This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TAC.2021.3056364, IEEE

Transactions on Automatic Control

Digital implementation of derivative-dependent
control by using delays for stochastic multi-agents
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Abstract—In this paper, we study digital implementation of
derivative-dependent control for consensus of stochastic multi-
agent systems. The consensus controllers that depend on the
output and its derivatives are approximated as delayed sampled-
data controllers. First, we consider the nth-order stochastic
multi-agent systems. Second, we consider PID control of the
second-order stochastic multi-agent systems. For the consensus
analysis, we propose novel Lyapunov functionals to derive linear
matrix inequalities (LMIs) that allow to find admissible sampling
period. The efficiency of the presented approach is illustrated by
numerical examples.

Index Terms—Sampled-data control, stochastic multi-agent
systems, consensus, LMIs.

I. INTRODUCTION

During the last decade, consensus of multi-agent systems
has received much attention due to its wide applications [1].
Consensus requires all agents to achieve a desired objective
via neighbors’ information. For example, the second-order
consensus problem was studied by the position and velocity
information [2], [3]. If the velocity (i.e. the derivative of the
position) is not available, it can be approximated by finite
differences leading to a delayed feedback (see e.g. [4], [5],
[6], [7], [8], [9], [10] and reference therein). This idea has
been employed for the second-order deterministic multi-agent
systems in [11], [12], [13].

In networked control systems (NCSs), the asynchronous and
aperiodic sampling may emerge. An estimate on the bound
of the coupling strength preserving multiconsensus of single
integrators under the asynchronous and aperiodic sampling
was provided in [14]. Consensus of second-order multi-agent
systems with arbitrary asynchronous and aperiodic sampling
periods was studied in [15] by designing an observer-based
controller that uses sampled position information only. Leader-
following consensus problem of nonlinear high-order systems
subject to additive bounded disturbances and asynchronously
sampled outputs was studied in [16].

In many areas of applications, e.g. aircraft engineering,
process control, population dynamics, multiplicative noises
that occur due to the parameter uncertainties and nonlinearities
cannot be avoided [17], [18]. Consensus of stochastic multi-
agent systems was studied in [19], [20], [21]. However,
the idea of using the delayed position information has not
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been studied yet for the nth-order deterministic multi-agents
(n > 3) or stochastic multi-agents (n > 2).

In this paper, we first study digital implementation of
derivative-dependent controller by using delays for the nth-
order stochastic multi-agent systems. Following the improved
approximation method by using consecutive sampled outputs
[9], [10], we approximate the consensus controllers that de-
pend on the output and its derivatives up to the order n — 1
as delayed sampled-data controllers. Note that extension to
multi-agent case of appropriate Lyapunov-Krasovskii (L-K)
method is not straightforward since we have to compensate an
additional error due to the sampling that appears in multi-agent
models only. To compensate this error, we construct additional
terms for the corresponding Lyapunov functionals that lead to
LMI conditions.

It is well known that L-K method allows to cope with H
performance analysis. As a next step, we consider H,, PID
control of the second-order stochastic multi-agent systems.
Note that sampled-data PID control of the second-order deter-
ministic single-agent systems has been studied in [22], [23].
If we apply the transformation of [22], [23] to the stochastic
case, we will have an additional non-zero term that has to be
compensated by additional stochastic extension of Lyapunov
functional. Our novel transformation significantly simplifies
the analysis in the stochastic case. Then we propose appropri-
ate Lyapunov functionals that depend on the deterministic and
stochastic parts of the stochastic system. Finally, we present
numerical examples to illustrate the efficiency of the presented
approach. A conference version of the results of Section II was
presented in [24].

Notations and graph theory:

Throughout this paper, 1, = [1,...,1]T € R", 0, =
[0,...,0]T € R", I,, is the identity n x n matrix, ® stands
for the Kronecker product, the superscript 7' stands for matrix
transposition. R™ denotes the n dimensional Euclidean space
with Euclidean norm |-|, R™*™ denotes the set of all n.xm real
matrices. Denote by diag{...} and col{...} block-diagonal
matrix and block-column vector, respectively. X > 0 implies
that X is a positive definite symmetric matrix, |X|% denotes
XTSX with matrix S and vector X of appropriate dimen-
sions, Ex denotes the mathematical expectation of stochastic
variable x, and the space of the square integrable functions on
[0,00) with the norm || - ||z, is denoted by L3[0, c0).

The communication topology among N agents is repre-
sented by a directed weighted graph G = (V, &, .A), where
V ={1,2,...,N} is the node set, £ C V x V is the edge set,
A = [a;;] € RN is the weighted adjacency matrix with
a;; > 0, Vi,j € V. It is assumed that a;; = 0, Vi € V. Notice
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that (i,7) € € when a;; > 0. An edge (4,7) € £ implies that
node 7 can receive information from node j. Correspondingly,
the Laplacian matrix L = [L;;] € RV*¥ of graph G is defined
by Lii = Zjvzl Qg and Lij = —Q45 when 1 75 j Graph Q is
said to have a spanning tree if there exists node ¢ € V such
that node ¢ is reachable from any other nodes.

II. DERIVATIVE-DEPENDENT CONTROL

Consider the nth-order stochastic dynamic for each agent
1 €V as follows

y () = 2520 (a5 + e )y (6) + bui(t), ()

where y;(t) = yl(o)( t) € RP is the output, y(J)( t) is the jth
derivative of y;(t), u;(t) € R? is the control input, w(t) is the
scalar standard Wiener process [17], [18], and a;, ¢; € RP*P,
b € RP*? are constant matrices. Denoting

zi(t) = col{y” (6), ...,y ()}

= COl{{EZyo( ), L ,Ii_’nfl(t)} € R"P,
0O I, 0 ... 0
0 0 I, ... 0
A=|... ... ... ... .| erwrmw,
o 0 0 ... I
ag a1 a2 (p—1

B = col{0,b} € R""*4 C = col{0,C} € R"P*"P,

C = [CQ,...,Cn_l] ERpxnp,
we present (1) as
du;(t) = (Azi(t) + Bui(t))dt + Cz(t)dw(t),  (2)

where the initial condition is given by x;(0) = z¥.

Given a Laplacian matrix L = [L;;] of graph G that contains
at least one spanning tree, for the stochastic multi-agent system
(2), it is common to look for a consensus controller of the form
[25]

N N n—1 =
u;(t) = szzl Lijz;(t) = Zj:l Yo LijKuixja(t)
3)
with K = [f(o, cee f(nfl] € R?*"P_ such that for any initial
conditions, consensus of the system (2), (3) is exponentially
mean-square achieved with a decay rate o > 0, i.e.

E|z;(t) — z;(t)] < ce”*'E|x;(0) — x;(0)] Vi, j €V,

where ¢ > 0 is some constant.

Differently from the state-feedback case with the full knowl-
edge of the agents’ state, we consider the output-feedback
control where the derivatives z;;(¢) in (3) are not available.
As in [9], we employ their finite-difference approximations:

zj0(t) = Tjo(t), 7
x];l(t) ‘/Z.] [(t)l = mj’lfl(t)—‘z]‘,[,l(t_h) (4)
= %Zm ol— 1)m( )xL (t — mh),

with a constant delay h > 0 and the binomial coefficients
(L)= m'(l -y1- By replacing x;, 1(t) in (3) with their approx-
imations, we have the following delay-dependent controller

N n—1 = _
wi(t) = 32021 2o LijKi@s,(t)

n (5)
=350 Yo LiKizjolt — Lh),

2

where x,0(t) = 2,,0(0) for ¢ < 0 and
n—1 ,/m o
1)l Zm:l ( l ) hLmea
Suppose that x;(t) is only available at the time instants
ty = kh, k € No where h > 0 is the sampling period. Then the

consensus controller (3) is approximated by the sampled-data
controller

K = (- 1=0,....n—1. (6)

n—1 =
u;(t) = va 1 im0 Li Kz (te)
=D im1 - 01 LiiKizjo(tp—1), (7
t € [tr,trr1), k€ Ny,

where Z;,;(t) and K are from (4) and (6), respectively. For
the sampled-data controller (7), we introduce the errors due to
sampling

Zjo(tr) = fy,O(t) -
Tji(te) = Zju(

f: &0 ( )ds7
ftk Zj(

Then we follow the idea of [9] to present the approximation
errors xj(t) — Z;u(t) I=1,...,n—1) as

- S)i.]}l(s)dsv 9

@)

,Il=1,...,n—1.

Ziat) = zjut) = [, et

where @1 (v) = 222, [0,h] and for i =1,...,n—2
F Jo e\ + 252 v e [0,h]
P141(v) € (h,lh).

v € [lh,lh + h).

The functions ¢;(s) (I = 1,...,
properties [26], [9]:
0< SOZ(U) <l wve [O7lh]7
@1(0) =1, @z(lh) =0,

n — 1) have the following

10
f pi(v)dv = (10
dvtpl( ) € [ hvo)a v e [Ovlh]
Based on the properties (10), it follows from (9) that
zj(t) = fj,lgt) = @1(0)25,1(t) + @i (lh)dj.(t — Lh)
_tft—lh %‘Pl(t — s)&ji(s)ds
= Ji_in it = 8)E;u(s)ds,
7/)l(t_5):_%@l(t_5)6(07%]7 l:17 ,TL—l
(11)

For the modeling, we denote

H\
SHe
=

I
=
(=)
—~

According to [25], we have

X(t) = (Er @ Inp)x(t),
z(t) = (B2 ® Inp)X(t) + (In @ Inp)z1(t),
Z(t) = (B2 @ Inp)X(t) + (In @ Lnp)Z1(t),
Ei=[1y_1,—In—1], Eo=[0n_1,—In_1

X(t) = (El ® Inp)j(t)a

I
Then the system (2), (3) takes the form

dx(t) = Dx(t)dt + g(t)dw(t), (13)
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where
D=Iy1®A+L®BK, L=FELE,,
g(t) = (In—1 ® O)x(1).

With the same D, £ and ¢(t), using (8) and (9) the system
(2), (7) takes the form

dx(t) = f(t)dt + g(t)dw(?),

(14)

s5)
where
fi(t) = Dx(0) + 315 (£ @ BEy)si(t) + (£ © BK)d(#),
Ki(t) = — [} @it — ) Hix(s)ds, 8(t) = — [} X(s)ds
Hi=Iny_1®c¢i, ¢€i=[0pxipsIp,0px(n—i—1)p)-
(16)

Remark 1: Comparatively to the single-agent system in [10],
the multi-agent system (15) contains novel term §(¢) due to
the sampling. This term will be further compensated by novel
Lyapunov functionals (see e.g. (31), (33) and (36)).

As in [10] we will show that for small enough stochastic
perturbations (i.e. small enough |C]), if the system (13) is
exponentially mean-square stable with a decay rate @ > 0,
then for any a € (0, @) the system (15) is exponentially mean-
square stable with a decay rate and small enough A > 0.

Following arguments of [25], we have the following result:

Proposition 1: Assume that directed graph G has a spanning
tree. Consensus of multi-agent system (2) under sampled-data
controller (7) with controller gains (6) can be exponentially
mean-square achieved if and only if system (15) is exponen-
tially mean-square stable.

It is clear from Proposition 1 that consensus of multi-agent
system (2) under sampled-data controller (7) with controller
gains (6) is converted into the stability problem of system (15).
We now present the following LMI conditions:

Theorem 1: Given K = [Ko, ..., K, 1] such that system
(13) with C' = 0 is exponentially mean-square stable with a
decay rate & > 0.

(i) Given tuning parameters h > 0 and « € (0, @), if there
exist (N—1)npx (N—1)npmatrix P > 0, (N—1)px (N—1)p
matrices R; >0 (i=1,...,n—1),Q >0, F; >0, F» >0
and p X p matrices W; >0 (i =0,...,n — 1) that satisfy

P <0, Q2<0, (17)

where ® and () are, respectively, the symmetric matrices
composed from

dyy = PD+DTP+2aP+Z G|,

+|In— 1®C|2 (n_Dh |H'n, 1(IN 1®C)|F1+F2
+Z h2 2azh|H+1|1N oW
By = [L@BKl,.. ,L® BK,_1],
®14 = P(L ® BK),
(1)15 = DTH;ILLl(Rnfl + Q)a
B9y = —diag{e 2" Ry, ..., e 22D, 1}
Po3 = —[0w —1px(n—2)(N—1)p; € 2a(n_l)hRn—1]Tv
®o5 = [L® BK1,...,L.® BK,_1]TH | (Ro—1 + Q),
P33 = _672a(n71)h(Rn71 + F1)7
2
(1)44 = —%6720‘}1[‘[\/‘_1 (039 diag{Wo, ey Wn—l}u

®u5 = (L®BK)THL [(R,_1 +Q),
(1)55 = —m(Rnfl + Q)v

3

Quu=In1 Q@ Wiq — —(n11)2e_2"("_1)hQ,
Qg =In_1 @Wp_1,
Qoo = In_1 @ W,y — Z5te 20n=Dhp,,

(18)

and other blocks are zero matrices with D and £ given by (14)
and H; (i =1,...,n — 1) given by (16), then consensus of
multi-agent system (2) under sampled-data controller (7) with
controller gains (6) is exponentially mean-square achieved
with a decay rate a.

(ii) Given any o € (0,a), LMI ® < 0 is always feasible
for small enough stochastic perturbations and & > 0 (meaning
that consensus of multi-agent system (2) under sampled-data
controller (7) with controller gains (6) is exponentially mean-
square achieved with a decay rate o > 0).

Proof: (i) Let £ be the generator of the system (15) [17],
[27]. For the standard term

Vp = |X(t)|%37

along (15) we have

P >0, (19)

LVp +2aVp = 2xT (t)Pf1(t) + 2a|x(t)|% + |9(t)|%
(20)

To compensate the terms «;(t) (i = 1,...,n—2), we consider
Vi, *”me i)l s
R >0, i1=1,...,n—2.

(2D

Taking into account the relation H;1x(t) = H;x(t) (i =

1,...,n —2) and using Jensen’s inequality [28], via (10) we
have that fori =1,...,n—2

£Vr, + 2aVg, = “h) |Hiax(1)[%,
—Z ft in € e~ 20l s)‘P (t —s)|H; X( )|Rid5
s“:uﬂﬂn>m—e*Mﬂmm@,

For the term k,,—1(t), we consider

n—1)h n—1 h —2a(t—s
Vi, , = 5t ft (n=1)h STt et (v)
|Hn 1f1( )|Rn71d’0d8, R,_1>0.

(22)

(23)
Then we have

v 20V < =g L
Ry 1 + & Rp—1 = 4 | ’ﬂ—lfl( )|Rn71
—e7 20 =D e 1 (8) + pr(t)|,

where

(24)

$)H,—1g(8)dw(s).

Using It6 integral properties (see e.g. [17], [27]), via (10) we
have for any matrix F; > 0

Ec—2e0 = py (1)[3,

_E672a(n 1)hft (n— 1h(pn 1( )|Hﬂ 19( )|F1ds

SE [ e 0 % ~1(t = )| Hn-19(s)| %, ds.
(25)

t
pl(t) = ft—(n—l)h (pn—l(t -

Then for the term

(n— 1)h —2a(t—s
ft (n— 1)hft Bl )<Pn—1(U)

26
|mmmnﬁmw R >0, (20)
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we have

ECVr +E2aVe, <EU DM EH, L 6(0)]2
—Ee 2=k 5 (1)[2, .

Denote W = In_; @ diag{Wp, ...
Viy = hQI 872a(t s)|X( )|2 ds
—20¢hf e—20¢(t s)lé‘( )|2 d

to compensate 4(t ) The exponential Wirtinger’s inequality
[29] implies Vi > 0 since 6(t) = —x(¢), 6(tx) = 0 and
W > 0. One can easily arrive at

SV + 20V = B[R0}, — e 20 a(t)[3,
From (11) and (12), it follows that

(27
Wpn—1} > 0. We consider

(28)

(29)

[x(t )|w |H1x( iy ows + 1002() + o3, ow,_,
|ft ih wz - ) l+1X( )C‘I/S|%1\771®W,;7
(30)
where
p2(t) = ftz,(n,l)h Yn1(t — 8)Hp—1f1(s)ds
ps(t) = ft,(nfl)h VYn—1(t — s)Hp-19(s)dw(s).
with H; (i = ,n— 1) given by (16). To compensate the
term po(t), we conmder
_ (nh=h)? (t —2a(t—s
VQ - ftf(n721)h e? (t )4/7"71(15 - S) (31)
X|Hn,1f1(8)|QdS, Q > 0.
Using Jensen’s inequality [28], via (10) we have
(71}141)2 2
nh—h —2a(n—
B
Similarly for the term p3(t), we consider
n— 1 h —2a s
VF2 ( ) ft he 2 (t )SO _1(t S) (33)

X Ho19(s )|F2d57 Fy > 0.
Via
Ehe —2a(n—1) h|p3( )|F2

= Ehe 20— l)hft (n— l)h‘/’n 1(t = 8)|Hy—19(s)|3,ds

SE [ 0y € 20t 5)|[Hooag(s) [, ds,
(34)
we have
(n—1)h
ELVE, + E2aVE, < ETlHn—lg(t”%g (35)

n—1)h%> _20(n—
—E0= D o= 2a(n=Dh o (12,

To cancel the last term on the right-hand side of (30), we
additionally consider

Viv, = B2 e2aih ﬁt " e—2a(t—s) ( )
x|Hiy1x(s )|1N LW, dS =1,.
Using Jensen’s inequality [28], via (10) we have
LV, +2aViy, < h2e 2‘”h|H-+1x(t)|%N71®Wi
—h2| ft ih Yi(t — s)Hiv1x(s )dSﬁN,l@Wi'

We now consider the functional

‘/1:

Y (36)

(37)

(38)

Vp + Z?;ll Ve, + Ve, + Vv + Z?;f Vw, + VQ + V.

4
Then in view of (19)-(35), we have
ELV; + E2aV; < EET()DE(t) + ER2CT (1) (t) 39
+Ew |Hn_1f1 (t) |%n71+Q7

where §(t) = [XT(t)v ’i{ ), ’izfl(t)v p{ (t), o7 (t)]T’
C(t) = [pE(t), p¥(t)]T, and @ is obtained from ® by taking

away the last block-column and block-row. By substituting
f1(t) given by (16) into (39) and applying Schur’s comple-
ment, it follows from ® < 0 and 2 < 0 that ECV; +E2aV; <
0 implying the exponential mean-square stability of system
(15) with a decay rate «. By using Proposition 1, consensus
of multi-agent system (2) under sampled-data controller (7)
with controller gains (6) is thus exponentially mean-square
achieved with a decay rate a.

(ii) If system (13) with C' = 0 is exponentially mean-square
stable with a decay rate & > 0, then for any o € (0,@)
there exists matrix P > 0 of appropriate dimension such that
PD + DTP +2aP < 0. Thus

PD+DTP+2aP +|In_1®C|3 <0 (40)

n), Q, Fi,
ﬁlp' By using

for small enough |C|. We choose R; (i = 1,...,
Fy as #I(N_l)p andiwl- (0=1,...,n) as
Schur’s complement, ® < 0 defined below (39) is equivalent
to

PD + DTP +2aP + |Ixy_1 @ C|% + Vh(G1 4+ hGs) < 0,

41
where
Gl = nT_1|Hn_1(I]-V_1 ® C)|2 ‘i: %€2ahlp(£ ® BK”
+ 307 e P(L ® BE;)|
+2e2(n =D P(L @ BK,_1)],
n—2 42 i
Gy = 21:12(1 +é? h)|Hi+1|2-

It is clear that (40) implies (41) for small enough h > 0 since
Vh(Gy + hG3) — 0 for h — 0, implying the feasibility of
® < 0 for small enough h > 0. Finally, applying Schur’s
complement to the last block-column and block-row of &
given by (17), we find that ® < 0 for small enough h > 0 if
® < ( is feasible. Therefore, LMI ® < 0 is always feasible
for small enough h > 0 and |C.

It follows from (39) that for small enough h > 0, E€V; +
E2aV; < 0 always holds provided (40) holds. This implies
that for small enough 2 > 0 and |C/, consensus of multi-agent
system (2) under sampled-data controller (7) with controller
gains (6) is exponentially mean-square achieved with a decay
rate a. 0

Remark 2: As in [9], we consider the consensus problem
of stochastic multi-agent system (2) under continuous-time
control (i.e. delay-dependent controller (5)) that leads to the
system (15) with §(¢) = 0. By taking @ = F» = 0and W; =0
(¢=0,...,n—1) in LMIs of Theorem I, one can obtain some
LMIs guaranteeing that consensus of multi-agent system (2)
under delay-dependent controller (5) with controller gains (6)
is exponentially mean-square achieved with a decay rate a.

Remark 3: In the present paper, we study the consensus
problem for stochastic multi-agents in the leaderless case.
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Our results can be extended to the leader-following consensus
problem where the leader takes the form

n n—1 . j
uo" (1) = 2277 (a; + i)y (1),
and the followers take the form of (1). Denote by M =

diag{m1,...,my} the leader adjacency matrix. Thus, the
consensus controller (3) becomes

ui(t) = K Y00 Lijw; () + Kmi(ai(t) — zo(t)).

Following the approximations (4) with 57 = 0,..., N, we
arrive at the system (15) with x(¢), %(¢), £ and In_y
respectively changed by [z7(¢) — :COT t),..., 2T @t) -z @®)*,
zF @) -z @),....z¥ @) -z @))7. L+M and Iy. Then by
using similar L- K functionals, the leader-followmg consensus
problem can be solved. However, this extension is not in the
scope of the present paper.

Remark 4: As in [6], [7] one can consider the case with a
small input delay hg, where u;(t) in system (1) is changed by
u;(t — hg). Note that this delay can be constant or piecewise-
continuous in time satisfying hg = ho(t) € [0, hoas]. For the
case of time- Varymg delay, system (15) includes additionally
the error — ft ho(t) X (s)ds. This would require to add the term

ft—hOM s —t—+ hon)|IX(s)]17,_,@gds with S of appropriate
dimension to L-K functional V; that leads to more complicated
LMIs with one additional block-column and block-row. We
study the non-delay case for simplicity. Similarly, by using
non-consecutive measurements [23], the consensus problem
subject to the asynchronous and aperiodic sampling can be
tackled.

III. H,, PID CONTROL

In this section, we consider the second-order stochastic
dynamic for each agent ¢ € V

3i(t) = (a0 + cow(t))yi(t) + (a1 + c1(t))yi(t)
+bu;(t) + byv;(t),
Zz(t) = Czyi(t) +d.v; (t),

under the PID consensus control

wi(t) = 200 Lo (Kpy; (t) + Ko [y (s

(42)

s)ds + Kpy;(t)),
(43)
where y;(t) € RP is the output, u;(t) € R? is the control
input, w(t) is the scalar standard Wiener process [17], [18],
zi(t) € RY is the controlled output vector and v;(t) € R™
is the exogenous disturbance, a;, ¢; € RP*P (j =0,1), b €
RPX4 b, € RP*™ ¢, e RI>P d, € RY*™ are constant
matrices, and Kp, K; and Kp € R?7*P are controller gains.
Let us present the sampled-data implementation of (43). For
t € [tg,tk+1), k € No where ¢, = kh and h is the sampling
period, we have the following approximations

foyy dSNfO y;(s dSNth Oy](tl)
_ t)—y,;(t—h)
y]()"\“yg(tk)fvy](tk), yj()_ Uﬂ(fj

where y,(t) = y,(0) for ¢ < 0. Associating with the approxi-
mations (44), we have the following sampled-data controller

u;(t) = ZJLV:1 Li; (KP3J7 (tk) + hK; Zz 0 Yi (t) (45)
+KDyJ (tk)), t e [tk,thrl), ke Np.

(44)

5
Denoting
zi(t) = [z ;‘Fo(t)a x;ﬂ (), $Z2(t)]T e R
. k—
= [yF (0,97 @), (t = )yl (1) + h 75y ()]
K=[Kp,Kp,Ki] € R3¢y = I, Opscp)s
€ = [Opxzpu Ip7 0p><(27z)p]7 1= 07 17
(46)
via (9) the sampled-data controller (45) is rewritten as
N
u;(t) = 21:1 Li; (/ij( )+ KP(xy, (te) — x], o(t))
+K(zja(ty) —xj2(t)) —Kp ft yi(s)ds  (47)

—EKp [l o1t — s)eri;j(s)ds).

Note that the first integral on the left-hand side of (47) is
the error due to the sampling whereas the second is the
approximation error y;(t) — y,(¢). We further denote

X( ) [X2 (), - 7X]7\}(t)]T7 0(t) = [HT( ) 76‘]7\}(t)]T7
i(t) = [xio (), X7 1 (1), X7 (t )]T,
(t) = xFo(t)]T

From (44) and
Ui(t)

(48), it follows that

(t) — 4i(t)

(t) —i(t) = (51t = h)
= xi(t = h))

h )dS,
t), X?z O,
Jet . xi (B)eg + 07 (B)ez ],

,2) are given by (46). Then we have

— it —h))]

—
<.
S —
X
m /—\
\/

— 2

t—

S|

D
<
—~
o~
S~—
|
S
N
~

Il
=X
ERSTS

I
o
—~ O

H
=
% -

where ¢; (z

hHlX
9(15) [x ( YHT X (t )HT +0T(tH T,
H, =1In_1 ® €, Z—O,l,2

Using (48), the system (42), (47) takes the form

dx(t) = fa(t)dt + g(t)dw(t),
Z(t) = (In—1 @ CL)x(t) + (In—1 ® d,)o(t),

where
fa(t) = Dx(t) + Bob(t) + (L ® BKp)(B(t) + pu(t))
(N1®B)(% D=1Iy_1® A+ L®BK,
=—[In- 1®A1+L‘®BKP,L‘®BKI]

(49)

(50)

(51
and g t) and £ are given by (14) with

Ip
_ :[co,cl, ol, C. = [c..0,0],
) —ftk ) == [, er(t — s)Hax(s)ds

Remark 5: If we apply the transformation of [22], [23]
(modified to the multi-agent case), we will arrive at 0;(¢) that
contains non-zero term x; 1 (t) — x4.1 (tx) ft Hifo(s)ds+1T
with IT = fttk H1g(s)dw(s). In the stochastic case, term IT has
to be compensated by adding additional terms to Lyapunov

o
o

0 0 0
0 A1 0 y B=|b 5 Bv: bv )
O

ds,u

0018-9286 (c) 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

Authorized licensed use limited to: TEL AVIV UNIVERSITY. Downloaded on February 03,2021 at 17:38:47 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TAC.2021.3056364, IEEE

Transactions on Automatic Control

functional. Our novel transformation significantly simplifies
the analysis in the stochastic case.
We now consider the following L-K functional

Vo=Ve+Va+ Ve + Vo + Ve, + Viv, + Vir,,  (52)

where Vp is from (19), VR, Vpl, VQ and VF2 are obtained
from Vg, _,, Vg, Vo and Vp, (that are defined by (23), (26),
(31) and (33), respectively) by setting n = 2 and replacing
Hiq, f1(t) with Hq, fz(t) and

Viv, —h2f e 22=010(s)[7,, g, ds
_2ahf e—20(t— s)|9( )|1N71®W0ds,
ey = 12 [l 2000 ds

2 —2ah [t _—2a(t—s
—Te 2 [ e IIB() w, s,
Wy >0, Wy>0, te [tkutk-‘rl)u k € Np.

The exponential Wirtinger’s inequality [29] implies Vyy, > 0
and Viy, > 0 that respectively compensate 0(t) and ((t).
For system (50), we consider the following performance
index
J =E|z]2, — Ex?l[oll3,.

where v > 0 is the performance level and ¥ € L0, c0). Then
the problem of H., PID control using sampled outputs can be
formulated as follows:
1) when o(t) = 0, the system (50) is exponentially mean-
square stable;
2) under the zero initial condition x(¢) = 0, J < 0 holds
for any non-zero v € L]0, 00).
It is well known that the following condition holds [30]:

ELVs + E2aVs + EZT(t)z(t) — E4%0T (t)o(t) < 0,

then the problem of H,, PID control using sampled outputs
is solved. Then LMI conditions are derived as follows:

Theorem 2: (i) Given tuning parameters h > 0, o > 0 and
v > 0, and controller gains Kp, K; and Kp, if there exist
3(N—=1)px3(N—1)p matrix P >0, (N —-1)px (N —1)p
matrices R > 0, @ > 0, F; > 0, F» > 0, 2p x 2p matrix
Wp > 0 and p x p matrix Wy > 0 that satisfy

(53)

=<0, Q<0, (54)

where = is the symmetric matrix composed from
E11 =PD+D'P+2aP+ |Iy_1®Cl%

+AH (I ® Oy ym, + P2 Hol3,  owes
512 = PBQ + thg(IN—l ® WQ)Hl,

E13 =214 = P(L® BKp), EZi6=P(In_1® B,),
Eir =D'"HT(R+Q), Eis=In_1®CT,
— 2 —2a
Eop = —Ze 2N (In_1 @ Wo) + R [Hu 3, ow,

2
527 B HT(R—I— Q) :33 = —Tefzah(IN71 ® W),
S =Eg5 = —e 'R, E55 = Qah(R"‘ F1),
Ee6 = _72I(N71)m7 Eer = (IN 1® By)THT (R+Q),
Ses = In—1 @dL, Epr=—7%(R+Q),
Ess = —I(n—1ye, Ho=[H1,Ho], Hi=][0Ha],

and other blocks are zero matrices with £, H; (i =0,1, 2) and
D respectively given by (14), (49) and (51), and €2 is obtained

6

() (d)

Fig. 1. Directed graphs (Example 1).

from 2 (that is composed from (18)) by setting n = 2,
then consensus of multi-agent system (42) under sampled-data
controller (45) is exponentially mean-square achieved with a
decay rate o and a H, performance .

(i1) Let there exist controller gains Kp, K; and Kp such
that consensus of multi-agent system (42) with ¢co =¢; =0
and b, = 0 under the PID controller (43) is exponentially
achieved with a decay rate &. Then given any o € (0, @),
LMI = < 0 is always feasible for small enough stochastic
perturbations and h > 0 and large enough ~+ (meaning that
consensus of multi-agent system (42) under sampled-data
controller (45) is exponentially mean-square achieved with a
decay rate «).

Proof: (i) Following the proof of Theorem 1 and using V5
given by (52), via (49) we easily arrive at

ELV; + E2aV; + E;T(t)g(;) oT'(t)v(t)
< ECT(DZEC(1) + ECT(0)QC() + Ez ( )Z(t)
+EL My f2(8) R0

where £(t) = [XT(8),07 (1), BT (1), k" (1), pT (1), 0(1)]7,
C(t) = [T (t), pT (1)]T, Z is obtained from = by taking away
the last two block-columns and block-rows, and

p(t fth%t—S)ng() ()
p2 = hft hHlfQ( )dS, p3 = hft hng ) ( )

Further by substituting z(¢) and fg (t) respectively given by
(50) and (16) into (55) and applying Schur’s complement, it
follows from = < 0 and < 0 that (53) holds implying
the exponential mean-square stability of system (50) with a
decay rate o and a H., performance . Thus, consensus of
multi-agent system (42) under sampled-data controller (45) is
exponentially mean-square achieved with a decay rate o and
a H., performance .

(i1) The proof of (ii) is similar to (ii) of Theorem 1. ]

(55)

IV. NUMERICAL EXAMPLES
Example 1: We consider each agents described by (1) with

aj=0, b=1, c¢;=0€R, j=0,...,n—1. (56)

Two communication topologies are given as directed graphs
with a spanning tree in Fig. 1. Without loss of generality, all
the weights are assumed to be 1.

Case I: n = 2, 0 = 0. First, we consider the multi-agent
systems (1), (56) under continuous-time controller (5) with
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TABLE I
MAXIMUM VALUES OF h FOR DIFFERENT o AND @ = 0.1 (EXAMPLE 1)
o 0.02 0.1 0.2 0.5 1
Continuous-time control | 0.145  0.141  0.135 0.085 0.012
Sampled-data control 0.079  0.076  0.070  0.037  0.004

‘ State trajectories

0 i 2 R 5 s 7 8
time (s)

Fig. 2. State trajectories under continuous-time controller (5) with h = 0.145
(Example 1).

Ky = —1 and K; = 0.5, and the communication topology
shown in Fig. 1(a). Via the frequency-domain approach in [11],
the maximum value of A is obtained as 1.8137. From (6), one
obtains Ko = —0.5, K1 = —0.9069. For o = 0, via LMISs in
Remark 2 corresponding to the continuous-time control, we
obtain the maximum value of h as 1.1025. Second, as in [12],
we consider the multi-agent systems (1), (56) under sampled-
data controller (7) with Ky = —2.5 and K; = —2. Under
the communication topology Fig. 1(b), the direct discretization
approach in [12] leads to the maximum value of h as 0.2,
whereas LMIs in Theorem 1 corresponding to the sampled-
data control with @ = 0 give the maximum value of A as
0.13. It should be pointed out that the approaches in [11], [12]
are only applicable to the second-order deterministic multi-
agent systems (i.e. n = 2, o = 0). Instead, our method allows
to cope with high-order stochastic multi-agent systems (i.e.
n >3, 0 #0).

Case II.: n = 3, 0 # 0. Choose Ky = —1, K| = -2
and Ko = —3 such that D defined by (14) is Hurwitz,
and consider the communication topology shown in Fig. 1(b).
For different values of o and a = 0.1, Table I presents the
maximum values of h that preserve consensus of multi-agent
respectively under the continuous-time control and sampled-
data control. For further simulations, we choose o = 0.02
and the initial conditions of the four agents as z1(0) =
(3, —4,2]T, 22(0) = [-2,3,-3]T, 23(0) = [4,-2,2]T and
74(0) = [2,3, —3]7. Figs. 2 and 3 depict the state trajectories
under delay-dependent controller (5) with h = 0.145 and
sampled-data controller (7) with h = 0.079, respectively. It is
clear that consensus is achieved in the presence of stochastic
perturbations.

Example 2: We will show that LMIs in Theorem 2 are
applicable to the single-agent stochastic systems. Following
[22], [23], we consider (42) with
a; = —3571,

ag =0, b=1, cg=c1=0€R, (57)

State trajectories

s s s
5 6 7 8

L s s
0 1 2 3

time ()

Fig. 3. State trajectories under sampled-data controller (7) with A = 0.079
(Example 1).

TABLE II
MAXIMUM VALUES OF h FOR DIFFERENT o AND o« = 5 (EXAMPLE 2)
o 0 0.2 0.5 1 2 3
[23] 0.0047 - - - - -
[22] 0.019 - - - - -
Theorem 2 | 0.019 0.017 0.015 0.011 0.005  0.001
and others being 0, and choose Kp = —10, K; = —40,

Kp = —0.65. For different values of o and o = 5, Table II
presents the maximum values of h via LMIs of Theorem 2
with N = 2, £ = 1, [22] and [23]. In the deterministic case
(o0 = 0), LMIs in Theorem 2 and [22] give the same result
which is better than [23]. In the stochastic case (o # 0), LMIs
of Theorem 2 lead to efficient results whereas [22], [23] fail.

Example 3: We consider each agents described by (42) with

b=1, b,=0.2,
c. =0.05, d.=0.1

CLQ:(Ll:O,

co = c1 = 0.01, (58)

under communication topology shown in Fig. 4. Choose Kp =
—10, K; = —15 and Kp = —20 such that D defined by (51)
is Hurwitz. For v = 2 and o« = 0.01, LMIs of Theorem 2 lead
to the maximum value of £ as 0.013. Then we depict the state
trajectories under sampled-data controller (45) with h = 0.013
in Fig. 5. where v;(t) = 0.1e~? and the initial conditions
[y:(0),5:(0)]T, i = 1,...,6 are given as [0,1]7, [0.5,1.5]T,
[—1,0]7, [0.5,—0.5]T, [-0.5,0.4]T and [0.2, —0.2]T. Clearly,
all the six agents’ states indeed achieve consensus.

V. CONCLUSION

In this paper, the digital implementation of derivative-
dependent control by using delays has been investigated for
consensus of stochastic multi-agent systems. Simple LMIs
that allow to find admissible sampling period have been
presented by using appropriate Lyapunov functionals. The
efficiency of the presented approach has been illustrated by
numerical examples. Future work may involve consideration
of the asynchronous and aperiodic sampling (as initiated in
[15], [16]).
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