜎(⋅, 𝑤(𝑡) + 𝜓(⋅)𝑢(𝑡 − 𝑟 − 𝜏𝑢))
⟩

,

(2.41)

nd for sawtooth delays

𝑉2(𝑤(𝑡), 𝑡) = ⟨

𝜕𝑉2(𝑤(𝑡),𝑡)
𝜕𝑤 ,𝑤(𝑡) − 𝜇𝜓(⋅)𝑢(𝑡 − 𝑟 − 𝜏𝑢)⟩,

⟨

𝜕𝑉2(𝑤(𝑡),𝑡)
𝜕𝑤 , 𝑔(⋅, 𝑤(𝑡) + 𝜓(⋅)𝑢(𝑡 − 𝑟 − 𝜏𝑢))⟩

+ 1
2

⟨ 𝜕2𝑉2(𝑤(𝑡),𝑡)
𝜕𝑤2 𝜎(⋅, 𝑤(𝑡) + 𝜓(⋅)𝑢(𝑡 − 𝑟 − 𝜏𝑢)),

𝜎(⋅, 𝑤(𝑡) + 𝜓(⋅)𝑢(𝑡 − 𝑟 − 𝜏𝑢))
⟩

.

(2.42)

or both cases (2.41) and (2.42), we have

𝑉2(𝑤(𝑡), 𝑡) = 2𝜌⟨𝑧(⋅, 𝑡),𝑤(𝑡) + 𝑔(⋅, 𝑧(⋅, 𝑡))⟩

+ 2𝜌⟨𝑧(⋅, 𝑡), 𝜓 ′′(⋅)⟩𝑢(𝑡 − 𝑟 − 𝜏𝑢) + ‖𝜎(⋅, 𝑧(⋅, 𝑡))‖2
𝐿2

2.2)
≤ 2𝜌⟨𝑤(𝑡) + 𝑔(⋅, 𝑧(⋅, 𝑡)), 𝑧(⋅, 𝑡)⟩ + 𝜌�̄�2‖𝑧(⋅, 𝑡)‖2

𝐿2

+ 2𝜌⟨𝑧(⋅, 𝑡), 𝜓 ′′(⋅)⟩𝑢(𝑡 − 𝑟 − 𝜏𝑢).

(2.43)

y Parseval’s equality (see [33, Proposition 10.29]), we have

𝑤(𝑡) + 𝑔(⋅, 𝑧(⋅, 𝑡)), 𝑧(⋅, 𝑡)⟩
∑∞
𝑛=1 𝑧𝑛(𝑡)⟨𝑤(𝑡), 𝜙𝑛⟩ +

∑∞
𝑛=1 𝑧𝑛(𝑡)𝑔𝑛(𝑡),

𝜓(⋅), 𝑧(𝑡)⟩ =
∑∞
𝑛=1 𝑧𝑛(𝑡)⟨𝜓(⋅), 𝜙𝑛⟩.

(2.44)

sing integration by parts, (1.1) and (2.20), we arrive at

𝑤(𝑡), 𝜙𝑛⟩ = −𝜆𝑛𝑤𝑛(𝑡)

= −𝜆𝑛𝑧𝑛(𝑡) + 𝜆𝑛⟨𝜓, 𝜙𝑛⟩𝑢(𝑡 − 𝑟 − 𝜏𝑢),

𝜓 ′′(⋅), 𝜙𝑛⟩ = 𝑏𝑛 − 𝜆𝑛⟨𝜓, 𝜙𝑛⟩.

(2.45)

ubstituting (2.44) and (2.45) into (2.43), and using (2.18), (2.30), we
et

[𝑉2(𝑤(𝑡), 𝑡) + 2𝛿𝑉2(𝑤(𝑡), 𝑡)]

≤ 𝜌E
∑∞
𝑛=1 2(−𝜆𝑛 + 𝛿 +

�̄�2

2 )𝑧2𝑛(𝑡) + 𝜌E
∑∞
𝑛=1 2𝑧𝑛(𝑡)𝑔𝑛(𝑡)

+ 𝜌E
∑∞
𝑛=1 2𝑧𝑛(𝑡)[−𝑏𝑛𝐾0𝑋(𝑡) + 𝑏𝑛𝐾0𝛶

𝑁0
𝜏𝑢 (𝑡)].

(2.46)

ote that 𝑤(⋅, 𝑡) ∈ () almost surely and 𝑤 ∈ 𝐿2(𝛺 × [0,∞)∖ ;𝐻1

0, 1)), we have E‖𝑤(⋅, 𝑡)‖2
𝐻1 < ∞. By (2.19), we get E‖𝑧(⋅, 𝑡)‖2

𝐻1 ≤
‖𝑤(⋅, 𝑡)‖2

𝐻1 + ‖𝜓‖2
𝐻1 |𝑢(𝑡 − 𝑟 − 𝜏𝑢)|

2. From (2.18) and E|�̂�1(𝑡)|2 < ∞
see Section 2.2), it follows E

∑∞
𝑛=1 𝜆𝑛𝑧

2
𝑛(𝑡) ≤ E‖𝑧(⋅, 𝑡)‖2

𝐻1 < ∞. Let
1, 𝛼2, 𝛼3 > 0. By the Young inequalities we have

∞
𝑛=𝑁+1 2𝑧𝑛(𝑡)𝑔𝑛(𝑡) ≤

∑∞
𝑛=𝑁+1

𝑧2𝑛(𝑡)
𝛼1

+ 𝛼1
∑∞
𝑛=𝑁+1 𝑔

2
𝑛 (𝑡)

=
∑∞
𝑛=𝑁+1

1
𝛼1
𝑧2𝑛(𝑡) − 𝛼1|𝐺(𝑡)|

2 + 𝛼1
∑∞
𝑛=1 𝑔

2
𝑛 (𝑡),

∞
𝑛=𝑁+1 2𝑧𝑛(𝑡)[−𝑏𝑛𝐾0𝑋(𝑡) + 𝑏𝑛𝐾0𝛶

𝑁0
𝜏𝑢 (𝑡)]

(2.7)
≤

∑∞
𝑛=𝑁+1

𝜆𝑛
𝛼2
𝑧2𝑛(𝑡) +

2𝛼2(𝑁+1)
𝑁2𝜋2

|𝐾0𝑋(𝑡)|2

+
∑∞
𝑛=𝑁+1

𝜆𝑛
𝛼3
𝑧2𝑛(𝑡) +

2𝛼3(𝑁+1)
𝑁2𝜋2

|𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)|

2
.

(2.47)

y Parseval’s equality we have

∞
𝑛=1 𝑔

2
𝑛 (𝑡)

(2.6)
= ‖𝑔(⋅, 𝑧(⋅, 𝑡))‖2

𝐿2

2.2)
2 T 2 2 ∑∞ 2

(2.48)

≤ �̄� |𝐈1𝑋(𝑡)| + �̄� 𝑛=𝑁+1 𝑧𝑛(𝑡).
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Combination of (2.40), (2.46), (2.47), and (2.48) gives

E[𝑉tail(𝑡) + 2𝛿𝑉tail(𝑡)] ≤ E
∑∞
𝑛=𝑁+1 𝜒𝑛𝑧

2
𝑛(𝑡)

+ 2𝜌(𝑁+1)
𝑁2𝜋2

[𝛼2E|𝐾0𝑋(𝑡)|2 + 𝛼3E|𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)|

2
]

+ E[𝜌(�̄�2 + 𝛼1�̄�2)|𝐈T1𝑋(𝑡)|2 − 𝜌|𝜎(𝑡)|2 − 𝜌𝛼1|𝐺(𝑡)|
2],

(2.49)

where 𝜒𝑛 = 𝜌(−2𝜆𝑛 + 2𝛿 + �̄�2 + 𝛼1�̄�2 +
1
𝛼1

+ 𝜆𝑛
𝛼2

+ 𝜆𝑛
𝛼3
).

For 𝑉𝑃 , 𝑉𝑦, 𝑉𝑢, 𝑉𝑟, calculating the generator  along (2.35a) (see [34,
P. 149]), we have

𝑉𝑃 (𝑡) + 2𝛿𝑉𝑃 (𝑡) = 𝑋T(𝑡)[𝑃𝐹 + 𝐹 T𝑃 + 2𝛿𝑃 ]𝑋(𝑡)

+ |1𝜎(𝑡)|2𝑃 + 2𝑋T(𝑡)𝑃 [𝐈1𝐺(𝑡) + 1𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)

+ 𝐈2𝐻(𝑡) + 𝛬𝛶𝑟(𝑡) + 𝐋𝜁 (𝑡 − 𝑟
𝑀 − 𝜏𝑦) − 𝐋�̄�𝜏𝑦 (𝑡)],

𝑉𝑦(𝑡) + 2𝛿𝑉𝑦(𝑡) ≤ |𝐈T1𝑋(𝑡) − 𝐈T1𝛶𝑟(𝑡)|
2
𝑆𝑦

− 𝜀𝑦|𝐈T1𝑋(𝑡) − 𝐈T1𝛶𝑟(𝑡) − �̄�𝜏𝑦 (𝑡) − �̄�𝜏𝑦 (𝑡)|
2
𝑆𝑦

+ 𝜏2𝑀,𝑦e
2𝛿𝑟∕𝑀

|𝐈T1𝐅(𝑡)|
2
𝑅𝑦

− 𝜀𝑦𝜏𝑀,𝑦 ∫
𝑡− 𝑟

𝑀
𝑡− 𝑟

𝑀 −𝜏𝑀,𝑦
|𝐈T1𝐅(𝑠)|

2
𝑅𝑦
d𝑠

+ 𝜏𝑀,𝑦e2𝛿𝑟∕𝑀 |𝜎(𝑡)|2𝑄𝑦 − 𝜀𝑦 ∫
𝑡− 𝑟

𝑀
𝑡− 𝑟

𝑀 −𝜏𝑀,𝑦
|𝜎(𝑠)|2𝑄𝑦d𝑠,

𝑉𝑢(𝑡) + 2𝛿𝑉𝑢(𝑡) ≤ |𝑋(𝑡)|2𝑆𝑢 − 𝜀𝑢|𝑋(𝑡) − 𝛶𝑁0
𝜏𝑢 (𝑡) − 𝜈𝑁0

𝜏𝑢 (𝑡)|
2

𝑆𝑢

+ 𝜏2𝑀,𝑢|𝐅(𝑡)|
2
𝑅𝑢

− 𝜀𝑢𝜏𝑀,𝑢 ∫
𝑡
𝑡−𝜏𝑀,𝑢

|𝐅(𝑠)|2𝑅𝑢d𝑠

+ 𝜏𝑀,𝑢|1𝜎(𝑡)|2𝑄𝑢 − 𝜀𝑢 ∫
𝑡
𝑡−𝜏𝑀,𝑢

|1𝜎(𝑠)|2𝑄𝑢d𝑠,

𝑉𝑟(𝑡) + 2𝛿𝑉𝑟(𝑡) ≤ |𝑋(𝑡)|2𝑆𝑟 − 𝜀𝑀 |𝑋(𝑡) − 𝛶𝑟(𝑡)|
2
𝑆𝑟

+ 𝑟2

𝑀2 |𝐅(𝑡)|
2
𝑅𝑟

− 𝑟𝜀𝑀
𝑀 ∫ 𝑡𝑡− 𝑟

𝑀
|𝐅(𝑠)|2𝑅𝑟d𝑠

+ 𝑟
𝑀 |1𝜎(𝑡)|2𝑄𝑟 − 𝜀𝑀 ∫ 𝑡𝑡− 𝑟

𝑀
|1𝜎(𝑠)|2𝑄𝑟d𝑠,

(2.50)

where 𝜀𝑦 = e−2𝛿𝜏𝑀,𝑦 , 𝜀𝑢 = e−2𝛿𝜏𝑀,𝑢 , 𝜀𝑀 = e−2𝛿𝑟∕𝑀 , �̄�𝜏𝑦 (𝑡) = 𝑋𝑧(𝑡 −
𝑟
𝑀 −

𝜏𝑦)−𝑋𝑧(𝑡−
𝑟
𝑀 − 𝜏𝑀,𝑦), 𝜈

𝑁0
𝜏𝑢 (𝑡) = �̂�𝑁0

1 (𝑡− 𝑟− 𝜏𝑢)− �̂�
𝑁0
1 (𝑡− 𝑟− 𝜏𝑀,𝑢). By using

the Itô integral properties (see [27,34]), we have

E ∫
𝑡− 𝑟

𝑀
𝑡− 𝑟

𝑀 −𝜏𝑀,𝑦
|𝜎(𝑠)|2𝑄𝑦d𝑠 = E

[

𝜉𝑦,1(𝑡)

𝜉𝑦,2(𝑡)

][

𝑄𝑦 0

0 𝑄𝑦

][

𝜉𝑦,1(𝑡)

𝜉𝑦,2(𝑡)

]

,

E ∫ 𝑡𝑡−𝜏𝑀,𝑢
|1𝜎(𝑠)|2𝑄𝑢d𝑠 = E

[

𝜉𝑢,1(𝑡)

𝜉𝑢,2(𝑡)

][

𝑄𝑢 0

0 𝑄𝑢

][

𝜉𝑢,1(𝑡)

𝜉𝑢,2(𝑡)

]

,

E ∫ 𝑡𝑡− 𝑟
𝑀

|1𝜎(𝑠)|2𝑄𝑟d𝑠 = E|𝜉𝑟(𝑡)|2𝑄𝑟 , 𝜉𝑟(𝑡) = ∫ 𝑡𝑡− 𝑟
𝑀

1𝜎(𝑠)d(𝑠),

𝜉𝑦,1(𝑡) = ∫ 𝑡−𝑟∕𝑀𝑡−𝑟∕𝑀−𝜏𝑦
𝜎(𝑠)d(𝑠),

𝜉𝑦,2(𝑡) = ∫ 𝑡−𝑟∕𝑀−𝜏𝑢
𝑡−𝑟∕𝑀−𝜏𝑀,𝑢

𝜎(𝑠)d(𝑠),

𝜉𝑢,1(𝑡) = ∫ 𝑡𝑡−𝜏𝑢 1𝜎(𝑠)d(𝑠),

𝜉𝑢,2(𝑡) = ∫ 𝑡−𝜏𝑢𝑡−𝜏𝑀,𝑢
1𝜎(𝑠)d(𝑠).

(2.51)

Let 𝐺𝑦 ∈ R𝑁×𝑁 , 𝐺𝑢 ∈ R𝑁0×𝑁0 satisfy
[

𝑅𝑦 𝐺𝑦
∗ 𝑅𝑦

]

≥ 0,

[

𝑅𝑢 𝐺𝑢
∗ 𝑅𝑢

]

≥ 0. (2.52)

Applying Jensen’s and Park’s inequalities (see, e.g., Sec. 3.6.3 of [25]),
we obtain
𝑟
𝑀 ∫ 𝑡𝑡− 𝑟

𝑀
|𝐅(𝑠)|2𝑅𝑟d𝑠 ≥ | ∫ 𝑡𝑡− 𝑟

𝑀
𝐅(𝑠)d𝑠|

2

𝑅𝑟
=|𝛶𝑟(𝑡) − 𝜉𝑟(𝑡)|

2
𝑅𝑟
,

𝜏𝑀,𝑦 ∫
𝑡− 𝑟

𝑀
𝑡− 𝑟

𝑀 −𝜏𝑀,𝑦
|𝐈T1𝐅(𝑠)|

2
𝑅𝑦
d𝑠 ≥ | ∫

𝑡− 𝑟
𝑀

𝑡− 𝑟
𝑀 −𝜏𝑀,𝑦

𝐈T1𝐅(𝑠)d𝑠|
2
𝑅𝑦

≥

⎡

⎢

⎢

⎢

⎢

⎣

∫
𝑡− 𝑟

𝑀
𝑡− 𝑟

𝑀 −𝜏𝑦
𝐈T1𝐅(𝑠)d𝑠

∫
𝑡− 𝑟

𝑀 −𝜏𝑦
𝑡− 𝑟

𝑀 −𝜏𝑀,𝑢
𝐈T1𝐅(𝑠)d𝑠

⎤

⎥

⎥

⎥

⎥

⎦

T
[

𝑅𝑦 𝐺𝑦

∗ 𝑅𝑦

]

⎡

⎢

⎢

⎢

⎢

⎣

∫
𝑡− 𝑟

𝑀
𝑡− 𝑟

𝑀 −𝜏𝑦
𝐈T1𝐅(𝑠)d𝑠

∫
𝑡− 𝑟

𝑀 −𝜏𝑦
𝑡− 𝑟

𝑀 −𝜏𝑀,𝑢
𝐈T1𝐅(𝑠)d𝑠

⎤

⎥

⎥

⎥

⎥

⎦

(2.35a)
=

⎡

⎢

⎢

⎣

�̄�𝜏𝑦 (𝑡) − 𝜉𝑦,1(𝑡)

�̄�𝜏𝑦 (𝑡) − 𝜉𝑦,2(𝑡)

⎤

⎥

⎥

⎦

T
[

𝑅𝑦 𝐺𝑦

∗ 𝑅𝑦

]

⎡

⎢

⎢

⎣

�̄�𝜏𝑦 (𝑡) − 𝜉𝑦,1(𝑡)

�̄�𝜏𝑦 (𝑡) − 𝜉𝑦,2(𝑡)

⎤

⎥

⎥

⎦

,

7

𝜏𝑀,𝑢 ∫
𝑡
𝑡−𝜏𝑀,𝑢

|𝐅(𝑠)|2𝑅𝑢d𝑠 ≥ | ∫ 𝑡𝑡−𝜏𝑀,𝑢
𝐅(𝑠)d𝑠|2𝑅𝑢

≥
⎡

⎢

⎢

⎣

∫ 𝑡𝑡−𝜏𝑢 𝐅(𝑠)d𝑠

∫ 𝑡−𝜏𝑢𝑡−𝜏𝑀,𝑢
𝐅(𝑠)d𝑠

⎤

⎥

⎥

⎦

T
[

𝑅𝑢 𝐺𝑢

∗ 𝑅𝑢

]

⎡

⎢

⎢

⎣

∫ 𝑡𝑡−𝜏𝑢 𝐅(𝑠)d𝑠

∫ 𝑡−𝜏𝑢𝑡−𝜏𝑀,𝑢
𝐅(𝑠)d𝑠

⎤

⎥

⎥

⎦

(2.36)
=

⎡

⎢

⎢

⎣

𝛶𝑁0
𝜏𝑢 (𝑡) − 𝜉𝑢,1(𝑡)

𝜈𝑁0
𝜏𝑢 (𝑡) − 𝜉𝑢,2(𝑡)

⎤

⎥

⎥

⎦

T
[

𝑅𝑢 𝐺𝑢

∗ 𝑅𝑢

]

⎡

⎢

⎢

⎣

𝛶𝑁0
𝜏𝑢 (𝑡) − 𝜉𝑢,1(𝑡)

𝜈𝑁0
𝜏𝑢 (𝑡) − 𝜉𝑢,2(𝑡)

⎤

⎥

⎥

⎦

.

(2.53)

To compensate the nonlinear term 𝐻(𝑡), following [20] we employ
Parseval’s equality and use (2.2) to obtain

|𝐻𝑁0
𝑀+1(𝑡)|

2
+ |𝐻𝑁−𝑁0

𝑀+1 (𝑡)|
2
=
∑𝑁
𝑛=1 |𝑔𝑛(𝑡) − �̂�

(𝑀+1)
𝑛 (𝑡)|

2

∫ 1
0 |𝑔(𝑥, 𝑧(𝑥, 𝑡)) − 𝑔(𝑥,𝛷0(𝑥)�̂�

𝑁0
𝑀+1(𝑡) +𝛷1(𝑥)�̂�

𝑁−𝑁0
𝑀+1 (𝑡))|

2
d𝑥

�̄�2 ∫ 1
0 |𝑧(𝑥, 𝑡) −𝛷0(𝑥)�̂�

𝑁0
𝑀+1(𝑡) −𝛷1(𝑥)�̂�

𝑁−𝑁0
𝑀+1 (𝑡)|

2
d𝑥

�̄�2|𝑒𝑁0
𝑀+1(𝑡)|

2
+ �̄�2|𝑒𝑁−𝑁0

𝑀+1 (𝑡)|
2
+ �̄�2

∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡),

𝐻𝑁0
𝑖 (𝑡)|

2
+ |𝐻𝑁−𝑁0

𝑖 (𝑡)|
2
≤ �̄�2|𝑒𝑁0

𝑖 (𝑡)|
2
+ �̄�2|𝑒𝑁−𝑁0

𝑖 (𝑡)|
2
,

here 1 ≤ 𝑖 ≤𝑀 , which implies

𝐻(𝑡)|2 ≤ �̄�2|𝐈T2𝑋(𝑡)|2 + �̄�2
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡). (2.54)

esides, from Parseval’s equality and (2.2) we have

𝜎(𝑡)|2 =
∑𝑁
𝑛=1 𝜎

2
𝑛 (𝑡) ≤

∑∞
𝑛=1 𝜎

2
𝑛 (𝑡) = ‖𝜎(⋅, 𝑧(⋅, 𝑡))‖2

𝐿2

�̄�2|𝐈T1𝑋(𝑡)|2 + �̄�2
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡).

(2.55)

e will compensate 𝜁 (𝑡 − 𝑟∕𝑀 − 𝜏𝑦) that appears in 𝑉𝑃 in (3.12) by
mploying Halanay’s inequality with respect to E𝑉 (𝑡). For this we will
se the following bound for 𝛿1 ∈ (0, 𝛿):

2𝛿1 sup𝑡− 𝑟
𝑀 −𝜏𝑀,𝑦≤𝜃≤𝑡 E𝑉 (𝜃) ≤ −2𝛿1E𝑉tail(𝑡 −

𝑟
𝑀 − 𝜏𝑦)

≤ −2𝛿1𝜌‖𝑐‖−2𝑁 E𝜁2(𝑡 − 𝑟
𝑀 − 𝜏𝑦).

(2.56)

here the last inequality is obtained by the Cauchy–Schwarz inequal-
ty:

2(𝑡) ≤ ‖𝑐‖2𝑁
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡). (2.57)

Let �̂�𝑛 = 𝜒𝑛 + 𝛽1�̄�2 + 𝛽2�̄�2, where 𝛽1, 𝛽2 > 0, 𝜒𝑛 is defined below
2.49), and define

(𝑡) = col{𝑋(𝑡), 𝛶𝑟(𝑡), 𝜉𝑟(𝑡), 𝛶
𝑁0
𝜏𝑢 (𝑡), 𝜈𝑁0

𝜏𝑢 (𝑡), 𝜉𝑢,1(𝑡), 𝜉𝑢,2(𝑡),

�̄�𝜏𝑦 (𝑡), �̄�𝜏𝑦 (𝑡), 𝜉𝑦,1(𝑡), 𝜉𝑦,2(𝑡), 𝜁(𝑡 −
𝑟
𝑀 − 𝜏𝑦), 𝐺(𝑡),𝐻(𝑡)}.

By (2.49)–(2.56) and the S-procedure [25, Sec 3.2.3], we get

E𝑉 (𝑡) + 2𝛿E𝑉 (𝑡) − 2𝛿1 sup𝑡−𝑟∕𝑀−𝜏𝑀,𝑦≤𝜃≤𝑡 E𝑉 (𝜃)

+ 𝛽1E[�̄�2|𝐈T2𝑋(𝑡)|2 + �̄�2
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡) − |𝐻(𝑡)|2]

+ 𝛽2E[�̄�2|𝐈T1𝑋(𝑡)|2 + �̄�2
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡) − |𝜎(𝑡)|2]

E[𝜎T(𝑡)𝛹1𝜎(𝑡) + 𝜂T(𝑡)𝛹2𝜂(𝑡) + �̂�𝑁+1
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡)] < 0

(2.58)

rovided �̂�𝑁+1 < 0, (2.52) and the following inequalities hold:

1 = T
1 𝑃1 − 𝜌𝐼 − 𝛽2𝐼 + 𝑟

𝑀 T
1𝑄𝑟1

+ 𝜏𝑀,𝑢T
1 

T𝑄𝑢1 + 𝜏𝑀,𝑦e
2𝛿 𝑟

𝑀 𝑄𝑦 < 0,

𝛹2 =
⎡

⎢

⎢

⎣

𝛺1 𝛩1 𝛩2 𝛩3 𝛩4
∗ 𝛺2 0 𝛩5 0
∗ ∗ diag{𝛺3, 𝛺4, 𝛺5}

⎤

⎥

⎥

⎦

+ 𝛯T[ 𝑟
2

𝑀2𝑅𝑟

2 T 2 2𝛿𝑟
𝑀 T

(2.59)
+ 𝜏𝑀,𝑢 𝑅𝑢 + 𝜏𝑀,𝑦e 𝐈1𝑅𝑦𝐈1 ]𝛯 < 0,
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w
𝛯

𝛺

𝛺

𝛩

𝛩

𝛩

𝛩

B
f

T
(

P

[

𝜌(−2𝜆𝑁+1 + 2𝛿 + �̄�2 + 𝛼1�̄�2) + 𝛽1�̄�2 + 𝛽2�̄�2 1 1 1
∗ − 1

𝜌 diag{𝛼1,
𝛼2

𝜆𝑁+1
, 𝛼3
𝜆𝑁+1

}

]

< 0. (2.61)

Box I.
+

f
i
w
w

𝐷

F
o
E
1

E

w
(

𝑉

E

w

E

f

(
w
𝑄
d
w
a
a
i

⎡

⎢

⎢

⎢

⎢

⎣

here
= [𝐹 ,𝛬, 0,1𝐾0, 0, 0, 0,−𝐋, 0, 0, 0,𝐋, 𝐈1, 𝐈2],

1 = 𝑃𝐹 + 𝐹 T𝑃 + 2𝛿𝑃 + 2𝛼2𝜌(𝑁+1)
𝑁2𝜋2

T𝐾T
0𝐾0

+ (𝜌�̄�2 + 𝜌𝛼1�̄�2 + 𝛽2�̄�2)𝐈1𝐈T1 + 𝛽1�̄�2𝐈2𝐈T2
+ (1 − 𝜀𝑢)T𝑆𝑢 + (1 − 𝜀𝑦)𝐈1𝑆𝑦𝐈T1 + (1 − 𝜀𝑀 )𝑆𝑟,

𝛺2 =

[

−𝜀𝑀 (𝑆𝑟 + 𝑅𝑟) + (1 − 𝜀𝑦)𝐈1𝑆𝑦𝐈T1 𝜀𝑀𝑅𝑟
∗ −𝜀𝑀 (𝑄𝑟 + 𝑅𝑟)

]

,

𝛺3 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝛺(11)
3 −𝜀𝑢(𝐺𝑢 + 𝑆𝑢) 𝜀𝑢𝑅𝑢 𝜀𝑢𝐺𝑢
∗ −𝜀𝑢(𝑆𝑢 + 𝑅𝑢) 𝜀𝑢𝐺T

𝑢 𝜀𝑢𝑅𝑢
∗ ∗ −𝜀𝑢(𝑄𝑢 + 𝑅𝑢) 0

∗ ∗ ∗ −𝜀𝑢(𝑄𝑢 + 𝑅𝑢)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

𝛺(11)
3 = 2𝛼3𝜌(𝑁+1)

𝑁2𝜋2
𝐾T

0𝐾0 − 𝜀𝑢(𝑆𝑢 + 𝑅𝑢),

𝛺4 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝜀𝑦(𝑆𝑦 + 𝑅𝑦) −𝜀𝑦(𝑆𝑦 + 𝐺𝑦) 𝜀𝑦𝑅𝑦 𝜀𝑦𝐺𝑦
∗ −𝜀𝑦(𝑆𝑦 + 𝑅𝑦) 𝜀𝑦𝐺T

𝑦 𝜀𝑦𝑅𝑦
∗ ∗ −𝜀𝑦(𝑄𝑦 + 𝑅𝑦) 0

∗ ∗ ∗ −𝜀𝑦(𝑄𝑦 + 𝑅𝑦)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

5 = diag{−2𝛿1𝜌‖𝑐‖−2𝑁 ,−𝛼1𝜌𝐼,−𝛽1𝐼},

1 = [𝑃𝛬 + 𝜀𝑀𝑆𝑟 − (1 − 𝜀𝑦)𝐈1𝑆𝑦𝐈T1 , 0],

2 = [𝑃1𝐾0 + 𝜀𝑢T𝑆𝑢, 𝜀𝑢T𝑆𝑢, 0, 0],

4 = [𝑃𝐋, 𝑃 𝐈1, 𝑃 𝐈2], 𝛩5 = [−𝜀𝑦𝐈1𝑆𝑦,−𝜀𝑦𝐈1𝑆𝑦, 0, 0],

3 = [−𝑃𝐋 + 𝜀𝑦𝐈1𝑆𝑦, 𝜀𝑦𝐈1𝑆𝑦, 0, 0].

(2.60)

y Schur complement, we find that �̂�𝑁+1 < 0 iff (2.61) (see Box I) is
easible. Summarizing, we have:

heorem 1. Consider system (2.1) with control law (2.18), measurement
2.3) with 𝑐 ∈ 𝐿2(0, 1) satisfying (2.11), 𝑧0 ∈ () almost surely and
𝑧0 ∈ 𝐿2(𝛺;𝐿2(0, 1)). Let 𝑁0 ∈ N satisfy (2.8) and 𝑁 ∈ N satisfy 𝑁 ≥ 𝑁0.
Assume that 𝐿0 and 𝐾0 are obtained from (2.12) and (2.13), respectively.
Given 𝑀 ∈ N and 𝑟, 𝜏𝑀,𝑦, 𝜏𝑀,𝑢, �̄�, �̄�, 𝛿, 𝛿1 > 0 (𝛿1 < 𝛿), let there exist
positive definite matrices 𝑃 , 𝑆𝑦, 𝑅𝑦, 𝑄𝑦, 𝑆𝑟, 𝑅𝑟, 𝑄𝑟, 𝑆𝑢, 𝑅𝑢, 𝑄𝑢, matrices
𝐺𝑦, 𝐺𝑢, positive scalars 𝛼1, 𝛼2, 𝛼3, 𝛽1, 𝛽2 and tuning parameter 𝜌 > 0 such
that LMIs (2.52), (2.59) and (2.61) with 𝛺𝑖, 𝛩𝑖, 𝑖 = 1,… , 5, 𝛯 in (2.60)
are feasible. Then the following holds:

• The solution 𝑧(𝑥, 𝑡) to (2.1) subject to the control law (2.18) and the
corresponding sub-predictor-based observer �̂�(𝑥, 𝑡) defined by (2.15),
(2.17) satisfy

E[‖𝑧(⋅, 𝑡)‖2
𝐿2 + ‖�̂�(⋅, 𝑡)‖2

𝐿2 ] ≤ 𝐷e−2𝛿𝜏 𝑡E‖𝑧(⋅, 0)‖2
𝐿2 , (2.62)

for 𝑡 ≥ 0 and some 𝐷 ≥ 1, where 𝛿𝜏 > 0 is the unique solution of
𝛿𝜏 = 𝛿 − 𝛿1e

2𝛿𝜏 (𝜏𝑀,𝑦+𝑟∕𝑀).
• Given 𝑟 > 0, LMIs (2.52), (2.59), and (2.61) are always feasible for
𝑀 , 𝑁 being large enough and �̄�, �̄�, 𝜏𝑀,𝑢, 𝜏𝑀,𝑦 > 0 being small enough.

roof. First, we prove (2.62). By employing Itô’s formula for 𝑉𝑃 (𝑡)
along stochastic ODE (2.35a) (see [34, Theorem 4.18]), we obtain

𝑉𝑃 (𝑡 + 𝛥) − 𝑉𝑃 (𝑡) = ∫ 𝑡+𝛥𝑡 𝑉𝑃 (𝑠)d𝑠

+ ∫ 𝑡+𝛥𝑡
𝜕𝑉𝑃
𝜕𝑋 (𝑠)1𝜎(𝑠)d(𝑠), ∀𝑡 ≥ 0, 𝛥 > 0,

(2.63)

where 𝜕𝑉𝑃
𝜕𝑋 (𝑠) = 2𝑋T(𝑠)𝑃 . Taking expectations on both sides of (2.63)

and applying Fubini’s theorem (see [34, Theorem 2.39]) we have
8

E𝑉𝑃 (𝑡 + 𝛥) − E𝑉𝑃 (𝑡) = ∫ 𝑡+𝛥𝑡 E[𝑉𝑃 (𝑠)]d𝑠, which implies

𝐷+E𝑉𝑃 (𝑡) = lim sup𝛥↘0
E𝑉𝑃 (𝑡+𝛥)−E𝑉𝑃 (𝑡)

𝛥 = E[𝑉𝑃 (𝑡)]. (2.64)

Note that (2.64) also holds with 𝑉𝑃 replaced by 𝑉𝑦, 𝑉𝑟, 𝑉𝑢. Since 𝑤(𝑡) is
a strong solution to (2.21) (see Section 2.2), applying Itô’s formula for
𝑉2(𝑤(𝑡), 𝑡) along (2.21) (see [29, Theorem 7.2.1]), we have

𝑉2(𝑤(𝑡 + 𝛥), 𝑡 + 𝛥) − 𝑉2(𝑤(𝑡), 𝑡) = ∫ 𝑡+𝛥𝑡 𝑉2(𝑤(𝑠), 𝑠)d𝑠

∫ 𝑡+𝛥𝑡 2⟨𝑤(𝑠), 𝜎(𝑤(𝑠) + 𝜓(⋅)𝑢(𝑠 − 𝑟 − 𝜏𝑢(𝑠)))⟩d(𝑠)
(2.65)

or all 𝑡 ≥ 0, 𝛥 > 0. Taking expectation on both sides of (2.65) and apply-
ng the infinite dimensional Fubini theorem (see [28, Theorem 4.33])
e arrive at E𝑉2(𝑤(𝑡 + 𝛥), 𝑡 + 𝛥) − E𝑉2(𝑤(𝑡), 𝑡) = ∫ 𝑡+𝛥𝑡 E[𝑉2(𝑤(𝑠), 𝑠)]d𝑠,
hich implies

+E𝑉2(𝑤(𝑡), 𝑡) = lim sup
𝛥↘0

E𝑉2(𝑤(𝑡 + 𝛥), 𝑡 + 𝛥) − E𝑉2(𝑤(𝑡), 𝑡)
𝛥

= E[𝑉2(𝑤(𝑡), 𝑡)].
(2.66)

By the definition of 𝑉 (𝑡) in (2.37), (2.38), and combining (2.64) and
(2.66), we arrive at 𝐷+E𝑉 (𝑡) = E[𝑉 (𝑡)], which together with (2.58)
gives

𝐷+E𝑉 (𝑡) + 2𝛿0E𝑉 (𝑡) − 2𝛿1 sup𝑠𝑘≤𝜃≤𝑡 E𝑉 (𝜃) ≤ 0.

rom Section 2.2, it follows that E‖𝑧(⋅, 𝑡)‖2
𝐿2 and E|𝑋(𝑡)|2 are continu-

us, which together with the construction of 𝑉 (𝑡) in (2.37) implies that
𝑉 (𝑡) is continuous. Then employing Halanay’s inequality (see [25, P.
38]) we arrive at

𝑉 (𝑡) ≤ 𝑉 (0)e−2𝛿𝜏 𝑡, 𝑡 ≥ 0, (2.67)

here 𝛿𝜏 > 0 is the unique solution of 𝛿𝜏 = 𝛿 − 𝛿1e
2𝛿𝜏 (𝜏𝑀,𝑦+𝑟∕𝑀). From

2.37), it follows

(0) = 𝑉nom(0) ≤ max{𝜆max(𝑃 ), 𝜌}‖𝑧0‖2𝐿2 ,

𝑉 (𝑡) ≥ E𝑉nom(𝑡) ≥ min{𝜆min(𝑃 ), 𝜌}E‖𝑧(⋅, 𝑡)‖2𝐿2 ,

hich together with (2.67) gives

[‖𝑧(⋅, 𝑡)‖2
𝐿2 + ‖𝑧(⋅, 𝑡) − �̂�(⋅, 𝑡)‖2

𝐿2 ] ≤ 𝐷e−2𝛿𝜏 𝑡‖𝑧0‖2𝐿2 , (2.68)

or 𝑡 ≥ 0 and some 𝐷 ≥ 1.
For any given 𝑟 > 0, to prove the feasibility of (2.52), (2.59), and

2.61) for large enough 𝑁 , 𝑀 and small enough �̄�, �̄�, 𝜏𝑀,𝑢, 𝜏𝑀,𝑦 > 0,
e take �̄�, �̄�, 𝜏𝑀,𝑢, 𝜏𝑀,𝑦 → 0+, 𝛼1 = 𝛼2 = 𝛼3 = 1, 𝑆𝑦 = 0, 𝑆𝑢 = 0,
𝑦 = 𝑅𝑦 = 𝑟𝑦𝐼 , 𝑅𝑢 = 𝑟𝑢𝐼 , 𝑃 = diag{𝑃𝑧, 𝑝1𝐼𝑁−𝑁0

, 𝑃𝑒, 𝑝2𝐼𝑀(𝑁−𝑁0)}, 𝑆𝑟 =
iag{𝑠1𝐼𝑁 , �̂�𝑟, 𝐼𝑀(𝑁−𝑁0)}, 𝑅𝑟 = diag{𝑟1𝐼𝑁 , 2�̂�𝑟, 𝑟2𝐼𝑀(𝑁−𝑁0)}, 𝑄𝑟 = 𝑅𝑟
ith 0 < 𝑃𝑧 ∈ R𝑁0×𝑁0 , 0 < 𝑃𝑒 ∈ R𝑀𝑁0×𝑀𝑁0 , 0 < �̂�𝑟, �̂�𝑟 ∈ R𝑀𝑁0×𝑀𝑁0

nd 𝑠1, 𝑟1, 𝑟2, 𝑟𝑦, 𝑟𝑢, 𝑝1, 𝑝2 > 0. By applying Schur complement repeatedly
nd letting 𝑝1, 𝑠1 → 0+, 𝑟𝑢 = 𝑝22, 𝑟1, 𝑟2, 𝑝2, 𝛽1, 𝑟𝑦 → ∞, we find that 𝛹2 < 0
f

�̂�11 𝑃𝑧𝐵0𝐾0̂0 0 𝑃𝑧

∗ 𝜙(𝑃𝑒, �̂�𝑟, �̂�𝑟)
𝑃𝑒�̂�𝜁 0
0 0

∗ ∗ diag
{

− 2𝜌𝛿1
‖𝑐‖2𝑁

,−𝜌𝐼
}

⎤

⎥

⎥

⎥

⎥

⎦

+ 𝑟2

𝑀2 �̂�T�̂�𝑟�̂�

2𝜌(𝑁+1) ̂T T ̂

(2.69)
+
𝑁2𝜋2

diag{ 𝐾0𝐾0, 0, 0, 0} < 0,
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𝜓

𝑃
l

(

𝛯

t
d
d

w

𝑧

d

d

d

g

(
𝐾

T
𝑧

𝐶

(

w

𝑧

I
(

where
̂ 11 = 𝑃𝑧(𝐴0 − 𝐵0𝐾0) + (𝐴0 − 𝐵0𝐾0)T𝑃𝑧 + 2𝛿𝑃𝑧,

𝜙(𝑃𝑒, �̂�𝑒, �̂�𝑒)

=

[

𝑃𝑒𝐹𝑒11 + 𝐹 T
𝑒11𝑃𝑒 + 2𝛿𝑃𝑒 + (1 − 𝜀𝑀 )�̂�𝑟 𝑃𝑒�̂�𝑒 + 𝜀𝑀 �̂�𝑟

∗ −𝜀𝑀 (�̂�𝑟 + �̂�𝑟)

]

,

𝐹𝑒11 = 𝐼𝑀 ⊗ (𝐴0 − 𝐿0𝐶0) + 𝐽0,𝑀 ⊗𝐿0𝐶0,

�̂�𝜁 =
⎡

⎢

⎢

⎢

⎣

0(𝑀−2)𝑁0×1

𝐿0

−𝐿0

⎤

⎥

⎥

⎥

⎦

, ̂0 = [𝐼𝑁0
,… , 𝐼𝑁0

] ∈ R𝑁0×𝑀𝑁0 ,

�̂�𝑒 = 𝐼𝑀 ⊗𝐿0𝐶0 − 𝐽0,𝑀 ⊗𝐿0𝐶0,

̂ = [−𝐼𝑁0
, ̂0], �̂� = [0, 𝐹𝑒11, �̂�𝑒, 0, �̂�𝜁 , 0].

For any given 𝑟 > 0, we first fix very large 𝑀 > 0. From Proposition 1
in [17] we can obtain for suitable positive matrices 𝑃𝑒, �̂�𝑟, �̂�𝑟,

𝜙(𝑃𝑒, �̂�𝑟, �̂�𝑟) + ( 𝑟𝑀 )2
[

𝐹 T
𝑒11

�̂�T
𝑒

]

�̂�𝑟[𝐹𝑒11, �̂�𝑒] < 0.

Replace 𝜙(𝑃𝑒, �̂�𝑟, �̂�𝑟) with 𝜙(𝛽𝑃𝑒, 𝛽�̂�𝑟, 𝛽�̂�𝑟) = 𝛽𝜙(𝑃𝑒, �̂�𝑟, �̂�𝑟), 𝛽 > 0. Let
̂𝑧 = 𝑃𝑐 , given in (2.13), resulting in �̂�11 < 0. Setting 𝛽 > 0 to be
arge enough, then choosing 𝜌 =

√

𝑁 large enough, and applying Schur
complement three times in (2.69), we find that (2.69) hold. Fixing such
𝑀 and 𝑁 , taking 𝛽2 = max{𝑝22, 𝑟

2
𝑦}, and using continuity, we have that

2.52), (2.59), (2.61) are feasible provided �̄�, �̄�, 𝜏𝑀,𝑢, 𝜏𝑀,𝑦 > 0 are small
enough.

Remark 5. For the case that 𝑔(𝑧) = �̄�𝑧, we have the following
closed-loop system

d𝑋(𝑡) = [𝐹𝑋(𝑡) + 𝛬𝛶𝑟(𝑡) + 1𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡) − 𝐋�̄�𝜏𝑦 (𝑡)

+ 𝐋𝜁 (𝑡 − 𝑟
𝑀 − 𝜏𝑦)]d𝑡 + 1𝜎(𝑡)d(𝑡),

d𝑧𝑛(𝑡) = [−𝜆𝑛𝑧𝑛(𝑡) − 𝑏𝑛𝐾0𝑋(𝑡) + 𝑏𝑛𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)]d𝑡

+ 𝜎𝑛(𝑡)d(𝑡), 𝑛 > 𝑁,

(2.70)

where all coefficients are defined in (2.33) with 𝐴0 and 𝐴1 in 𝐹
replaced by

𝐴0 = diag{−𝜆𝑛 + �̄�}
𝑁0
𝑛=1, 𝐴1 = diag{−𝜆𝑛 + �̄�}𝑁𝑛=𝑁0+1

. (2.71)

For the stability of system (2.70), we consider Lyapunov functional
(2.37). By arguments similar to (2.39)–(2.61), we have

E𝑉 (𝑡) + 2𝛿E𝑉 (𝑡) − 2𝛿1 sup𝑡− 𝑟
𝑀 −𝜏𝑀,𝑦≤𝜃≤𝑡 E𝑉 (𝜃)

+𝛽2E[�̄�2|𝐈T1𝑋(𝑡)|2 + �̄�2
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡) − |𝜎(𝑡)|2] ≤ 0

provide (2.59) and (2.61) hold with 𝛺2, 𝛺3, 𝛺4, 𝛩1, 𝛩2, 𝛩3 in (2.60)
and

𝛺1 = 𝑃𝐹 + 𝐹 T𝑃 + 2𝛿𝑃 + 2𝛼2𝜌(𝑁+1)
𝑁2𝜋2

T𝐾T
0𝐾0

+ (𝜌�̄�2 + 𝛽2�̄�2)𝐈1𝐈T1 + (1 − 𝜀𝑀 )𝑆𝑟
+ (1 − 𝜀𝑢)T𝑆𝑢 + (1 − 𝜀𝑦)𝐈1𝑆𝑦𝐈T1 ,

𝛺5 = −2𝛿1𝜌‖𝑐‖−2𝑁 , 𝛩4 = 𝑃𝐋𝜁 ,
= [𝐹 ,𝛬, 0,1𝐾0, 0, 0, 0,−𝐋, 0, 0, 0,𝐋].

(2.72)

Summarizing, we obtain that the feasibility of LMIs (2.59) and (2.61)
with 𝛺2, 𝛺3, 𝛺4, 𝛩1, 𝛩2, 𝛩3 in (2.60) and 𝛺1, 𝛺5, 𝛩4, 𝛯 given by (2.72)
guarantees the mean-square exponential stability of (2.70).

3. Novel chain of sub-predictors

As stated in Remark 4, for the conventional sub-predictors (2.14),
we need to construct three functionals 𝑉𝑄𝑦 , 𝑉𝑄𝑢 , 𝑉𝑄𝑟 that depend on
he stochastic terms to compensate the delay terms. In this section, we
esign a novel chain of sub-predictors (see (3.1) below), where an ad-
itional sub-predictor �̂�𝑗 (𝑗 ∈ {𝑁 ,𝑁 −𝑁 }) is introduced compared
9

𝑀+1 0 0 s
ith (2.14). This splits the stochastic term and the fraction delay 𝑟∕𝑀
into separate systems. In this scenario, delay terms 𝛶 𝑗𝑖,𝑟 appear only in
system 𝑒𝑗𝑖 , 𝑖 = 1,… ,𝑀 and stochastic term appears only in system 𝑧𝑗 ,
𝑒𝑗𝑀+1 (cf. (3.6)). This avoids some stochastic-dependent terms in the
corresponding Lyapunov functional (see (3.9) below where we con-
struct only one stochastic-dependent term 𝑉𝑄𝑦 due to the measurement
delay term 𝛶𝜏𝑦 ).

Consider stochastic systems (2.10). We design a chain of sub-
predictors

̂𝑗1(𝑡 − 𝑟) ↦ ⋯ ↦ 𝑧𝑗𝑖 (𝑡 −
𝑀−𝑖+1
𝑀 𝑟) ↦ …

↦ �̂�𝑗𝑀 (𝑡 − 1
𝑀 𝑟) ↦ �̂�𝑗𝑀+1(𝑡) ↦ 𝑧𝑗 (𝑡), 𝑗 ∈ {𝑁0, 𝑁 −𝑁0}.

(3.1)

The sub-predictors satisfy

d�̂�𝑁0
𝑀+1(𝑡) = [𝐴0�̂�

𝑁0
𝑀+1(𝑡) + �̂�

𝑁0
𝑀+1(𝑡) + 𝐵0𝑢(𝑡 − 𝑟)]d𝑡

− 𝐿0[𝐶0�̂�
𝑁0
𝑀+1(𝑡) + 𝐶1�̂�

𝑁−𝑁0
𝑀+1 (𝑡) − 𝑦(𝑡)]d𝑡,

�̂�𝑁−𝑁0
𝑀+1 (𝑡) = [𝐴1�̂�

𝑁−𝑁0
𝑀+1 (𝑡) + �̂�𝑁−𝑁0

𝑀+1 (𝑡) + 𝐵1𝑢(𝑡 − 𝑟)]d𝑡,

�̂�𝑁0
𝑖 (𝑡) = [𝐴0�̂�

𝑁0
𝑖 (𝑡) + �̂�𝑁0

𝑖 (𝑡) + 𝐵0𝑢(𝑡 −
𝑖−1
𝑀 𝑟)]d𝑡

− 𝐿0[𝐶0�̂�
𝑁0
𝑖 (𝑡 − 𝑟

𝑀 ) + 𝐶1�̂�
𝑁−𝑁0
𝑖 (𝑡 − 𝑟

𝑀 )

− 𝐶0�̂�
𝑁0
𝑖+1(𝑡) − 𝐶1�̂�

𝑁−𝑁0
𝑖+1 (𝑡)]d𝑡,

�̂�𝑁−𝑁0
𝑖 (𝑡) = [𝐴1�̂�

𝑁−𝑁0
𝑖 (𝑡) + �̂�𝑁−𝑁0

𝑖 (𝑡)

+ 𝐵1𝑢(𝑡 −
𝑖−1
𝑀 𝑟)]d𝑡, 1 ≤ 𝑖 ≤𝑀, 𝑡 ≥ 0,

(3.2)

subject to �̂�𝑁0
𝑖 (𝑡) = 0, �̂�𝑁−𝑁0

𝑖 (𝑡) = 0, 𝑡 ≤ 0, 1 ≤ 𝑖 ≤ 𝑀 + 1, where 𝑦(𝑡) is
iven by (2.3), 𝐶1 = [𝑐𝑁0+1,… , 𝑐𝑁 ], �̂�𝑗𝑖 (𝑡) and �̂�(𝑖)𝑛 (𝑡) are defined similar

to (2.16).

The finite-dimensional observer �̂�(𝑥, 𝑡) of the state 𝑧(𝑥, 𝑡), based on
3.2), is given by (2.17). The controller is chosen as (2.18), where

0 ∈ R1×𝑁0 is determined by (2.13). Define the estimation errors as
follows

𝑒𝑗𝑖 (𝑡) = �̂�𝑗𝑖+1(𝑡 −
𝑀−𝑖
𝑀 𝑟) − �̂�𝑗𝑖 (𝑡 −

𝑀−𝑖+1
𝑀 𝑟), 1 ≤ 𝑖 ≤𝑀,

𝑒𝑗𝑀+1(𝑡) = 𝑧𝑗 (𝑡) − �̂�𝑗𝑀+1(𝑡), 𝑗 ∈ {𝑁0, 𝑁 −𝑁0}.
(3.3)

hen the last term on the right-hand-side of differential equation for
̂𝑁0
𝑀+1(𝑡) in (3.2) can be presented as

0�̂�
𝑁0
𝑀+1(𝑡) + 𝐶1�̂�

𝑁−𝑁0
𝑀+1 (𝑡) − 𝑦(𝑡)

2.3)
= −[𝐶0𝑒

𝑁0
𝑀+1(𝑡) + 𝐶1𝑒

𝑁−𝑁0
𝑀+1 (𝑡) + 𝜁 (𝑡 − 𝜏𝑦)]

+ 𝐶0𝛶
𝑁0
𝜏𝑦 (𝑡) + 𝐶1𝛶

𝑁−𝑁0
𝜏𝑦 (𝑡),

(3.4)

here 𝛶 𝑗𝜏𝑦 (𝑡), 𝜁 (𝑡) are defined in (2.29). Furthermore, by (3.3), we get

̂𝑁0
1 (𝑡 − 𝑟) +

∑𝑀+1
𝑖=1 𝑒𝑁0

𝑖 (𝑡) = 𝑧𝑁0 (𝑡). (3.5)

n particular, if the errors 𝑒𝑁0
𝑖 (𝑡), 1 ≤ 𝑖 ≤𝑀 + 1 converge to zero, from

3.5) we have �̂�𝑁0
1 (𝑡) → 𝑧𝑁0 (𝑡+𝑟), meaning that �̂�𝑁0

1 (𝑡) predicts the future
ystem state 𝑧𝑁0 (𝑡 + 𝑟).
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𝑋𝑒 = col{𝑒𝑁0
1 ,… , 𝑒𝑁0

𝑀+1, 𝑒
𝑁−𝑁0
1 ,… , 𝑒𝑁−𝑁0

𝑀+1 },

𝑋 = col{𝑋𝑧, 𝑋𝑒}, 0 = [𝐼𝑁0
,… , 𝐼𝑁0

, 0𝑁0×(𝑀+1)(𝑁−𝑁0)],

𝛶𝜏𝑦 = col{𝛶𝑁0
𝜏𝑦 , 𝛶

𝑁−𝑁0
𝜏𝑦 },  = [𝐼𝑁0

, 0𝑁0×(𝑁−𝑁0),−0],

𝛶𝑒,𝑟 = col{𝛶𝑁0
1,𝑟 ,… , 𝛶𝑁0

𝑀,𝑟, 𝛶
𝑁−𝑁0
1,𝑟 ,… , 𝛶𝑁−𝑁0

𝑀,𝑟 },

𝐻 = col{𝐻𝑁0
1 ,… ,𝐻𝑁0

𝑀+1,𝐻
𝑁−𝑁0
1 ,… ,𝐻𝑁−𝑁0

𝑀+1 },

1 = col{𝐼𝑁 , 0𝑀𝑁0×𝑁 , [𝐼𝑁0
0], 0𝑀(𝑁−𝑁0)×𝑁 , [0 𝐼𝑁−𝑁0

]},

𝐋 = col{0(𝑁+(𝑀−1)𝑁0)×1, 𝐿0,−𝐿0, 0(𝑀+1)(𝑁−𝑁0)×1},

𝐹𝑒 =
[

𝐼𝑀+1 ⊗ (𝐴0 − 𝐿0𝐶0) + 𝐽0,𝑀+1 ⊗𝐿0𝐶0 −𝐼𝑀+1 ⊗𝐿0𝐶1 + 𝐽0,𝑀+1 ⊗𝐿0𝐶1
0 𝐼𝑀+1 ⊗𝐴1

]

,

𝐹 =

[

𝐹𝑧 𝐾00
0 𝐹𝑒

]

, 𝐈1 =
[

𝐼𝑁
0(𝑀+1)𝑁×𝑁

]

, 𝐈2 =
[

0𝑁×(𝑀+1)𝑁

𝐼(𝑀+1)𝑁

]

,

𝛬𝑒 =

⎡

⎢

⎢

⎢

⎣

0𝑁×𝑀𝑁

𝐼𝑀 ⊗𝐿0𝐶0 − 𝐽0,𝑀 ⊗𝐿0𝐶0 𝐼𝑀 ⊗𝐿0𝐶1 − 𝐽0,𝑀 ⊗𝐿0𝐶1

0((𝑀+1)𝑁−𝑀𝑁0)×𝑀𝑁

⎤

⎥

⎥

⎥

⎦

.

(3.7)

Box II.
L

𝑉

w

𝑉

𝑉

𝑉

𝑉



𝑉

𝑉

𝑉

w
d
t

d

Using (3.2), (3.4), we arrive at

d𝑒𝑁0
𝑀+1(𝑡) = [(𝐴0 − 𝐿0𝐶0)𝑒

𝑁0
𝑀+1(𝑡) +𝐻

𝑁0
𝑀+1(𝑡)

+ 𝐵0𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡) − 𝐿0𝐶1𝑒

𝑁−𝑁0
𝑀+1 (𝑡) − 𝐿0𝜉(𝑡 − 𝜏𝑦)

+ 𝐿0𝐶0𝛶
𝑁0
𝜏𝑦 (𝑡) + 𝐿0𝐶1𝛶

𝑁−𝑁0
𝜏𝑦 (𝑡)]d𝑡 + 𝜎𝑁0 (𝑡)d(𝑡),

d𝑒𝑁−𝑁0
𝑀+1 (𝑡) = [𝐴1𝑒

𝑁−𝑁0
𝑀+1 (𝑡) +𝐻𝑁−𝑁0

𝑀+1 (𝑡)

+ 𝐵1𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)]d𝑡 + 𝜎𝑁−𝑁0 (𝑡)d(𝑡),

d𝑒𝑁0
𝑀 (𝑡) = [(𝐴0 − 𝐿0𝐶0)𝑒

𝑁0
𝑀 (𝑡) + 𝐿0𝐶0𝛶

𝑁0
𝑀,𝑟(𝑡)

+𝐻𝑁0
𝑀 (𝑡) − 𝐿0𝐶1𝑒

𝑁−𝑁0
𝑀 (𝑡) + 𝐿0𝐶1𝛶

𝑁−𝑁0
𝑀,𝑟 (𝑡)

+ 𝐿0𝐶0𝑒
𝑁0
𝑀+1(𝑡) + 𝐿0𝐶1𝑒

𝑁−𝑁0
𝑀+1 (𝑡) + 𝐿0𝜁 (𝑡 − 𝜏𝑦)

− 𝐿0𝐶0𝛶
𝑁0
𝜏𝑦 (𝑡)𝐿0𝐶1𝛶

𝑁−𝑁0
𝜏𝑦 (𝑡)]d𝑡,

d𝑒𝑁0
𝑖 (𝑡) = [(𝐴0 − 𝐿0𝐶0)𝑒

𝑁0
𝑖 (𝑡) + 𝐿0𝐶0𝛶

𝑁0
𝑖,𝑟 (𝑡) +𝐻𝑁0

𝑖 (𝑡)

+ 𝐿0[𝐶0𝑒
𝑁0
𝑖+1(𝑡) + 𝐶1𝑒

𝑁−𝑁0
𝑖+1 (𝑡)] − 𝐿0𝐶0𝛶

𝑁0
𝑖+1,𝑟(𝑡)

− 𝐿0𝐶1𝛶
𝑁−𝑁0
𝑖+1,𝑟 (𝑡) − 𝐿0𝐶1𝑒

𝑁−𝑁0
𝑖 (𝑡)

+ 𝐿0𝐶1𝛶
𝑁−𝑁0
𝑖,𝑟 (𝑡)]d𝑡, 1 ≤ 𝑖 ≤𝑀 − 1,

d𝑒𝑁−𝑁0
𝑖 (𝑡) = [𝐴1𝑒

𝑁−𝑁0
𝑖 (𝑡) +𝐻𝑁−𝑁0

𝑖 (𝑡)]d𝑡, 1 ≤ 𝑖 ≤𝑀,

(3.6)

where 𝛶𝑁0
𝜏𝑢 (𝑡) and 𝛶 𝑗𝑖,𝑟(𝑡), 1 ≤ 𝑖 ≤ 𝑀, 𝑗 ∈ {𝑁0, 𝑁 − 𝑁0} are defined in

(2.32), and

𝐻 𝑗
𝑖 (𝑡) = �̂�𝑗𝑖+1(𝑡 −

𝑀−𝑖
𝑀 𝑟) − 𝐺𝑗𝑖 (𝑡 −

𝑀−𝑖+1
𝑀 𝑟), 1 ≤ 𝑖 ≤𝑀,

𝐻 𝑗
𝑀+1(𝑡) = 𝐺𝑗 (𝑡) − �̂�𝑗𝑀+1(𝑡), 𝑗 ∈ {𝑁0, 𝑁 −𝑁0}.

Consider notations 𝑋𝑧(𝑡), , 𝜎(𝑡), 𝐺(𝑡), 𝐹𝑧, , 𝛶𝑁0
𝜏𝑢 (𝑡) defined in (2.33)

and redefine the following notations (see Box II). By arguments similar
to (2.28)–(2.35), we can obtain from (2.10), (2.18), (3.2)–(3.7) the
following closed-loop system for 𝑡 ≥ 0,

d𝑋(𝑡) = 𝐅(𝑡)d𝑡 + 1𝜎(𝑡)d(𝑡), (3.8a)
d𝑧𝑛(𝑡) = [−𝜆𝑛𝑧𝑛(𝑡) + 𝑔𝑛(𝑡) − 𝑏𝑛𝐾0𝑋(𝑡)

+ 𝑏 𝐾 𝛶𝑁0 (𝑡)]d𝑡 + 𝜎 (𝑡)d(𝑡), 𝑛 > 𝑁, (3.8b)
10

𝑛 0 𝜏𝑢 𝑛
where

𝐅(𝑡) = 𝐹𝑋(𝑡) + 𝐋𝜁 (𝑡 − 𝜏𝑦) + 𝛬𝑒𝛶𝑒,𝑟(𝑡) + 𝐈1𝐺(𝑡)

+ 𝐈2𝐻(𝑡) − 𝐋𝛶𝜏𝑦 (𝑡) + 1𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡).

For mean-square 𝐿2-stability analysis of (3.8), we consider the
yapunov functional:

(𝑡) = 𝑉tail(𝑡) + 𝑉𝑃 + 𝑉𝑦(𝑡) + 𝑉𝑟(𝑡) + 𝑉𝑢(𝑡), (3.9)

ith 𝑉tail(𝑡) and 𝑉𝑃 (𝑡) in (2.38) and

𝑦(𝑡) = 𝑉𝑆𝑦 (𝑡) + 𝑉𝑅𝑦 (𝑡) + 𝑉𝑄𝑦 (𝑡),

𝑆𝑦 (𝑡) = ∫ 𝑡𝑡−𝜏𝑀,𝑦
e−2𝛿(𝑡−𝑠)|𝐈T1𝑋(𝑠)|2𝑆𝑦d𝑠,

𝑅𝑦 (𝑡) = 𝜏𝑀,𝑦 ∫
0
−𝜏𝑀,𝑦

∫ 𝑡𝑡+𝜃 e
−2𝛿(𝑡−𝑠)

|𝐈T1𝐅(𝑠)|
2
𝑅𝑦
d𝑠d𝜃,

𝑄𝑦 (𝑡) = ∫ 0
−𝜏𝑀,𝑦

∫ 𝑡𝑡+𝜃 e
2𝛿(𝑠−𝑡)

|𝜎(𝑠)|2𝑄𝑦d𝑠d𝜃,

𝑉𝑟(𝑡) = 𝑉𝑆𝑟 (𝑡) + 𝑉𝑅𝑟 (𝑡),

𝑉𝑆𝑟 (𝑡) = ∫ 𝑡𝑡− 𝑟
𝑀

e−2𝛿(𝑡−𝑠)|2𝑋(𝑠)|2𝑆𝑟d𝑠,

2 =
[

0𝑀𝑁0×𝑁 𝐼𝑀𝑁0
0𝑀𝑁0×𝑁0

0 0𝑀𝑁0×(𝑁−𝑁0)
0𝑀(𝑁−𝑁0)×𝑁 0 0 𝐼𝑀(𝑁−𝑁0) 0

]

,

𝑉𝑅𝑟 (𝑡) =
𝑟
𝑀 ∫ 0

− 𝑟
𝑀

∫ 𝑡𝑡+𝜃 e
−2𝛿(𝑡−𝑠)

|2𝐅(𝑠)|2𝑅𝑟d𝑠d𝜃,

𝑢(𝑡) = 𝑉𝑆𝑢 (𝑡) + 𝑉𝑅𝑢 (𝑡),

𝑆𝑢 (𝑡) = ∫ 𝑡𝑡−𝜏𝑀,𝑢
e−2𝛿(𝑡−𝑠)|𝑋(𝑠)|2𝑆𝑢d𝑠,

𝑅𝑢 (𝑡) = 𝜏𝑀,𝑢 ∫
0
−𝜏𝑀,𝑢

∫ 𝑡𝑡+𝜃 e
−2𝛿(𝑡−𝑠)

|𝐅(𝑠)|2𝑅𝑢d𝑠d𝜃,

(3.10)

here 𝑃 , 𝑆𝑦, 𝑅𝑦, 𝑄𝑦, 𝑆𝑟, 𝑅𝑟, 𝑆𝑢, 𝑅𝑢 are positive matrices of appropriate
imensions and 𝜌 > 0 is a scalar. The terms 𝑉𝑆𝑦 , 𝑉𝑅𝑦 , 𝑉𝑄𝑦 are introduced
o compensate 𝛶𝜏𝑦 . The terms 𝑉𝑆𝑟 , 𝑉𝑅𝑟 are used to compensate 𝛶𝑟. The

terms 𝑉𝑆𝑢 , 𝑉𝑅𝑢 are utilized to compensate 𝛶𝑁0
𝜏𝑢 . Finally, to compensate

𝜁 (𝑡 − 𝜏𝑦), we will use Halanay’s inequality with respect to E𝑉 (𝑡).

Remark 6. Note that delay terms 𝛶 𝑗𝑖,𝑟(𝑡) correspond to 𝑒𝑗𝑖 (𝑡) (𝑖 =
1,… ,𝑀 , 𝑗 ∈ {𝑁0, 𝑁 −𝑁0}), whereas ODEs for these 𝑒𝑗𝑖 do not contain
stochastic term. Also the delay term 𝛶𝑁0

𝜏𝑢 (𝑡) corresponds to �̂�𝑁0
1 (𝑡 − 𝑟) =

𝑋(𝑡). From (3.8a) we have

𝑋(𝑡) = 𝐅(𝑡)d𝑡 +  𝜎(𝑡)d(𝑡) = 𝐅(𝑡)d𝑡, (3.11)
1
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which means that ODE for 𝑋(𝑡) does not contain stochastic term yet.
However, the delay term 𝛶 𝑗𝑦 (𝑡) corresponds to 𝑧𝑗 (𝑡) which contains
stochastic term. Therefore, it is enough to construct the stochastic-term-
dependent functional 𝑉𝑄𝑦 to compensate the stochastic part in systems
𝑧𝑗 . For the case that there is no output delay 𝜏𝑦, we do not need 𝑉𝑄𝑦
(see Sec. II-D in [26]).

For 𝑉tail(𝑡), we have (2.49) for 𝛼1, 𝛼2, 𝛼3 > 0. For 𝑉𝑃 , 𝑉𝑦, 𝑉𝑢, 𝑉𝑟,
by arguments similar to (2.50)–4, we calculate the generator  along
(3.8a) (see [34, P. 149]) and obtain

𝑉𝑃 (𝑡) + 2𝛿𝑉𝑃 (𝑡) = 𝑋T(𝑡)[𝑃𝐹 + 𝐹 T𝑃 + 2𝛿𝑃 ]𝑋(𝑡)

+ |1𝜎(𝑡)|2𝑃 + 2𝑋T(𝑡)𝑃 [𝐋𝜁 (𝑡 − 𝜏𝑦) + 𝛬𝑒𝛶𝑒,𝑟(𝑡)

+ 𝐈1𝐺(𝑡) + 𝐈2𝐻(𝑡) − 𝐋𝛶𝜏𝑦 (𝑡) + 1𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)],

E[𝑉𝑦(𝑡) + 2𝛿𝑉𝑦(𝑡)] ≤ −𝜀𝑦E|𝐈T1𝑋(𝑡) − 𝛶𝜏𝑦 (𝑡) − 𝜈𝜏𝑦 (𝑡)|
2
𝑆𝑦

+ E|𝐈T1𝑋(𝑡)|2𝑆𝑦 + 𝜏
2
𝑀,𝑦E|𝐈

T
1𝐅(𝑡)|

2
𝑅𝑦

+ 𝜏𝑀,𝑦E|𝜎(𝑡)|2𝑄𝑦

− 𝜀𝑦E

[

𝛶𝜏𝑦 (𝑡) − 𝜉1(𝑡)

𝜈𝜏𝑦 (𝑡) − 𝜉2(𝑡)

]T[
𝑅𝑦 𝐺𝑦
∗ 𝑅𝑦

][

𝛶𝜏𝑦 (𝑡) − 𝜉1(𝑡)

𝜈𝜏𝑦 (𝑡) − 𝜉2(𝑡)

]

− 𝜀𝑦[E|𝜉1(𝑡)|2𝑄𝑦 + E|𝜉2(𝑡)|2𝑄𝑦 ],

𝑉𝑢(𝑡) + 2𝛿𝑉𝑢(𝑡) ≤ −𝜀𝑢|𝑋(𝑡) − 𝛶𝑁0
𝜏𝑢 (𝑡) − 𝜈𝑁0

𝜏𝑢 (𝑡)|
2

𝑆𝑢

+ |𝑋(𝑡)|2𝑆𝑢 + 𝜏
2
𝑀,𝑢|𝐅(𝑡)|

2
𝑅𝑢

− 𝜀𝑢

[

𝛶𝑁0
𝜏𝑢 (𝑡)

𝜈𝑁0
𝜏𝑢 (𝑡)

]T[
𝑅𝑢 𝐺𝑢
∗ 𝑅𝑢

][

𝛶𝑁0
𝜏𝑢 (𝑡)

𝜈𝑁0
𝜏𝑢 (𝑡)

]

,

𝑉𝑟(𝑡) + 2𝛿𝑉𝑟(𝑡) ≤ |2𝑋(𝑡)|2𝑆𝑟 − 𝜀𝑀 |2𝑋(𝑡) − 𝛶𝑟(𝑡)|
2
𝑆𝑟

+ 𝑟2

𝑀2 |2𝐅(𝑡)|
2
𝑅𝑟

− 𝜀𝑀 |𝛶𝑟(𝑡)|
2
𝑅𝑟
,

(3.12)

where 𝜀𝑦, 𝜀𝑢, 𝜀𝑀 , 𝜈𝑁0
𝜏𝑢 (𝑡) are defined below (2.50), 𝐺𝑦 ∈ R𝑁×𝑁 and

𝐺𝑢 ∈ R𝑁0×𝑁0 satisfy (2.52),

𝜈𝜏𝑦 (𝑡) = 𝐈T1 [𝑋(𝑡 − 𝜏𝑦) −𝑋(𝑡 − 𝜏𝑀,𝑦)],

𝜉1(𝑡) = ∫ 𝑡𝑡−𝜏𝑦 |𝜎(𝑠)|
2
𝑄𝑦

d(𝑠), 𝜉2(𝑡) = ∫ 𝑡−𝜏𝑦𝑡−𝜏𝑀,𝑦
|𝜎(𝑠)|2𝑄𝑦d(𝑠).

We will compensate 𝜁 (𝑡−𝜏𝑦) that appears in 𝑉𝑃 in (3.12) by employing
Halanay’s inequality with respect to E𝑉 (𝑡). For this, similar to (2.56),
we have the following bound for 𝛿1 ∈ (0, 𝛿):

−2𝛿1 sup𝑡−𝜏𝑀,𝑦≤𝜃≤𝑡 E𝑉 (𝜃) ≤ −2𝛿1𝜌E[
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡 − 𝜏𝑦)]

≤ −2𝛿1𝜌‖𝑐‖−2𝑁 E𝜁2(𝑡 − 𝜏𝑦).
(3.13)

Let

𝜂(𝑡) = col{𝑋(𝑡), 𝛶𝑁0
𝜏𝑢 (𝑡), 𝜈𝑁0

𝜏𝑢 (𝑡), 𝛶𝜏𝑦 (𝑡), 𝜈𝜏𝑦 (𝑡),

𝜉1(𝑡), 𝜉2(𝑡), 𝛶𝑟(𝑡), 𝜁(𝑡 − 𝜏𝑦), 𝐺(𝑡),𝐻(𝑡)}.

Combination of (2.49), (2.54), (2.55), (3.9), (3.12), and (3.13) gives

E𝑉 (𝑡) + 2𝛿E𝑉 (𝑡) − 2𝛿1 sup𝑡−𝜏𝑀,𝑦≤𝜃≤𝑡 E𝑉 (𝜃)

+ 𝛽1E[�̄�2|𝐈T2𝑋(𝑡)|2 + �̄�2
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡) − |𝐻(𝑡)|2]

+ 𝛽2E[�̄�2|𝐈T1𝑋(𝑡)|2 + �̄�2
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡) − |𝜎(𝑡)|2]

≤ E𝜎T(𝑡)𝛹1𝜎(𝑡) + E𝜂T(𝑡)𝛹2𝜂(𝑡)

+ �̂�𝑁+1E
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡) < 0

(3.14)

provided �̂�𝑁+1 < 0 (�̂�𝑛 is defined below (2.57)), (2.52) and the
following inequalities hold:

𝛹1 = T
1 𝑃1 + 𝜏𝑀,𝑦𝑄𝑦 − 𝜌𝐼 − 𝛽2𝐼 < 0,

𝛹2 =
[

𝛺1 𝛩1 𝛩2 𝛩3
∗ diag{𝛺2, 𝛺3, 𝛺4}

]

+ 𝛯T[𝜏2𝑀,𝑢
T𝑅𝑢

2 T 2 T

(3.15)
11

+ 𝜏𝑀,𝑦𝐈1𝑅𝑦𝐈1 + (𝑟∕𝑀) 2𝑅𝑟2]𝛯 < 0,
where

𝛺1 = 𝑃𝐹 + 𝐹 T𝑃 + 2𝛿𝑃 + 2𝛼2𝜌(𝑁+1)
𝑁2𝜋2

T𝐾T
0𝐾0

+ (𝜌�̄�2 + 𝜌𝛼1�̄�2 + 𝛽2�̄�2)𝐈1𝐈T1 + 𝛽1�̄�2𝐈2𝐈T2
+ (1 − 𝜀𝑢)T𝑆𝑢 + (1 − 𝜀𝑦)𝐈1𝑆𝑦𝐈T1 + (1 − 𝜀𝑀 )T

2 𝑆𝑟2,

𝛺2 =

[ 2𝛼3𝜌(𝑁+1)
𝑁2𝜋2

𝐾T
0𝐾0 − 𝜀𝑢(𝑆𝑢 + 𝑅𝑢) −𝜀𝑢(𝐺𝑢 + 𝑆𝑢)

∗ −𝜀𝑢(𝑆𝑢 + 𝑅𝑢)

]

,

3 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝜀𝑦(𝑆𝑦 + 𝑅𝑦) −𝜀𝑦(𝑆𝑦 + 𝐺𝑦) 𝜀𝑦𝑅𝑦 𝜀𝑦𝐺𝑦
∗ −𝜀𝑦(𝑆𝑦 + 𝑅𝑦) 𝜀𝑦𝐺T

𝑦 𝜀𝑦𝑅𝑦
∗ ∗ −𝜀𝑦(𝑄𝑦 + 𝑅𝑦) 0

∗ ∗ ∗ −𝜀𝑦(𝑄𝑦 + 𝑅𝑦)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

𝛺4 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝜀𝑀 (𝑆𝑟 + 𝑅𝑟) 0 0 0

∗ −2𝛿1𝜌‖𝑐‖−2𝑁 0 0

∗ ∗ −𝛼1𝜌𝐼 0

∗ ∗ ∗ −𝛽1𝐼

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

𝛩1 = [𝑃10 + 𝜀𝑢T𝑆𝑢, 𝜀𝑢T𝑆𝑢],

2 = [−𝑃𝐋𝜁 + 𝜀𝑦𝐈1𝑆𝑦, 𝜀𝑦𝐈1𝑆𝑦, 0, 0],

3 = [𝑃𝛬𝑒 + 𝜀𝑀T
3 𝑆𝑟, 𝑃𝐋𝜁 , 𝑃 𝐈1, 𝑃 𝐈2],

= [𝐹 ,1𝐾0, 0,−𝐋𝜁, 0, 0, 0, 𝛬𝑒,𝐋𝜁 , 𝐈1, 𝐈2].

(3.16)

By Schur complement, �̂�𝑁+1 < 0 holds iff (2.61) holds. Summarizing,

we obtain:

Theorem 2. Consider system (2.1) with control law (2.18), measurement

(2.3) with 𝑐 ∈ 𝐿2(0, 1) satisfying (2.11), 𝑧0 ∈ () almost surely and

𝑧0 ∈ 𝐿2(𝛺;𝐿2(0, 1)). Let 𝑁0 ∈ N satisfy (2.8) and 𝑁 ∈ N satisfy 𝑁 ≥ 𝑁0.

Assume that 𝐿0 and 𝐾0 are obtained from (2.12) and (2.13), respectively.

Given 𝑀 ∈ N and 𝑟, 𝜏𝑀,𝑦, 𝜏𝑀,𝑢, �̄�, �̄�, 𝛿, 𝛿1 > 0 (𝛿1 < 𝛿), let there exist

ositive definite matrices 𝑃 , 𝑆𝑦, 𝑅𝑦, 𝑄𝑦, 𝑆𝑟, 𝑅𝑟, 𝑆𝑢, 𝑅𝑢, matrices 𝐺𝑦, 𝐺𝑢,

ositive scalars 𝛼1, 𝛼2, 𝛼3, 𝛽1, 𝛽2 and tuning parameter 𝜌 > 0 such that LMIs

2.52), (3.15) with 𝛺1, 𝛺2, 𝛺3, 𝛺4, 𝛩1, 𝛩2, 𝛩3, 𝛯 in (3.16), and (2.61)

re feasible. Then the following holds:

• The solution 𝑧(𝑥, 𝑡) to (2.1) under the control law (2.18) and the

corresponding sub-predictor-based observer �̂�(𝑥, 𝑡) defined by (2.17),

(3.2) satisfy (2.62) for 𝑡 ≥ 0 and some 𝐷 ≥ 1, where 𝛿𝜏 > 0 is the

unique solution of 𝛿𝜏 = 𝛿 − 𝛿1e
2𝛿𝜏 𝜏𝑀,𝑦 .

• Given 𝑟 > 0, inequalities (2.52), (2.61), and (3.15) are always

feasible for large enough𝑀,𝑁 and small enough �̄�, �̄�, 𝜏𝑀,𝑢, 𝜏𝑀,𝑦 > 0.

emark 7. For 𝑔(𝑧) = �̄�𝑧, we have the following closed-loop system

𝑋(𝑡) = [𝐹𝑋(𝑡) + 𝐋𝜁 (𝑡 − 𝜏𝑦) + 𝛬𝑒𝛶𝑒,𝑟(𝑡)

− 𝐋𝛶𝜏𝑦 (𝑡) + 1𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)]d𝑡 + 1𝜎(𝑡)d(𝑡),

𝑧𝑛(𝑡) = [(−𝜆𝑛 + �̄�)𝑧𝑛(𝑡) − 𝑏𝑛𝐾0𝑋(𝑡)

+ 𝑏𝑛𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)]d𝑡 + 𝜎𝑛(𝑡)d(𝑡), 𝑛 > 𝑁,

(3.17)

here all coefficients are defined in (3.7) with 𝐴0 and 𝐴1 in 𝐹 replaced

y (2.71). By constructing the Lyapunov functional (3.9) and follow-

ng the arguments similar to (2.50)–4, (3.9)–(3.12), (3.12)–(3.14),
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we have

E𝑉 (𝑡) + 2𝛿E𝑉 (𝑡) − 2𝛿1 sup𝑡−𝜏𝑀,𝑦≤𝜃≤𝑡 E𝑉 (𝜃)

+𝛽2E[�̄�2|𝐈T1𝑋(𝑡)|2 + �̄�2
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡) − |𝜎(𝑡)|2] ≤ 0

provided

𝜌(−2𝜆𝑛 + 2𝛿 + �̄�2 + 𝜆𝑛∕𝛼2 + 𝜆𝑛∕𝛼3) + 𝛽2�̄�2 < 0, 𝑛 > 𝑁, (3.18)

and (2.52), (3.15) hold with 𝛺2, 𝛺3, 𝛩1, 𝛩2 in (3.16) and

𝛺1 = 𝑃𝐹 + 𝐹 T𝑃 + 2𝛿𝑃 + 2𝛼2𝜌(𝑁+1)
𝑁2𝜋2

T𝐾T
0𝐾0

+ (𝜌�̄�2 + 𝛽2�̄�2)𝐈1𝐈T1 + (1 − 𝜀𝑀 )T
3 𝑆𝑟3

+ (1 − 𝜀𝑢)T𝑆𝑢 + (1 − 𝜀𝑦)𝐈1𝑆𝑦𝐈T1 ,

𝛺4 =

[

−𝜀𝑀 (𝑆𝑟 + 𝑅𝑟) 0

∗ −2𝛿1𝜌‖𝑐‖−2𝑁

]

,

𝛩3 = [𝑃𝛬𝑒 + 𝜀𝑀T
3 𝑆𝑟, 𝑃𝐋],

𝛯 = [𝐹 ,1𝐾0, 0,−𝐋, 0, 0, 0, 𝛬𝑒,𝐋].

(3.19)

By the monotonicity of 𝜆𝑛 and Schur complement, we find that (3.18)
holds iff
[

𝜌(−2𝜆𝑁+1 + 2𝛿 + �̄�2) + 𝛽2�̄�2 1 1
∗ − 1

𝜌 diag{
𝛼2

𝜆𝑁+1
, 𝛼3
𝜆𝑁+1

}

]

< 0. (3.20)

Summarizing, we obtain that the feasibility of LMIs (2.52), (3.15) with
𝛺2, 𝛺3, 𝛩1, 𝛩2 in (3.16) and 𝛺1, 𝛺4, 𝛩3, 𝛯 in (3.19), and (3.20)
uarantees the mean-square 𝐿2 exponential stability of (3.17).

3.1. Observer-based design: delay robustness

For the case of 𝑀 = 0 in (3.1), �̂�𝑗 (𝑡) = �̂�𝑗𝑀+1(𝑡), 𝑗 ∈ {𝑁0, 𝑁 − 𝑁0}
satisfy

d�̂�𝑁0 (𝑡) = [𝐴0�̂�𝑁0 (𝑡) + �̂�𝑁0 (𝑡) + 𝐵0𝑢(𝑡 − 𝑟)]d𝑡

− 𝐿0[𝐶0�̂�𝑁0 (𝑡) + 𝐶1�̂�𝑁−𝑁0 (𝑡) − 𝑦(𝑡)]d𝑡,

d�̂�𝑁−𝑁0 (𝑡) = [𝐴1�̂�𝑁−𝑁0 (𝑡) + �̂�𝑁−𝑁0 (𝑡) + 𝐵1𝑢(𝑡 − 𝑟)]d𝑡,

(3.21)

where �̂�𝑗 (𝑡) = �̂�𝑗𝑀+1(𝑡) is defined below (3.2). Then our method
degenerates into the observer-based control with the delay robustness
as studied in [13] for deterministic PDEs. Differently from [13], here we
assume unknown measurement delays. Following [13], we construct a
finite-dimensional observer:

�̂�(𝑥, 𝑡) = 𝛷0(𝑥)�̂�𝑁0 (𝑡) +𝛷1(𝑥)�̂�𝑁−𝑁0 (𝑡), (3.22)

where 𝛷0 and 𝛷1 are defined below (3.2). We propose the controller

𝑢(𝑡) = 𝐾0�̂�𝑁0 (𝑡), (3.23)

where 𝐾0 ∈ R1×𝑁0 is determined by (2.13).

Let 𝑒𝑗 (𝑡) = 𝑧𝑗 (𝑡) − �̂�𝑗 (𝑡), 𝑗 ∈ {𝑁0, 𝑁 −𝑁0}. Using (2.10) and (3.21),
we obtain

d𝑒𝑁0 (𝑡) = [(𝐴0 − 𝐿0𝐶0)𝑒𝑁0 (𝑡) +𝐻𝑁0 (𝑡) + 𝐵0𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)

− 𝐿0𝐶1𝑒𝑁−𝑁0 (𝑡) − 𝐿0𝜁 (𝑡 − 𝜏𝑦) + 𝐿0𝐶0𝛶
𝑁0
𝜏𝑦 (𝑡)

+ 𝐿0𝐶1𝛶
𝑁−𝑁0
𝜏𝑦 (𝑡)]d𝑡 + 𝜎𝑁0 (𝑡)d(𝑡),

d𝑒𝑁−𝑁0 (𝑡) = [𝐴1𝑒𝑁−𝑁0 (𝑡) +𝐻𝑁−𝑁0 (𝑡)
𝑁0 𝑁−𝑁

(3.24)
12

+ 𝐵1𝐾0𝛶𝜏𝑢 (𝑡)]d𝑡 + 𝜎 0 (𝑡)d(𝑡),
where 𝐻 𝑗 (𝑡) = 𝐺𝑗 (𝑡) − �̂�𝑗 (𝑡), 𝑗 ∈ {𝑁0, 𝑁 −𝑁0}. Introduce the following

notations:

𝑋(𝑡) = col{�̂�𝑁0 (𝑡), �̂�𝑁−𝑁0 (𝑡), 𝑒𝑁0 (𝑡), 𝑒𝑁−𝑁0 (𝑡)},

𝐹 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐴0 − 𝐵0𝐾0 0 𝐿0𝐶0 𝐿0𝐶1

−𝐵1𝐾0 𝐴1 0 0

0 0 𝐴0 − 𝐿0𝐶0 −𝐿0𝐶1

0 0 0 𝐴1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, �̂�(𝑡) =

[

�̂�𝑁0 (𝑡)

�̂�𝑁−𝑁0 (𝑡)

]

,

𝐻(𝑡) =

[

𝐻𝑁0 (𝑡)

𝐻𝑁−𝑁0 (𝑡)

]

, 𝐈1 =
[

𝐼𝑁
0𝑁×𝑁

]

, 𝐈2 =
[

0𝑁×𝑁

𝐼𝑁

]

,

1 = col{𝐵0, 𝐵1, 0𝑁×1}, 2 = col{0𝑁×1, 𝐵0, 𝐵1},

𝛶𝑁0
𝑟 (𝑡) = �̂�𝑁0 (𝑡) − �̂�𝑁0 (𝑡 − 𝑟),  = [𝐶0, 𝐶1],

𝐋0 = col{𝐿0, 0,−𝐿0, 0},  = [𝐼𝑁0
, 0𝑁0×(2𝑁−𝑁0)],

𝛶𝑁0
𝜏𝑢 (𝑡) = �̂�𝑁0 (𝑡 − 𝑟) − �̂�𝑁0 (𝑡 − 𝑟 − 𝜏𝑢),

𝛶𝜏𝑦 (𝑡) =
⎡

⎢

⎢

⎣

𝛶𝑁0
𝜏𝑦 (𝑡)

𝛶𝑁−𝑁0
𝜏𝑦 (𝑡)

⎤

⎥

⎥

⎦

=

[

𝑒𝑁0 (𝑡) − 𝑒𝑁0 (𝑡 − 𝜏𝑦)

𝑒𝑁−𝑁0 (𝑡) − 𝑒𝑁0 (𝑡 − 𝜏𝑦)

]

.

(3.25)

From (2.3), (3.21)–(3.24), we have the closed-loop systems:

d𝑋(𝑡) = 𝐅(𝑡)d𝑡 + 𝐈2𝜎(𝑡)d(𝑡),

d𝑧𝑛(𝑡) = [−𝜆𝑛𝑧𝑛(𝑡) + 𝑔𝑛(𝑡) − 𝑏𝑛𝐾0𝑋(𝑡)

+ 𝑏𝑛𝐾0𝛶
𝑁0
𝑟 (𝑡) + 𝑏𝑛𝐾0𝛶

𝑁0
𝜏𝑢 (𝑡)]d𝑡 + 𝜎𝑛(𝑡)d(𝑡),

(3.26)

where 𝜁 (𝑡) is defined in (3.4) and

𝐅(𝑡) = 𝐹𝑋(𝑡) + 𝐈1�̂�(𝑡) + 𝐈2𝐻(𝑡) + 1𝐾0𝛶
𝑁0
𝑟 (𝑡)

+ 2𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡) − 𝐋0𝛶𝜏𝑦 (𝑡) + 𝐋0𝜁 (𝑡 − 𝜏𝑦).

Note that in (3.26), the input delays 𝑟, 𝜏𝑢 appear only in systems

�̂�𝑁0 , �̂�𝑁−𝑁0 and the stochastic term appears only in systems 𝑒𝑁0 , 𝑒𝑁−𝑁0

that contains only the measurement delays 𝜏𝑦. So there is still a sepa-

ration between delay terms 𝑟, 𝜏𝑢 and stochastic term, and it needs only

one stochastic-dependent term in corresponding Lyapunov functional

(see 𝑉𝑄𝑦 in (3.9)). For the stability of system (3.26), we consider the

Lyapunov functional (3.9) with 2 in 𝑉𝑆𝑟 , 𝑉𝑅𝑟 replaced by  defined

in (3.25), 𝐈1 in 𝑉𝑆𝑦 , 𝑉𝑅𝑦 replaced by 𝐈2 defined in (3.25), and 𝑉𝑆𝑢 , 𝑉𝑅𝑢
replaced by

𝑉𝑅𝑢 (𝑡) = 𝜏𝑀,𝑢 ∫
−𝑟
−𝑟−𝜏𝑀,𝑢

∫ 𝑡𝑡+𝜃 e
−2𝛿(𝑡−𝑟−𝑠)

|1𝐅(𝑠)|2𝑅𝑢d𝑠d𝜃,

𝑉𝑆𝑢 (𝑡) = ∫ 𝑡−𝑟𝑡−𝑟−𝜏𝑀,𝑢
e−2𝛿(𝑡−𝑟−𝑠)|1𝑋(𝑠)|2𝑆𝑢d𝑠.

(3.27)

Following arguments similar to (2.39)–(2.61), we have

E𝑉 (𝑡) + 2𝛿E𝑉 (𝑡) − 2𝛿1 sup𝑡−𝜏𝑀,𝑦≤𝜃≤𝑡 E𝑉 (𝜃)

+𝛽1E[�̄�2|𝐈T2𝑋(𝑡)|2 + �̄�2
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡) − |𝐻(𝑡)|2]

2 2 2 ∑∞ 2 2
+𝛽2E[�̄� |𝐈3𝑋(𝑡)| + �̄� 𝑛=𝑁+1 𝑧𝑛(𝑡) − |𝜎(𝑡)| ] ≤ 0
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𝛺

[

𝜌(−2𝜆𝑁+1 + 2𝛿 + �̄�2 + 𝛼1�̄�2) + 𝛽1�̄�2 + 𝛽2�̄�2 1 1 1 1
∗ − 1

𝜌diag{𝛼1,
𝛼2

𝜆𝑁+1
, 𝛼3
𝜆𝑁+1

, 𝛼4
𝜆𝑁+1

}

]

< 0,

𝛹1 = 𝐈T2𝑃 𝐈2 − 𝜌𝐼 + 𝜏𝑀,𝑦𝑄𝑦 − 𝛽2𝐼 < 0,

𝛹2 =
⎡

⎢

⎢

⎣

𝛺1 𝛩1 𝛩2 𝛩3 𝛩4
∗ 𝛺2 𝛩5 0 0
∗ ∗ diag{𝛺3, 𝛺4, 𝛺5}

⎤

⎥

⎥

⎦

+ 𝜏2𝑀,𝑦𝛯
T𝐈2𝑅𝑦𝐈T2𝛯

+ 𝛯TT[𝑟2𝑅𝑟 + 𝜏2𝑀,𝑢e
2𝛿𝜏𝑀,𝑢𝑅𝑢]𝛯 < 0,

(3.28)

Box III.
d

w
r
a
t
E

+

p
[

a

w
𝐵
a

d

d

rovided (2.52) and inequalities (3.28) (see Box III) hold. where

1 = 𝑃𝐹 + 𝐹 T𝑃 + 2𝛿𝑃 + 2𝜌𝛼2(𝑁+1)
𝑁2𝜋2

T𝐾T
0𝐾0

+ (𝜌�̄�2 + 𝜌𝛼1�̄�2 + 𝛽2�̄�2)𝐈T3 𝐈3 + (1 − 𝜀𝑟)T𝑆𝑟

+ 𝛽1�̄�2𝐈2𝐈T2 + (1 − 𝜀𝑦)𝐈2𝑆𝑦𝐈T2 + (1 − 𝜀𝑢)T𝑆𝑢,

𝐈3 =
[

𝐼𝑁0
0 𝐼𝑁0

0

0 𝐼𝑁−𝑁0
0 𝐼𝑁−𝑁0

]

,

𝛺2 =
2𝜌𝛼3(𝑁+1)
𝑁2𝜋2

𝐾T
0𝐾0 − 𝜀𝑟(𝑆𝑟 + 𝑅𝑟) + (1 − 𝜀𝑢)𝑆𝑢,

𝛺3 =

[ 2𝜌𝛼4(𝑁+1)
𝑁2𝜋2

𝐾T
0𝐾0 − 𝜀𝑢(𝑆𝑢 + 𝑅𝑢) −𝜀𝑢(𝑆𝑢 + 𝐺𝑢)

∗ −𝜀𝑢(𝑆𝑢 + 𝑅𝑢)

]

,

𝛺4 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝜀𝑦(𝑆𝑦 + 𝑅𝑦) −𝜀𝑦(𝑆𝑦 + 𝐺𝑦) 𝜀𝑦𝑅𝑦 𝜀𝑦𝐺𝑦
∗ −𝜀𝑦(𝑆𝑦 + 𝑅𝑦) 𝜀𝑦𝐺T

𝑦 𝜀𝑦𝑅𝑦
∗ ∗ −𝜀𝑦(𝑄𝑦 + 𝑅𝑦) 0

∗ ∗ ∗ −𝜀𝑦(𝑄𝑦 + 𝑅𝑦)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

𝛺5 =

⎡

⎢

⎢

⎢

⎣

−2𝛿1𝜌‖𝑐‖−2𝑁 0 0

∗ −𝛼1𝜌𝐼 −𝛼1𝜌𝐼

∗ ∗ −(𝛽1 + 𝜌𝛼1)𝐼

⎤

⎥

⎥

⎥

⎦

,

𝛩1 = 𝑃1𝐾0 + 𝜀𝑟T𝑆𝑟 − (1 − 𝜀𝑢)T𝑆𝑢,

𝛩2 = [𝑃2𝐾0 + 𝜀𝑢T𝑆𝑢, 𝜀𝑢T𝑆𝑢],

𝛩3 = [𝜀𝑦𝐈2𝑆𝑦 − 𝑃𝐋0, 𝜀𝑦𝐈2𝑆𝑦, 0, 0],
𝛩3 = [𝜀𝑦𝐈2𝑆𝑦 − 𝑃𝐋0, 𝜀𝑦𝐈2𝑆𝑦, 0, 0],
𝛩4 = [𝑃𝐋0, 𝑃 𝐈1, 𝑃 𝐈2], 𝛩5 = [−𝜀𝑢𝑆𝑢, − 𝜀𝑢𝑆𝑢],

𝛯 = [𝐹 ,1𝐾0,2𝐾0, 0,−𝐋0, 0, 0, 0,𝐋0, 𝐈1, 𝐈2].

(3.29)

Summarizing, we have

Proposition 2. Consider system (2.1) with control law (3.23), measure-
ment (2.3) with 𝑐 ∈ 𝐿2(0, 1) satisfying (2.11), 𝑧0 ∈ () almost surely and
𝑧0 ∈ 𝐿2(𝛺;𝐿2(0, 1)). Let 𝑁0 ∈ N satisfy (2.8) and 𝑁 ∈ N satisfy 𝑁 ≥ 𝑁0.
Assume that 𝐿0 and 𝐾0 are obtained from (2.12) and (2.13), respectively.
Given 𝑟, 𝜏𝑀,𝑦, 𝜏𝑀,𝑢, �̄�, �̄�, 𝛿, 𝛿1 > 0 (𝛿1 < 𝛿), let there exist positive definite
matrices 𝑃 , 𝑆𝑦, 𝑅𝑦, 𝑄𝑦, 𝑆𝑟, 𝑅𝑟, 𝑆𝑢, 𝑅𝑢, positive scalars 𝛼1, 𝛼2, 𝛼3, 𝛼4, 𝛽1, 𝛽2
and tuning parameter 𝜌 > 0 such that LMIs (2.52) and (3.28) are feasible
with 𝛺𝑖, 𝛩𝑖, 𝑖 = 1,… , 5, 𝛯 in (3.29). Then the following holds:

• The solution 𝑧(𝑥, 𝑡) to (2.1) subject to the control law (3.23) and the
corresponding observer �̂�(𝑥, 𝑡) given by (3.21), (3.22) satisfy (2.62)
for 𝑡 ≥ 0 and some 𝐷 ≥ 1, where 𝛿𝜏 > 0 is the unique solution of
𝛿𝜏 = 𝛿 − 𝛿1e

2𝛿𝜏 𝜏𝑀,𝑦 .
• Inequalities (2.52) and (3.28) are always feasible for 𝑁 large enough
13

and 𝑟, �̄�, �̄�, 𝜏𝑀,𝑢, 𝜏𝑀,𝑦 > 0 small enough.
Remark 8. For 𝑔(𝑧) = �̄�𝑧, we have the closed-loop systems:

d𝑋(𝑡) = [𝐹𝑋(𝑡) + 1𝐾0𝛶
𝑁0
𝑟 (𝑡) + 2𝐾0𝛶

𝑁0
𝜏𝑢 (𝑡)

− 𝐋0𝛶𝜏𝑦 (𝑡) + 𝐋0𝜁 (𝑡 − 𝜏𝑦)]d𝑡 + 𝐈2𝜎(𝑡)d(𝑡),

𝑧𝑛(𝑡) = [−𝜆𝑛𝑧𝑛(𝑡) − 𝑏𝑛𝐾01𝑋(𝑡) + 𝑏𝑛𝐾0𝛶
𝑁0
𝑟 (𝑡)

+ 𝑏𝑛𝐾0𝛶
𝑁0
𝜏𝑢 (𝑡)]d𝑡 + 𝜎𝑛(𝑡)d(𝑡),

(3.30)

here all coefficients are defined in (3.25) with 𝐴0 and 𝐴1 in 𝐹
eplaced by (2.71). Construct Lyapunov functional (3.9) with 2 = ,
nd 𝑉𝑆𝑦 (𝑡), 𝑉𝑅𝑦 (𝑡) replaced by (3.27). Following the arguments similar
o (2.39)–(2.61), we have
𝑉 (𝑡) + 2𝛿E𝑉 (𝑡) − 2𝛿1 sup𝑡−𝜏𝑀,𝑦≤𝜃≤𝑡 E𝑉 (𝜃)

𝛽2E[�̄�2|𝐈3𝑋(𝑡)|2 + �̄�2
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡) − |𝜎(𝑡)|2] ≤ 0

rovided (2.52),

𝜌(−2𝜆𝑁+1 + 2𝛿 + �̄�2) + 𝛽2�̄�2 1 1 1 1
∗ − 1

𝜌
diag{ 𝛼2

𝜆𝑁+1
, 𝛼3
𝜆𝑁+1

, 𝛼4
𝜆𝑁+1

}

]

< 0, (3.31)

nd (3.28) hold, where 𝛺2, 𝛺3, 𝛺4, 𝛩1, 𝛩2, 𝛩3, 𝛩5 are given in (3.29)
and
𝛺1 = 𝑃𝐹 + 𝐹 T𝑃 + 2𝛿𝑃 + 2𝜌𝛼2(𝑁+1)

𝑁2𝜋2
T𝐾T

0𝐾0

+ (𝜌�̄�2 + 𝛽2�̄�2)𝐈T3 𝐈3 + (1 − 𝜀𝑟)T𝑆𝑟

+ (1 − 𝜀𝑦)𝐈2𝑆𝑦𝐈T2 + (1 − 𝜀𝑢)T𝑆𝑢,

𝛩4 = 𝑃𝐋0, 𝛺5 = −2𝛿1𝜌‖𝑐‖−2𝑁 ,

𝛯 = [𝐹 ,1𝐾0,2𝐾0, 0,𝐋0, 0, 0,𝐋0].

(3.32)

Summarizing, we obtain that the feasibility of LMIs (2.52), (3.28) and
(3.31) with 𝛺2, 𝛺3, 𝛺4, 𝛩1, 𝛩2, 𝛩3, 𝛩5 given in (3.29), and 𝛺1, 𝛺5, 𝛩4,
𝛯 given in (3.32) guarantees the mean-square exponential stability of
(3.30).

4. Classical predictor for stochastic heat equation

In this section, we aim to study the classical predictor for stochastic
heat equation (2.1) with 𝑔(𝑧) = �̄�𝑧 under delayed non-local mea-
surement (2.3). Differently from [17–19], here we assume unknown
measurement delays. Due to the multiplicative noise in our system, we
have the coupling between all modes of the solution. Therefore, the
reduced-order method in [17,18] is ineffective for our system.

Presenting the solution to (2.1) with 𝑔(𝑧) = �̄�𝑧 as (2.4), we get

d𝑧𝑛(𝑡) = [(−𝜆𝑛 + �̄�)𝑧𝑛(𝑡) + 𝑏𝑛𝑢(𝑡 − 𝑟 − 𝜏𝑢)]d𝑡

+ 𝜎𝑛(𝑡)d(𝑡), 𝑛 ≥ 1,
(4.1)

here 𝜎𝑛(𝑡) is defined in (2.6). By notations 𝑧𝑁0 , 𝑧𝑁−𝑁0 , 𝜎𝑁0 , 𝜎𝑁−𝑁0 ,
0, 𝐵1 defined in (2.9) and 𝐴0, 𝐴1 defined in (2.71), we have that 𝑧𝑁0 (𝑡)
nd 𝑧𝑁−𝑁0 (𝑡) satisfy

𝑧𝑁0 (𝑡) = [𝐴0𝑧𝑁0 (𝑡) + 𝐵0𝑢(𝑡 − 𝑟 − 𝜏𝑢)]d𝑡

+ 𝜎𝑁0 (𝑡)d(𝑡),

𝑧𝑁−𝑁0 (𝑡) = [𝐴1𝑧𝑁−𝑁0 (𝑡) + 𝐵1𝑢(𝑡 − 𝑟 − 𝜏𝑢)]d𝑡

𝑁−𝑁

(4.2)
+ 𝜎 0 (𝑡)d(𝑡).
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𝑧

Following [17], we consider a 𝑁 dimensional observer of the form

�̂�(𝑥, 𝑡) = 𝛷0(𝑥)�̂�𝑁0 (𝑡) +𝛷1(𝑥)�̂�𝑁−𝑁0 (𝑡), (4.3)

where 𝛷0 and 𝛷1 are defined below (3.2), �̂�𝑁0 (𝑡) and �̂�𝑁−𝑁0 (𝑡) satisfy

d�̂�𝑁0 (𝑡) = [𝐴0�̂�𝑁0 (𝑡) + 𝐵0𝑢(𝑡 − 𝑟)]d𝑡

− 𝐿0[𝐶0�̂�𝑁0 (𝑡) + 𝐶1�̂�𝑁−𝑁0 (𝑡) − 𝑦(𝑡)]d𝑡,

d�̂�𝑁−𝑁0 (𝑡) = [𝐴1�̂�𝑁−𝑁0 (𝑡) + 𝐵1𝑢(𝑡 − 𝑟)]d𝑡,

�̂�𝑁0 (𝑡) = 0, �̂�𝑁−𝑁0 (𝑡) = 0, 𝑡 ≤ 0,

(4.4)

with 𝑦(𝑡) given by (2.3). Following [17,18], we propose the predictor-
based control law
�̄�𝑁0 (𝑡) = e𝐴0𝑟�̂�𝑁0 (𝑡) + ∫ 𝑡𝑡−𝑟 e

𝐴0(𝑡−𝑠)𝐵0𝑢(𝑠)d𝑠,

𝑢(𝑡) = −𝐾0�̄�𝑁0 (𝑡).
(4.5)

Taking the time derivative of �̄�𝑁0 (𝑡) in (4.5) along (4.4), we arrive at

d�̄�𝑁0 (𝑡) = (𝐴0 − 𝐵0𝐾0)�̄�𝑁0 (𝑡)d𝑡

− e𝐴0𝑟𝐿0[𝐶0�̂�𝑁0 (𝑡) + 𝐶1�̂�𝑁−𝑁0 (𝑡) − 𝑦(𝑡)]d𝑡,

�̄�𝑁0 (0) = 0, 𝑡 = 0.

(4.6)

Remark 9. In [19], the transformation for the estimation of �̂�𝑁−𝑁0 (𝑡)
was introduced to eliminate the input delay that appears in system
�̂�𝑁−𝑁0 (𝑡). Differently from [19], we construct predictor only for �̂�𝑁0 (𝑡).
If we consider also the transformation for �̂�𝑁−𝑁0 (𝑡):

̄𝑁−𝑁0 (𝑡) = e𝐴1𝑟�̂�𝑁−𝑁0 (𝑡) + ∫ 𝑡𝑡−𝑟 e
𝐴1(𝑡−𝑠)𝐵1𝑢(𝑠)d𝑠, (4.7)

we will have the differential equation for 𝑒𝑁−𝑁0 (𝑡) = 𝑧𝑁−𝑁0 (𝑡)−�̂�𝑁−𝑁0 (𝑡)
(assume 𝜎(𝑧) = �̄�𝑧 for simplicity):

d𝑒𝑁−𝑁0 (𝑡) = [𝐴1𝑒𝑁−𝑁0 (𝑡) + 𝐵1𝐾0�̄�𝑁0 (𝑡 − 𝑟)

−𝐵1𝐾0�̄�𝑁0 (𝑡 − 𝑟 − 𝜏𝑢)]d𝑡 + �̄�𝑧𝑁−𝑁0 (𝑡)d(𝑡)
(4.7)
= [𝐴1𝑒𝑁−𝑁0 (𝑡) − 𝐵1𝐾0�̄�𝑁0 (𝑡 − 𝑟 − 𝜏𝑢)

+𝐵1𝐾0�̄�𝑁0 (𝑡 − 𝑟)]d𝑡 + �̄�[𝑒𝑁−𝑁0 (𝑡) + e−𝐴1𝑟�̄�𝑁−𝑁0 (𝑡)

+e−𝐴1𝑟 ∫ 𝑡𝑡−𝑟 e
𝐴1(𝑡−𝑠)𝐵1𝐾0�̄�𝑁0 (𝑠)d𝑠]d(𝑡).

(4.8)

For any 𝑟 > 0 and �̄� > 0, the last stochastic term in (4.8) with −𝐴1 > 0
will blow up for 𝑁 → ∞.

For well-posedness, we introduce the change of variables (2.19) to
obtain the equivalent stochastic heat equation

d𝑤(𝑡) = [𝑤(𝑡) + �̄�[𝑤(𝑡) + 𝜓(⋅)𝑢(𝑡 − 𝑟 − 𝜏𝑢)]

−𝜓(⋅)[𝜇𝑢(𝑡 − 𝑟 − 𝜏𝑢) + (1 − 𝜏′𝑢)𝐹𝑢(𝑡 − 𝑟 − 𝜏𝑢)]]d𝑡

+𝜎(𝑤(𝑡) + 𝜓(⋅)𝑢(𝑡 − 𝑟 − 𝜏𝑢))d(𝑡), 𝑡 ≥ 0,

(4.9)

where 𝐹𝑢(𝑡) = −𝐾0(𝐴0−𝐵0𝐾0)�̄�𝑁0 (𝑡)+𝐾0e𝐴0𝑟𝐿0[𝐶0�̂�𝑁0 (𝑡)+𝐶1�̂�𝑁−𝑁0 (𝑡)−
⟨𝑐, 𝑧(𝑡 − 𝜏𝑦)⟩] and 𝑢(𝑡) is given by (4.5). Similar to Section 2.2 we first
consider 𝑡 ∈ [0, 𝑡∗𝑢] and obtain that (2.21) admits a unique solution
𝑤 ∈ 𝐿2(𝛺;𝐶([0, 𝑡∗𝑢]);𝐿

2(0, 1))∩𝐿2(𝛺×[0, 𝑡∗𝑢];𝐻
1(0, 1)) and 𝑤(⋅, 𝑡) ∈ (),

𝑡 ∈ [0, 𝑡∗𝑢], almost surely. Therefore, there exists a constant 𝜅1 > 0 such
that (2.25) holds. Next, we consider

d�̄�𝑁0 (𝑡) = (𝐴0 − 𝐵0𝐾0 − e𝐴0𝑟𝐿0𝐶0e−𝐴0𝑟)�̄�𝑁0 (𝑡)

− e𝐴0𝑟𝐿0[𝐶0𝐺(𝑡) + 𝐶1�̂�𝑁−𝑁0 (𝑡) − 𝑦(𝑡)]d𝑡,

𝐺(𝑡) = e−𝐴0𝑟 ∫ 𝑡𝑡−𝑟 e
𝐴0(𝑡−𝑠)𝐵0𝐾0�̄�𝑁0 (𝑠)d𝑠,

d�̂�𝑁−𝑁0 (𝑡) = [𝐴1�̂�𝑁−𝑁0 (𝑡) − 𝐵1𝐾0�̄�𝑁0 (𝑡 − 𝑟)]d𝑡.

(4.10)

Differently from Section 2.2, due to the distributed delay term 𝐺(𝑡), here
we treat only 𝑦(𝑡) as the non-homogeneous term and consider (4.10) as
a functional differential equation in 𝐶([−𝑟, 0],R𝑁 ). From Theorem 5.2.2
in [27], we have (4.10) has a unique solution �̂� = col{�̄�𝑁0 , �̂�𝑁−𝑁0}
on [0, 𝑡∗𝑢] that satisfies (2.26). Then following the arguments similar to
Section 2.2, we use the step method on [𝑡∗𝑢+𝜏𝑚,𝑦, 𝑡

∗
𝑢+2𝜏𝑚,𝑦], [𝑡∗𝑢+2𝜏𝑚,𝑦, 𝑡∗𝑢+

3𝜏𝑚,𝑦], … and obtain the existence of a unique strong solution to (4.9)
2 2 2
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under control law (4.5) satisfying 𝑤 ∈ 𝐿 (𝛺;𝐶([0,∞);𝐿 (0, 1)))∩𝐿 (𝛺×
[0,∞)∖ ;𝐻1(0, 1)) such that 𝑤(⋅, 𝑡) ∈ (), 𝑡 ≥ 0, almost surely,
where  = {𝑡∗𝑢 + 𝑗𝜏𝑚,𝑦}∞𝑗=0, and a unique solution to (4.10) satisfying
�̂� ∈ 𝐿2(𝛺 × [0,∞);R(𝑀+1)𝑁 ).

Define 𝑒𝑗 (𝑡) = 𝑧𝑗 (𝑡) − �̂�𝑗 (𝑡), 𝑗 ∈ {𝑁0, 𝑁 − 𝑁0}. The last term on the
right hand side of the differential system for �̂�𝑁0 (𝑡) given in (4.4) can
be represented as

𝐶0�̂�𝑁0 (𝑡) + 𝐶1�̂�𝑁−𝑁0 (𝑡) − 𝑦(𝑡)

= −𝐶0𝑒𝑁0 (𝑡) − 𝐶1𝑒𝑁−𝑁0 (𝑡) − 𝜁 (𝑡 − 𝜏𝑦)

+ 𝐶0𝛶
𝑁0
𝜏𝑦 (𝑡) + 𝐶1𝛶

𝑁−𝑁0
𝜏𝑦 (𝑡),

𝛶 𝑗𝜏𝑦 (𝑡) = 𝑧𝑗 (𝑡) − 𝑧𝑗 (𝑡 − 𝜏𝑦), 𝑗 ∈ {𝑁0, 𝑁 −𝑁0},

(4.11)

where 𝜁 (𝑡) is defined in (3.4). From (4.2), (4.4), and (4.11), we have

d𝑒𝑁0 (𝑡) = [(𝐴0 − 𝐿0𝐶0)𝑒𝑁0 (𝑡) − 𝐿0𝐶1𝑒𝑁−𝑁0 (𝑡)

− 𝐿0𝜁 (𝑡 − 𝜏𝑦) + 𝐵0𝐾0�̄�
𝑁0
𝜏𝑢 (𝑡) + 𝐿0𝐶0𝛶

𝑁0
𝜏𝑦 (𝑡)

+ 𝐿0𝐶1𝛶
𝑁−𝑁0
𝜏𝑦 (𝑡)]d𝑡 + 𝜎𝑁0 (𝑡)d(𝑡),

d𝑒𝑁−𝑁0 (𝑡) = [𝐴1𝑒𝑁−𝑁0 (𝑡) + 𝐵1𝐾0�̄�
𝑁0
𝜏𝑢 (𝑡)]d𝑡

+ 𝜎𝑁−𝑁0 (𝑡)d(𝑡),

�̄�𝑁0
𝜏𝑢 (𝑡) = �̄�𝑁0 (𝑡 − 𝑟) − �̄�𝑁0 (𝑡 − 𝑟 − 𝜏𝑢).

(4.12)

Denote
𝑋(𝑡) = col{�̄�𝑁0 (𝑡), �̂�𝑁−𝑁0 (𝑡), 𝑒𝑁0 (𝑡), 𝑒𝑁−𝑁0 (𝑡)},

𝐋0 = col{e𝐴0𝑟𝐿0, 0(𝑁−𝑁0)×1,−𝐿0, 0(𝑁−𝑁0)×1},

𝐹 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐴0 − 𝐵0𝐾0 0 e𝐴0𝑟𝐿0𝐶0 e𝐴0𝑟𝐿0𝐶1

0 𝐴1 0 0

0 0 𝐴0 − 𝐿0𝐶0 −𝐿0𝐶1

0 0 0 𝐴1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

 = [𝐶0, 𝐶1], 0 = col{0𝑁×1, 𝐵0, 𝐵1},

1 = col{0𝑁×𝑁 , 𝐼𝑁}, 1 = col{0𝑁0×1, 𝐵1, 0𝑁×1},

𝛶𝜏𝑦 (𝑡) = col{𝛶𝑁0
𝜏𝑦 (𝑡), 𝛶𝑁−𝑁0

𝜏𝑦 (𝑡)}.

By (4.4), (4.6) and (4.12), we have the closed-loop system:

d𝑋(𝑡) = 𝐅(𝑡)d𝑡 + 1𝜎(𝑡)d(𝑡), (4.13a)

d𝑧𝑛(𝑡) = [(−𝜆𝑛 + 𝑎)𝑧𝑛(𝑡) − 𝑏𝑛𝐾0�̄�
𝑁0 (𝑡 − 𝑟) (4.13b)

+ 𝑏𝑛𝐾0�̄�
𝑁0
𝜏𝑢 (𝑡)]d𝑡 + 𝜎𝑛(𝑡)d(𝑡), 𝑛 > 𝑁,

where
𝐅(𝑡) = 𝐹𝑋(𝑡) + 𝐋0𝜁 (𝑡 − 𝜏𝑦) − 𝐋0𝛶𝜏𝑦 (𝑡)

− 1𝐾0�̄�𝑁0 (𝑡 − 𝑟) + 0𝐾0�̄�
𝑁0
𝜏𝑢 (𝑡).

In the following Lyapunov-based stability analysis of closed-loop sys-
tem (4.13), to compensate the unknown delay 𝜏𝑦 which appears in
𝑧𝑁0 (𝑡), 𝑧𝑁−𝑁0 (𝑡) (that are not in the state of closed-loop system (4.13)),
we consider

𝑋𝑧(𝑡) = col{𝑧𝑁0 (𝑡), 𝑧𝑁−𝑁0 (𝑡)} = 𝛴𝑋(𝑡) + 2𝐺(𝑡), (4.14)

where 𝐺(𝑡) is defined in (4.10). From (4.13a) and (4.14), we have

d𝑋𝑧(𝑡) = 𝐅𝑧(𝑡)d𝑡 + 𝜎(𝑡)d(𝑡),

𝐅𝑧(𝑡) = 𝛴𝐅(𝑡) + 2[e−𝐴0𝑟𝐵0𝐾0𝑋(𝑡) − 𝐵0𝐾0�̄�𝑁0 (𝑡 − 𝑟)],

𝛴 =

[

e−𝐴0𝑟 0 𝐼𝑁0
0

0 𝐼𝑁−𝑁0
0 𝐼𝑁−𝑁0

]

,2 =

[

𝐼𝑁0

0(𝑁−𝑁0)×𝑁0

]

,

 = [𝐼𝑁0
, 0𝑁0×(2𝑁−𝑁0)].

(4.15)

For mean-square 𝐿2-stability of (4.13), we consider the following
Lyapunov functional:

𝑉 (𝑡) = 𝑉tail(𝑡) + 𝑉𝑃 (𝑡) + 𝑉𝑟(𝑡) + 𝑉𝑢(𝑡) + 𝑉𝑦(𝑡) + 𝑉𝑞(𝑡),
0 𝑡 −2𝛿(𝑡−𝑠) −𝐴 (𝑟+𝜃) 𝑁 2 (4.16)
𝑉𝑞(𝑡) = 𝑞 ∫−𝑟 ∫𝑡+𝜃 e |e 0 𝐵0𝐾0�̄� 0 (𝑠)| d𝑠d𝜃,
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𝑉

𝛺

s

p
p
(
t

P
(
t

where 𝑉tail, 𝑉𝑃 , 𝑉𝑟, 𝑉𝑢, 𝑉𝑦 are defined in (3.10) with

𝑉𝑆𝑟 (𝑡) = ∫ 𝑡𝑡−𝑟 e
−2𝛿(𝑡−𝑠)

|𝑋(𝑠)|2𝑆𝑟d𝑠,

𝑅𝑟 (𝑡) = 𝑟 ∫ 0
−𝑟 ∫

𝑡
𝑡+𝜃 e

−2𝛿(𝑡−𝑠)
|𝐅(𝑠)|2𝑅𝑟d𝑠d𝜃,

𝑉𝑆𝑢 (𝑡) = ∫ 𝑡−𝑟𝑡−𝑟−𝜏𝑀,𝑢
e−2𝛿(𝑡−𝑟−𝑠)|𝑋(𝑠)|2𝑆𝑟d𝑠,

𝑉𝑅𝑢 (𝑡) = 𝜏𝑀,𝑢 ∫
−𝑟
−𝑟−𝜏𝑀,𝑢

∫ 𝑡𝑡+𝜃 e
−2𝛿(𝑡−𝑟−𝑠)

|𝐅(𝑠)|2𝑅𝑢d𝑠d𝜃,

𝑉𝑆𝑦 (𝑡) = ∫ 𝑡𝑡−𝜏𝑀,𝑦
e−2𝛿(𝑡−𝑠)|𝑋𝑧(𝑠)|

2
𝑆𝑦
d𝑠,

𝑉𝑅𝑦 (𝑡) = 𝜏𝑀,𝑦 ∫
0
−𝜏𝑀,𝑦

∫ 𝑡𝑡+𝜃 e
−2𝛿(𝑡−𝑠)

|𝐅𝑧(𝑠)|2𝑅𝑦d𝑠d𝜃,

𝑉𝑄𝑦 (𝑡) = ∫ 0
−𝜏𝑀,𝑦

∫ 𝑡𝑡+𝜃 e
−2𝛿(𝑡−𝑠)

|𝜎(𝑠)|2𝑄𝑦d𝑠d𝜃,

(4.17)

where 𝑃 , 𝑆𝑟, 𝑅𝑟, 𝑆𝑢, 𝑅𝑢, 𝑆𝑦, 𝑅𝑦, 𝑄𝑦 are positive-definite matrices of

appropriate dimensions and 𝑞, 𝜌 are positive scalars. Note that 𝑉𝑆𝑟 , 𝑉𝑅𝑟
are employed to address �̄�𝑁0 (𝑡 − 𝑟) in (4.13), 𝑉𝑆𝑢 , 𝑉𝑅𝑢 are utilized to
compensate �̄�𝑁0

𝜏𝑢 , 𝑉𝑆𝑦 , 𝑉𝑅𝑦 , 𝑉𝑄𝑦 are employed to compensate 𝛶𝜏𝑦 . The

term 𝑉𝑞 which stems from [22] is used to compensate 𝐺(𝑡).

For 𝑉𝑞(𝑡), we have

𝑉𝑞(𝑡) + 2𝛿𝑉𝑞(𝑡) = −𝛤 (𝑡)

+ 𝑞 ∫ 0
−𝑟 |e

−𝐴0(𝑟+𝜃)𝐵0𝐾00𝑋(𝑡)|2d𝜃,

𝛤 (𝑡) = 𝑞 ∫ 0
−𝑟 e

2𝛿𝜃
|e−𝐴0(𝑟+𝜃)𝐵0𝐾0�̄�𝑁0 (𝑡 + 𝜃)|2d𝜃.

(4.18)

By Jensen’s inequality, we obtain

−𝛤 (𝑡) ≤ − 𝑞
𝑟 𝜀𝑟|𝐺(𝑡)|

2. (4.19)

Let 𝜂(𝑡) = col{𝑋(𝑡), �̄�𝑁0 (𝑡 − 𝑟), 𝐺(𝑡), 𝜁(𝑡 − 𝜏𝑦), �̄�
𝑁0
𝜏𝑢 (𝑡), �̄�𝑗𝜏𝑢 (𝑡), 𝛶𝜏𝑦 (𝑡),

𝜈𝑁0
𝜏𝑦 (𝑡), 𝜉1(𝑡), 𝜉2(𝑡)}, where 𝜈𝜏𝑦 (𝑡) = 𝑋𝑧(𝑡 − 𝜏𝑦) − 𝑋𝑧(𝑡 − 𝜏𝑀,𝑦), �̄�

𝑗
𝜏𝑢 (𝑡) =

�̄�𝑗 (𝑡 − 𝑟 − 𝜏𝑢) − �̄�𝑗 (𝑡 − 𝑟 − 𝜏𝑀,𝑢), 𝜉1(𝑡) and 𝜉2(𝑡) are defined in (2.51). By

using (4.18), (4.19) and following arguments similar to (2.39)–(2.61),

we arrive at

E𝑉 (𝑡) + 2𝛿E𝑉 (𝑡) − 2𝛿1 sup𝑡−𝜏𝑀,𝑦≤𝜃≤𝑡 E𝑉 (𝜃)

+𝛽E[�̄�2|𝛴𝑋(𝑡) + 2𝐺(𝑡)|2 + �̄�2
∑∞
𝑛=𝑁+1 𝑧

2
𝑛(𝑡) − |𝜎(𝑡)|2]

≤ E𝜎T(𝑡)𝛹1𝜎(𝑡) + E𝜂T(𝑡)𝛹2𝜂(𝑡) + E
∑∞
𝑛=𝑁+1 �̄�𝑛𝑧

2
𝑛(𝑡) < 0

provided

�̄�𝑛 = 𝜌(−2𝜆𝑛 + 2�̄� + 2𝛿 + �̄�2 + 𝜆𝑛
𝛼1

+ 𝜆𝑛
𝛼2
)

+ 𝛽�̄�2 < 0, ∀𝑛 > 𝑁
(4.20)

and the following inequalities hold:

𝛹1 = T
1 𝑃1 + 𝜏𝑀,𝑦𝑄𝑦 − 𝜌𝐼 − 𝛽𝐼 < 0,

𝛹2 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝛺1

𝑃𝐋0

0

0

𝛩1 𝛩2

∗ −2𝛿1𝜌‖𝑐‖−2𝑁 0 0
∗ ∗ diag{𝛺2, 𝛺3}

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

+ 𝜏2𝑀,𝑦𝛯
T
2𝑅𝑦𝛯2

T 2 2𝛿𝑟 2

(4.21)
15

+ 𝛯1 [𝜏𝑀,𝑢e 𝑅𝑢 + 𝑟 𝑅𝑟]𝛯1 < 0, 𝑝
where

𝛺1 =

⎡

⎢

⎢

⎢

⎣

𝛺(11)
1 𝜀𝑟T

0𝑅𝑟 − 𝑃1𝐾0 (𝛽 + 𝜌)�̄�2𝛴T2 + (1 − 𝜀𝑦)𝛴T𝑆𝑦2
∗ 𝛺(22)

1 0

∗ ∗ 𝛺(33)
1

⎤

⎥

⎥

⎥

⎦

,

𝛺(11)
1 = 𝑃𝐹 + 𝐹 T𝑃 + 2𝛿𝑃 + (𝜌 + 𝛽)�̄�2𝛴T𝛴

+ T
0 (𝑆𝑟 + 𝑞𝛷 − 𝜀𝑟𝑅𝑟)0 + (1 − 𝜀𝑦)𝛴T𝑆𝑦𝛴,

𝛷 = 𝐾T
0 𝐵

T
0 ∫ 0

−𝑟 e
−2𝐴0(𝑟+𝜃)d𝜃𝐵0𝐾0,

𝛺(22)
1 = 2𝛼1𝜌(𝑁+1)

𝑁2𝜋2
𝐾T

0𝐾0 − 𝜀𝑟(𝑆𝑟 + 𝑅𝑟) + (1 − 𝜀𝑢)𝑆𝑢,

𝛺(33)
1 = (𝛽 + 𝜌)�̄�2T

2 2 + (1 − 𝜀𝑦)T
2 𝑆𝑦2 −

𝑞
𝑟 𝜀𝑟𝐼,

𝛺2 =

[ 2𝛼2𝜌(𝑁+1)
𝑁2𝜋2

𝐾T
0𝐾0 − 𝜀𝑢(𝑆𝑢 + 𝑅𝑢) −𝜀𝑢(𝐺𝑢 + 𝑆𝑢)

∗ −𝜀𝑢(𝑆𝑢 + 𝑅𝑢)

]

,

3 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝜀𝑦(𝑆𝑦 + 𝑅𝑦) −𝜀𝑦(𝑆𝑦 + 𝐺𝑦) 𝜀𝑦𝑅𝑦 𝜀𝑦𝐺𝑦
∗ −𝜀𝑦(𝑆𝑦 + 𝑅𝑦) 𝜀𝑦𝐺T

𝑦 𝜀𝑦𝑅𝑦
∗ ∗ −𝜀𝑦(𝑄𝑦 + 𝑅𝑦) 0

∗ ∗ ∗ −𝜀𝑦(𝑄𝑦 + 𝑅𝑦)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

𝛩1 =

⎡

⎢

⎢

⎢

⎣

𝑃0𝐾0 0

𝜀𝑢𝑆𝑢 𝜀𝑢𝑆𝑢
0 0

⎤

⎥

⎥

⎥

⎦

,

𝛩2 =

⎡

⎢

⎢

⎢

⎣

−𝑃𝐋0 − 𝜀𝑦𝛴T𝑆𝑦 −𝜀𝑦𝛴T𝑆𝑦 0 0

0 0 0 0

−𝜀𝑦T
2 𝑆𝑦 −𝜀𝑦T

2 𝑆𝑦 0 0

⎤

⎥

⎥

⎥

⎦

,

𝛯1 = 0[𝐹 ,−1𝐾0,𝐋0, 0,0𝐾0, 0,−𝐋0, 0, 0, 0],

𝛯2 = [𝛴𝐹 + 2e−𝐴0𝑟𝐵0𝐾00,−𝛴1𝐾0 − 2𝐵0𝐾0,

𝛴𝐋0, 0, 𝛴0𝐾0, 0,−𝛴𝐋0, 0, 0, 0].

(4.22)

By monotonicity of 𝜆𝑛 and Schur complement, we find that (4.20) holds
iff
[

𝜌(−2𝜆𝑁+1 + 2�̄� + 2𝛿 + �̄�2) + 𝛽�̄�2 1 1
∗ − 1

𝜌
diag{ 𝛼1

𝜆𝑁+1
, 𝛼2
𝜆𝑁+1

}

]

< 0. (4.23)

Summarizing, we have

Theorem 3. Consider system (2.1) with 𝑔(𝑧) = �̄�𝑧, measurement (2.3)
with 𝑐 ∈ 𝐿2(0, 1) satisfying (2.11), control law (4.5), 𝑧0 ∈ () almost
urely and 𝑧0 ∈ 𝐿2(𝛺;𝐿2(0, 1)). Let 𝑁0 ∈ N satisfy (2.8) and 𝑁 ∈ N
satisfy 𝑁 ≥ 𝑁0. Assume that 𝐿0 and 𝐾0 are obtained from (2.12) and
(2.13), respectively. Given 𝑟, 𝜏𝑀,𝑦, 𝜏𝑀,𝑢, �̄�, 𝛿, 𝛿1 > 0 (𝛿1 < 𝛿), let there exist
ositive definite matrices 𝑃 , 𝑆𝑟, 𝑅𝑟, 𝑆𝑢, 𝑅𝑢, 𝑆𝑦, 𝑅𝑦, 𝑄𝑦, matrices 𝐺𝑦, 𝐺𝑢,
ositive scalars 𝑞, 𝛼1, 𝛼2, 𝛽 and tuning parameter 𝜌 such that LMIs (2.52),
4.21), (4.23) are feasible with 𝛺1, 𝛺2, 𝛺3, 𝛩1, 𝛩2, 𝛯1, 𝛯2 in (4.22). Then
he following holds:

• The solution 𝑧(𝑥, 𝑡) to (2.1) with 𝑔(𝑧) = �̄�𝑧 subject to the control
law (4.5), and the corresponding observer �̂�(𝑥, 𝑡) given by (1) satisfy
(2.62) for 𝑡 ≥ 0 and some 𝐷 ≥ 1, where 𝛿𝜏 > 0 is the unique solution
of 𝛿𝜏 = 𝛿 − 𝛿1e

2𝛿𝜏 𝜏𝑀,𝑦 .
• Given 𝑟 > 0, LMIs (2.52), (4.21), (4.23) are always feasible for large
enough 𝑁 and small enough 𝜏𝑀,𝑦, 𝜏𝑀,𝑢, �̄� > 0.

roof. For any given 𝑟 > 0, to show the feasibility of inequality (2.52),
4.21), (4.23) for large enough𝑁 and small enough �̄�, 𝜏𝑀,𝑦, 𝜏𝑀,𝑢 > 0, we
ake �̄�, 𝜏𝑀,𝑦, 𝜏𝑀,𝑢 → 0+, 𝛼1 = 𝛼2 = 1, 𝑅𝑟 = 0, 𝑆𝑢 = 𝐺𝑢 = 0, 𝑆𝑦 = 𝐺𝑦 = 0.

Take 𝑃 = diag{𝑃𝑧, 𝑝1𝐼𝑁−𝑁0
, 𝑃𝑒, 𝑝2𝐼𝑁−𝑁0

} with 𝑃𝑧, 𝑃𝑒 ∈ R2𝑁0 and
2

1, 𝑝2 > 0. By Schur complement and letting 𝑅𝑢 = 𝑝2𝐼 , 𝑄𝑦 = 𝑅𝑦 = 𝑝2𝐼 ,



Systems & Control Letters 181 (2023) 105632P. Wang and E. Fridman

𝛺

L
2

𝑃

𝛽
e
a

5

(
w
a
a
a

t
{
c
a
P
8
f
P
i
w

s

Table 1
Maximal 𝑟 for feasibility of LMIs with 𝜏𝑀,𝑦 = 0.02, 𝜏𝑀,𝑢 = 0.01: Proposition 2 with delay robustness VS. Theorem 1 with 𝑀 = 1.

�̄� 𝑁 = 4 𝑁 = 6 𝑁 = 8

0.2 0.3 0.4 0.2 0.3 0.4 0.2 0.3 0.4

Proposition 2 0.151 0.146 0.142 0.171 0.165 0.159 0.181 0.174 0.167
Remark 8 (𝑔(𝑧) = �̄�𝑧) 0.162 0.157 0.152 0.183 0.178 0.171 0.194 0.187 0.179

Theorem 1 0.165 0.155 0.141 0.172 0.162 0.145 0.173 0.162 0.147
Remark 5 (𝑔(𝑧) = �̄�𝑧) 0.173 0.163 0.150 0.182 0.170 0.153 0.183 0.171 0.156
o
a
p
s
o
w
o
t
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T
t
s
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a
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Table 2
Number of decision variables: Theorem 2 (sub-predictors with an additional
sub-predictor) VS. Theorem 1 (conventional sub-predictors).

No of sub-
predictors

Theorem 2 Theorem 1

2 15𝑁2+9𝑁+3𝑁2
0+3𝑁0

2
+ 5 20𝑁2 + 8𝑁 + 2𝑁2

0 + 2𝑁0 + 5

3 12𝑁2 + 6𝑁 + 3𝑁2
0+3𝑁0

2
+ 5 34𝑁2 + 10𝑁 + 2𝑁2

0 + 2𝑁0 + 5

4 47𝑁2+15𝑁+3𝑁2
0+3𝑁0

2
+ 5 52𝑁2 + 12𝑁 + 2𝑁2

0 + 2𝑁0 + 5

𝑝1 → 0+, 𝑝2 → ∞, we find that 𝛹2 < 0 in (4.21) holds if

𝜀𝑟𝑆𝑟 −
2𝜌(𝑁+1)
𝑁2𝜋2

𝐾T
0𝐾0 > 0,

[

𝛺𝑧 𝑃𝑧e𝐴0𝑟𝐿0𝐶0

∗ 𝛺𝑒

]

< 0,

𝛺𝑧 = 𝑃𝑧(𝐴0 − 𝐵0𝐾0) + (𝐴0 − 𝐵0𝐾0)T𝑃𝑧

+ 2𝛿𝑃𝑧 + 𝑆𝑟 +
‖𝑐‖2𝑁
2𝛿1𝜌

𝑃𝑧e𝐴0𝑟𝐿0𝐿T
0 e
𝐴0𝑟𝑃𝑧,

𝑒 = 𝑃𝑒(𝐴0 − 𝐿0𝐶0) + (𝐴0 − 𝐿0𝐶0)T𝑃𝑒

+ 2𝛿𝑃𝑒 +
‖𝑐‖2𝑁
2𝛿1𝜌

𝑃𝑒𝐿0𝐿T
0𝑃𝑒.

(4.24)

et 𝑃𝑧 = 𝑃𝑐 , given in (2.13), resulting in 𝑃𝑧(𝐴0−𝐵0𝐾0)+(𝐴0−𝐵0𝐾0)T𝑃𝑧+
𝛿𝑃𝑧 < 0. Let 𝑃𝑒 solves the following Lyapunov equation

𝑒(𝐴0 − 𝐿0𝐶0 + 𝛿𝐼) + (𝐴0 − 𝐿0𝐶0 + 𝛿𝐼)T𝑃𝑒 = −𝑁
1
4 𝐼.

We have ‖𝑃‖ = (𝑁
1
4 ), 𝑁 → ∞. Then choosing 𝜌 = 𝑁

1
3 , 𝑆𝑟 = 𝑁− 1

2 𝐼 ,
= 𝑝22, we find that (2.52), 𝛹1 < 0 in (4.21), and (4.23) hold for large

nough 𝑁 . Fixing such 𝑁 , by continuity, we have that (2.52), (4.21),
nd (4.23) are feasible provided �̄�, 𝜏𝑀,𝑢, 𝜏𝑀,𝑦 > 0 are small enough.

. A numerical example

In this section, we consider the stochastic semilinear heat equation
2.1) where 𝑔 satisfies (2.2) with �̄� = 0.5 (or the linear case 𝑔(𝑧) = �̄�𝑧),
hich results in an unstable open-loop system for 𝜎(𝑧) ≡ 0. Let 𝑁0 = 1
nd 𝑐(𝑥) = 𝜒[0,0.9](𝑥) (an indicator function). Take 𝛿 = 4. The observer
nd controller gains 𝐿0 and 𝐾0 are found from (2.12) and (2.13) and
re given by 𝐿0 = 5, 𝐾0 = 4.5.

For verification of LMIs feasibility by using MatLab toolbox, we
ake 𝛿 = 0.55, 𝛿1 = 0.55, 𝜌 = 1, 𝜏𝑀,𝑦 = 0.02, 𝜏𝑀,𝑢 = 0.01, �̄� ∈
0.2, 0.3, 0.4}, and 𝑁 ∈ {4, 6, 8}. First, we consider the observer-based
ontrol for delay robustness (i.e., Proposition 2 with delay robustness
nd Theorem 1 with 1 sub-predictor). The LMIs in Theorem 1 and
roposition 2 as well as their counterparts for 𝑔(𝑧) = �̄�𝑧 (Remarks 5 and
) were verified, respectively, for maximal values of 𝑟 that preserve the
easibility of LMIs. The results are given in Table 1, which shows that
roposition 2 with simpler LMIs (only one stochastic-dependent term
n Lyapunov functional) allows slightly larger delays than Theorem 1
ith 1 sub-predictor for larger 𝑁 and upper bound of noise intensity.

Next, we consider the predictor methods. We choose the number of
ub-predictors as 2, 3, 4. For the semilinear case, we present the number
16
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f scalar decision variables of LMIs in Theorem 2 (sub-predictors with
n additional sub-predictor �̂�𝑗𝑀+1(𝑡)) and Theorem 1 (conventional sub-
redictors) in Table 2, which shows that the introduction of additional
ub-predictor has less computational complexity for the same number
f sub-predictors compared with the conventional sub-predictors. Then
e verify the feasibility of LMIs in Theorems 2 and 1, respectively, to
btain the maximal values of 𝑟. The results are given in Table 3. For
he case that 𝑔(𝑧) = �̄�𝑧, the LMIs in Remark 7 (sub-predictors with an
dditional sub-predictor), Remark 5 (conventional sub-predictors), and
heorem 3 (classical predictor) were verified, respectively, to obtain
he maximal values of 𝑟 which preserve the feasibility of LMIs. The re-
ults are given in Table 4. From Tables 3 and 4, we see that Theorems 2
nd 1 lead to complementary results, whereas Theorem 2 (with an
dditional sub-predictor) leads to a larger delay for comparatively large

and upper bound of noise intensity, whereas the classical predictor
lways allows larger delays.

Similar to the deterministic case in [17,20] for large number of sub-
redictors, we need much larger 𝑁 to guarantee the feasibility of LMIs
n (3.15) and (2.59) due to the term 2𝜌𝛼2(𝑁+1)

𝑁2𝜋2
T
0𝐾

T
0𝐾00 therein. Note

that for larger 𝑀 , we require smaller upper bounds �̄� on the noise
ntensity to guarantee the feasibility of LMIs.

For simulations of the closed-loop system (2.1) under the control
aw (2.18) and sub-predictors (2.15), (2.17) (with an additional sub-
redictor), we fix 𝑁 = 6 and choose the time-varying delays 𝜏𝑢, 𝜏𝑦 and
onlinear functions 𝑔, 𝜎 as

𝑢 = 0.01 sin2 𝑡, 𝜏𝑦 = 0.001 + 0.019 cos2 𝑡,

(𝑧) = 0.5 sin 𝑧, 𝜎(𝑧) = 0.2 sin 𝑧,
(5.1)

hich satisfy (2.2) with �̄� = 0.5 and �̄� = 0.2. From Table 3, we have
maximal 𝑟 = 0.3. Take the initial condition 𝑧0(𝑥) = 3𝑥2 − 2𝑥3. The
imulations were carried out by using the FTCS (Forward Time Cen-
ered Space) method and the Euler–Maruyama method (see [35]) with
ime step 0.001 and space step 0.05. The evolutions of E[‖𝑧(⋅, 𝑡)‖2

𝐿2 +
�̂�(⋅, 𝑡)‖2

𝐿2 ] and a surface plot of the solution E𝑧(𝑥, 𝑡) are presented in
ig. 1. Similarly, for simulations of the closed-loop system (2.1) with
(𝑧) = 0.5𝑧 subject to the control law (4.5) and observer given by (1)
classical predictors), we fix 𝑁 = 6 and choose 𝜏𝑢, 𝜏𝑦, 𝑔, 𝜎 as (5.1). From
able 4, we have maximal 𝑟 = 0.64. The simulations are presented in
ig. 2. The numerical simulations validate the theoretical results. The
tability of the closed-loop systems in simulations was preserved for
= 0.57 for the sub-predictors and 𝑟 = 1.14 for the classical predictor,
hich may indicate that our approach is somewhat conservative in this
xample.

. Conclusions

In this paper, we considered output-feedback control of 1D stochas-
ic semilinear heat equation with constant input delay and nonlinear
oise under Neumann actuation and nonlocal measurement. To com-
ensate delay we constructed a nonlinear sequential sub-predictor,
hereas in the case of linear deterministic part we suggested a clas-

ical predictor. Improvements and extension of predictor-based con-
rol to higher dimensional stochastic PDEs may be topics for future
esearch.
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Table 3
Maximal 𝑟 for feasibility of LMIs with 𝜏𝑀,𝑦 = 0.02, 𝜏𝑀,𝑢 = 0.01: Theorem 2 (sub-predictors with an additional sub-predictor) VS. Theorem 1
(conventional sub-predictors).

No of sub-predictors∖�̄� 𝑁 = 4 𝑁 = 6 𝑁 = 8

0.2 0.3 0.4 0.2 0.3 0.4 0.2 0.3 0.4

Theorem 2
2 0.18 0.17 0.16 0.18 0.17 0.16 0.19 0.18 0.17
3 0.28 0.26 0.22 0.30 0.27 0.23 0.30 0.28 0.23
4 0.34 0.22 – 0.37 0.26 – 0.37 0.28 –

Theorem 1
2 0.25 0.23 0.20 0.26 0.24 0.21 0.26 0.24 0.22
3 0.31 0.24 0.12 0.33 0.27 0.15 0.33 0.28 0.17
4 0.27 0.08 – 0.33 0.13 – 0.34 0.15 –
Table 4
Maximal 𝑟 for feasibility of LMIs with 𝜏𝑀,𝑦 = 0.02, 𝜏𝑀,𝑢 = 0.01: Remark 7 (sub-predictors with an additional sub-predictor) VS. Remark 5
(conventional sub-predictors) VS. Theorem 3 (classical predictor).

No of sub-predictors∖�̄� 𝑁 = 4 𝑁 = 6 𝑁 = 8

0.2 0.3 0.4 0.2 0.3 0.4 0.2 0.3 0.4

Remark 7
2 0.19 0.18 0.17 0.19 0.18 0.17 0.20 0.19 0.17
3 0.31 0.30 0.25 0.33 0.31 0.27 0.34 0.31 0.27
4 0.41 0.33 – 0.43 0.33 0.09 0.44 0.37 0.11

Remark 5
2 0.27 0.25 0.25 0.29 0.26 0.23 0.29 0.27 0.23
3 0.36 0.30 0.15 0.37 0.32 0.18 0.38 0.33 0.19
4 0.39 0.16 – 0.44 0.21 0.01 0.45 0.24 0.02

Theorem 3 – 0.59 0.52 0.44 0.64 0.56 0.47 0.66 0.58 0.48
Fig. 1. Sub-predictors: E[‖𝑧(⋅, 𝑡)‖2𝐿2 + ‖�̂�(⋅, 𝑡)‖2𝐿2 ] VS. 𝑡 and E𝑧(𝑥, 𝑡) VS. (𝑥, 𝑡) (E means taking average over 50 sample trajectories).
Fig. 2. Classical predictor: E[‖𝑧(⋅, 𝑡)‖2𝐿2 + ‖�̂�(⋅, 𝑡)‖2𝐿2 ] VS. 𝑡 and E𝑧(𝑥, 𝑡) VS. (𝑥, 𝑡) (E means taking average over 50 sample trajectories).
17
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