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Regional Stabilization of the 1-D
Kuramoto–Sivashinsky Equation
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Abstract—In this letter, we suggest regional stabilization
of the semilinear 1D KSE under nonlocal or boundary actu-
ation. We employ modal decomposition and derive regional
H1 stability conditions for the closed-loop system. Given a
decay rate that defines the number of state modes in the
controller, we provide LMIs for finding the the controller
gain as well as a bound on the domain of attraction. In the
case of boundary control, we suggest a dynamic extension
with a novel internally stable dynamics. The latter allows
to enlarge a bound on the domain of attraction. Numerical
examples illustrate the efficiency of the method.

Index Terms—Distributed parameter systems, nonlinear
parabolic PDEs, boundary control.

I. INTRODUCTION

THE KURAMOTO-SIVASHINSKY equation (KSE)
describes a variety of physical phenomena such as

magnetized plasmas, flame front propagation, viscous flow
problems and chemical reaction-diffusion processes (see,
e.g., [1], [2], [3], [4]). Distributed control of the KSE was
considered in [5], whereas its boundary control in case of
small anti-diffusion parameter was studied in [6]. Most of the
results on stabilization for arbitrary anti-diffusion parameter
were confined to the linear case. Thus, stabilization of linear
KSE was presented in [7], [8], [9] via modal decomposition,
whereas its null controllability was considered in [10].
Stability and distributed stabilization of the linear KSE were
studied in [11].

Stabilization of the semilinear 1D and 2D KSE with arbi-
trary anti-diffusion parameter was suggested in [12], [13]
via the spatial decomposition method. The latter method
may require many sensing and actuation devices, whereas
the actuators are supposed to cover almost all the spatial
domain. Modal decomposition method may avoid the latter
restriction being efficient for boundary control or non-local
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control, where the shape functions need not cover the whole
domain. However, the existing modal decomposition results
that employ direct Lyapunov method (providing domain of
attractions in the semilinear case) are limited to the linear
PDEs [8], [9], [14], [15], [16].

The difficulty of modal decomposition method for non-
linear PDEs lies in coupling of the solution modes, which
is introduced by the nonlinearity and may cause a spillover
behavior [17]. In our recent paper [18], a direct Lyapunov
approach via modal decomposition was introduced for global
L2 stabilization of 1D heat equation with globally Lipschitz
nonlinearity. The nonlinear terms in [18] were compensated by
using Parseval’s equality, leading to efficient and constructive
LMIs for finding the controller gain.

In this letter, we suggest regional stabilization of the semi-
linear 1D KSE under nonlocal or boundary actuation. We
derive H1 stability conditions for the closed-loop system.
Given a decay rate that defines the number of state modes
in the controller, we provide LMIs for finding the the con-
troller gain as well as a bound on the domain of attraction.
In the case of boundary control, we suggest a dynamic exten-
sion, which is based on the polynomial change of variables
as in [9], but with a novel internally stable dynamics. The
latter allows to enlarge a bound on the domain of attraction.
Such dynamic extension is inspired by [19], where a trigono-
metric change of variables was suggested for semilinear heat
equations. Numerical examples illustrate the efficiency of the
method.

Notations and preliminaries: L2(0, 1) is the Hilbert space
of Lebesgue measurable and square integrable functions
f : [0, 1] → R with the inner product <f , g> := ∫ 1

0 f (x)g(x)dx
and induced norm ‖f ‖2 := <f , f>. H1(0, 1) is the space of
functions f : [0, 1] → R with square integrable weak deriva-
tive, with the norm ‖f ‖2

H1 := ∑1
j=0 ‖f (j)‖2. The Euclidean

norm on R
n is denoted by | · |. For P ∈ R

n×n, P > 0
means that P is symmetric and positive definite. Sub-diagonal
elements of a symmetric matrix will be denoted by ∗. For
U ∈ R

n×n, U > 0 and x ∈ R
n let |x|2U = xTUx. N are the

natural numbers.
Recall that the Sturm-Liouville eigenvalue problem

φ′′ + λφ = 0, x ∈ (0, 1), φ(0) = φ(1) = 0, (1)

induces a sequence of eigenvalues λn = n2π2, n ∈ N with
corresponding eigenfunctions

φn(x) = √
2 sin

(√
λnx
)
, n ∈ N. (2)
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The eigenfunctions form a complete and orthonormal system
in L2(0, 1).

The following lemma will be used (see, e.g., [20], [21]):

Lemma 1: Let h ∈ L2(0, 1) satisfy h
L2= ∑∞

n=1 hnφn. Then
h ∈ H1(0, 1) with h(0) = h(1) = 0 iff

∑∞
n=1 λnh2

n < ∞.
Moreover,

∥
∥h′∥∥2 =

∞∑

n=1

λnh2
n. (3)

Finally, given N ∈ N and h ∈ L2(0, 1) satisfying h
L2=∑∞

n=1 hnφn we denote ‖h‖2
N =∑∞

n=N+1 h2
n.

II. STABILIZATION OF THE SEMILINEAR 1D KSE
A. Non-Local Actuation

In this section we consider disctributed stabilization of the
semilinear 1D Kuramoto-Sivashinsky equation

zt(x, t) = −zxxxx(x, t)− νzxx(x, t)− 1

2

(
z2(x, t)

)

x
+ b(x)u(t),

z(0, t) = 0, z(1, t) = 0, zxx(0, t) = 0, zxx(1, t) = 0 (4)

where t ≥ 0, x ∈ (0, 1), z(x, t) ∈ R, ν > 0 is the “anti-
diffusion” coefficient, b ∈ L2(0, 1) and u(t) ∈ R is the control
input.

We show below the existence of a unique classical solution
to (4), which extends to t ∈ [0,∞) (see (12) - (15)). Using
modal decomposition, we present the solution to (4) as

z(x, t) =
∞∑

n=1

zn(t)φn(x), zn(t) = 〈z(·, t), φn〉 (5)

with {φn}n∈N defined in (2). Differentiating under the integral
sign, integrating by parts and using (1) we have

żn(t) = (−λ2
n + νλn)zn(t)+ bnu(t)− z(1)n (t),

zn(0) = 〈z(·, 0), φn〉,
z(1)n (t) = 〈z(·, t)zx(·, t), φn〉, bn = 〈b, φn〉. (6)

Let δ > 0 be a desired decay rate. Since limn→∞ λn = ∞,
there exists some N ∈ N such that

− λ2
n + νλn < −δ, n > N. (7)

Denote

A0 = diag
{
−λ2

n + νλn

}N

n=1
, B0 = col{bn}N

n=1. (8)

Assumption 1: We assume

bn 
= 0, 1 ≤ n ≤ N. (9)

Under Assumption 1, it can be verified that the pair (A0,B0) is
controllable. Let K0 ∈ R

1×N be a controller gain, to be found
later from LMIs. We propose a controller of the form

u(t) = −K0zN(t), zN(t) = col{zn(t)}N
n=1,

żN(t) = (A0 − B0K0)z
N(t)− zN,(1)(t),

zN,(1)(t) = col
{

z(1)n (t)
}N

n=1
. (10)

Using (6) and (10), we arrive at the following closed-loop
system for t ≥ 0:

żN(t) = (A0 − B0K0)z
N(t)− zN,(1)(t),

żn(t) = (−λ2
n + νλn)zn(t)− bnK0zN(t)− z(1)n (t), n > N.

(11)

For well-posedness of the closed-loop system (4) and (10),
subject to the assumptions of Theorem 1. Consider the

operator

A : D(A ) → L2(0, 1), A = ∂xxxx + ν∂xx,

D(A ) =
{

h ∈ H4(0, 1) | h(0) = h(1) = h′′(0) = h′′(1) = 0
}
.

Let θ > 0 and Aθ = A +θ I. Given h ∈ D(A ), integration by
parts leads to < Aθh, h >= ‖h′′‖2−ν‖h′‖2+θ‖h‖2. Using the
Gagliardo–Nirenberg inequality (see, e.g., [22]), < Aθh, h >>
0 for large enough θ . By [21, Sec. 2.6], −Aθ is diagonalizable
and the spectrum of −Aθ is given by σ(−Aθ ) = {−λ2

n+νλn−
θ}∞n=1 ⊂ (−∞, 0). Thus, {μ ∈ C |Re(μ) > 0} ⊆ ρ(−Aθ ),
where ρ(−Aθ ) is the resolvent set of −Aθ . By [20, Th. 12.31],
−Aθ is a sectorial operator generating an analytic semigroup
on L2(0, 1). Let H = L2(0, 1)× R

N be a Hilbert space with
the norm ‖ · ‖2

H := ‖ · ‖2 + | · |2. Introducing the state

ξ(t) = col{ξ1(t), ξ2(t)}, ξ1(t) = z(·, t), ξ2(t) = zN(t), (12)

the closed-loop system can be presented as
dξ

dt
(t)+ Bξ(t) =

[
f1(ξ)
f2(ξ)

]

, B = diag{Aθ ,−A0 + B0K0},
D(B) = D(Aθ )× R

N, f1(ξ) = θz − zzx − bK0zN,

f2(ξ) = −zN,(1) (13)

where −B generates an analytic semigroup on H . Since Aθ

is positive and diagonalizable, A
1
4
θ is well-defined [21] with

domain {h ∈ L2(0, 1) = ∑∞
n=1 λnh2

n < ∞} Lemma 1= H1
0(0, 1).

Fix ϕ ∈ H1
0(0, 1) × R

N and let η, ζ belong to the open ball
B(ϕ,R), R > 0. By the Sobolev inequality

‖η1∂xη1 − ζ1∂xζ1‖ ≤ ‖η1(∂xη1 − ∂xζ1)‖ + ‖∂xζ1(η1 − ζ1)‖
Sobolev≤ 2 max(‖∂xη1‖, ‖∂xζ1‖)‖∂xη1 − ∂xζ1‖
≤ 2(‖ϕ‖H + R)‖η − ζ‖H = C(ϕ)‖η − ζ‖H ,

where the constant C(ϕ) depends on ϕ. By [23, Lemma 3.3.2
and Th. 3.3.3], we have that given any z(·, 0) ∈ H1

0(0, 1), (13)
has a unique local strong solution

ξ ∈ C([0,T); H1
0(0, 1)× R

N) ∩ L2((0,T);D(A )× R
N),

d

dt
ξ ∈ L2((0,T); L2(0, 1)). (14)

Moreover, since a classical solution is also a strong solu-
tion [24, Ths. 6.3.1 and 6.3.3] imply that ξ is also a unique
local classical solution satisfying, in addition,

ξ ∈ C1((0,T);H ), ξ(t) ∈ D(A )× R
N, t ∈ (0,T).

(15)

For H1-stability analysis of the closed-loop system (11), we
consider the Lyapunov function

V(t) = ∣∣zN(t)
∣
∣2
P +

∞∑

n=N+1

λnz2
n(t), t ∈ [0,T) (16)

where 0 < P ∈ R
N×N . Note that V(t) is equivalent to

the H1-norm of the solution z(x, t), by (3) and Wirtinger’s
inequality [25] (see (32) below).

The following Lyapunov analysis is carried out for t ∈
(0,T). Differentiation of V(t) along the solution of (11) gives

V̇ + 2δV = (
zN(t)

)T[
P(A0 − B0K0)+ (A0 − B0K0)

T P

+ 2δP]zN(t)− 2
(
zN(t)

)T
PzN,(1)(t)

+ 2
∞∑

n=N+1

(−λ3
n + νλ2

n + δλn)z
2
n(t)
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− 2
∞∑

n=N+1

λnzn(t)bnK0zN(t)− 2
∞∑

n=N+1

λnzn(t)z
(1)
n (t).

(17)

By using the Young inequality, we have

2
∞∑

n=N+1

λnzn(t)(−bn)K0zN(t)

≤ α

∞∑

n=N+1

λ2
nz2

n(t)+ 1

α
‖b‖2

N

∣
∣K0zN(t)

∣
∣2 (18)

where α > 0. Let 0 < σ ∈ R and assume that

‖zx(·, t)‖2 < σ 2, t ∈ [0,T). (19)

Then, for some α1 > 0, we obtain by Young’s inequality

−2
∞∑

n=N+1

λnzn(t)z
(1)
n (t) ≤ α1

∞∑

n=N+1

λ2
nz2

n(t)

− 1

α1

∣
∣
∣zN,(1)(t)

∣
∣
∣
2 + 1

α1

∞∑

n=1

[
z(1)n (t)

]2
. (20)

Using the boundary conditions in (4),

z2(x, t) ≤
[∫ x

0
|zx(s, t)|ds

]2

≤ ‖zx(·, t)‖2 < σ 2, (21)

and Parseval’s equality, we obtain

1

α1

∞∑

n=1

[
z(1)n (t)

]2 = 1

α1

∫ 1

0
z2

x(s, t)z2(s, t)ds ≤ σ 2

α1
‖zx(·, t)‖2

(3)= σ 2

α1

∣
∣zN(t)

∣
∣2
�

+ σ 2

α1

∞∑

n=N+1

λnz2
n(t), � = diag{λn}N

n=1.

(22)

Let η(t) = col{zN(t), zN,(1)(t)}. From (17)-(22), we have

V̇ + 2δV ≤ ηT(t)�η(t)+ 2
N∑

n=N+1

μnλ
2
nz2

n(t) ≤ 0, (23)

if μn = −λn + ν + δ
λn

+ α
2 + α1

2 + σ 2

2α1λn
<0, n>N and

� =
[

P(A0 − B0K0)+ (A0 − B0K0)
T P + 2δP + ψ −P

∗ − 1
α1

]

< 0,

ψ = σ 2

α1
�+ ‖b‖2

N

α
KT

0 K0. (24)

From monotonicity of λn, n ∈ N we have that μn<0, n>N
iff μN+1 < 0. By Schur complement, the latter holds iff

[−λN+1 + ν + δ
λN+1

+ α
2 + α1

2 1

∗ − 2α1λN+1
σ 2

]

< 0. (25)

To obtain equivalent LMIs for the design of controller gains
we multiply � on the left and right by diag{P−1, I}. Then,
introducing the notations

Q = P−1, Y0 = QKT
0 (26)

and applying Schur complement twice, it can be verified
that (24) is equivalent to
⎡

⎢
⎣

A0Q + QAT
0 − Y0BT

0 − B0YT
0 + 2δQ + α1I Y0 Q�

1
2

∗ −α‖b‖−2
N 0

∗ ∗ − α1
σ 2

⎤

⎥
⎦ < 0.

(27)

Note that (25) and (27) are LMIs in Q,Y0, α and α1.
Furthermore, feasibility of LMIs allows to recover the con-
troller gains as K0 = YT

0 Q−1. Finally, by arguments similar
to [16, Th. 3.1], it can be shown that (24) and (25) (and
hence (25) and (27)) are always feasible for small enough
σ > 0 and large enough N. Summarizing, we arrive at:

Proposition 1: Consider (4) subject to non-local actuation
with b ∈ L2(0, 1) and control law (10). Let z(·, 0) ∈ H1

0(0, 1).
Let δ > 0 and N ∈ N satisfy (7). Given σ > 0, assume
that (19) holds. If there exist 0 < Q ∈ R

N×N , Y0 ∈ R
N and

scalars 0 < α, α1 such that the LMIs (25) and (27) hold, then
the solution z(x, t) to (4) subject to the control law (10) with
K0 = YT

0 Q−1 satisfies

V(t) ≤ e−2δtV(0), t ∈ [0,T). (28)
Furthermore, the LMIs (25) and (27) are always feasible for
small enough σ and large enough N.

We provide next an estimate on the radius of the ball of
attraction, starting from which the solution of the closed-loop
system exists for all t ≥ 0 and is exponentially decaying.

Theorem 1: Let the conditions of Proposition 1 hold for
some 0 < P ∈ R

N×N andσ, α, α1 > 0. Recall �, given in (22),
and let

ρ = σ

√
min(σmin(P∗), 1)

max(σmax(P∗), 1)
, P∗ = �− 1

2 P�− 1
2 . (29)

If ‖zx(·, 0)‖2 < ρ2 then solution of the closed-loop system (4)
and (10) can be extended to [0,∞), (19) holds for t ∈ [0,∞)
and z(x, t) satisfies

‖z(·, t)‖2
H1 ≤ Me−2δt‖z(·, 0)‖2

H1 , t ∈ [0,∞) (30)
for some M ≥ 1.

Proof: We begin by showing that (19) holds. Since ρ ≤ σ ,
‖zx(·, 0)‖2 < ρ2 implies that ‖zx(·, 0)‖2 ≤ σ 2 for t ∈ [0, τ )
and some τ > 0. Let

τ∗ = sup
{
τ ∈ [0,T) | ‖zx(·, t)‖2 ≤ σ 2, t ∈ [0, τ )

}
. (31)

We claim that τ∗ = T . Assume by contradiction that τ∗ < T .
By (23) and the comparison principle, we have (28) with T
replaced by τ∗. By (3) and (16) we obtain

V(t)
(3)≥ min

(
σmin(P

∗), 1
)‖zx(·, t)‖2,

V(t)
(3)≤ max

(
σmax(P

∗), 1
)‖zx(·, t)‖2 (32)

which yield
‖zx(·, t)‖2 ≤ e−2δtσ 2, t ∈ [0, τ∗). (33)

The latter implies ‖zx(·, τ∗)‖2 < σ 2 and, by continuity,
there exists some τ∗ < τ1 < T with ‖zx(·, t)‖2 < σ 2

for t ∈ [0, τ1), contradicting (31). Recall the notations (12)
and (13). Since (19) and (21) hold, we have for t ∈ [0,T)

‖ξ1∂xξ1‖≤‖∂xξ1‖2 ≤ σ 2. (34)
The latter estimate, Proposition 1 and proof of [24, Th. 6.3.3]
(which shows that extending the solution to T = ∞ is pos-
sible provided the apriori bound (34) holds) imply that the
solution of (13) can be extended to T = ∞. Finally, (30)
follows from (28) and (32) with τ∗ = T = ∞.

B. Dirichlet Actuation
Here we consider boundary stabilization of the following

semilinear 1D KSE

zt(x, t) = −zxxxx(x, t)− νzxx(x, t)− 1

2

(
z2(x, t)

)

x
,

z(0, t) = 0, z(1, t) = u(t), zxx(0, t) = 0, zxx(1, t) = 0

(35)
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where u(t) is the control input to be designed.
Following [14] we introduce the change of variables

w(x, t) = z(x, t)− r(x)u(t), r(x) = x (36)
to obtain the following PDE:

wt(x, t) = −wxxxx(x, t)− νwxx(x, t)− r(x)u̇(t)

− [w(x, t)+ xu(t)][wx(x, t)+ u(t)]. (37)
Let κ ≥ 0. We will henceforth treat u(t) as an additional state
variable subject to the dynamics

u̇(t) = −κu(t)+ v(t), u(0) = 0 (38)

where v(t) is the new control input. Given v(t), u(t) can be
computed by integrating (38), thereby resulting in a PI con-
troller for the original PDE (35). From (37) and (38) we obtain
the following equivalent ODE-PDE system

u̇(t) = −κu(t)+ v(t), u(0) = 0,

wt(x, t) = −wxxxx(x, t)− νwxx(x, t)+ κr(x)u(t)

− r(x)v(t)− [w(x, t)+ xu(t)][wx(x, t)+ u(t)],

w(0, t) = w(1, t) = wxx(0, t) = wxx(1, t) = 0. (39)
Remark 1: A dynamic extension with internally stable

dynamics for the heat equation was introduced in [19], where
r(x) in (36) was chosen as a solution of a Sturm-Liouville
problem with a modified boundary condition, rsulting in
trigonometric r(x). Extension of such r(x) construction to the
KSE with the fourth order spatial operator leads to a com-
plicated expression of r(x) in terms of hyperbolic functions.
Thus, we consider a polynomial r(x) as in [9]. However, differ-
ently from existing works that employed dynamic extension
based on polynomial functions, where the dynamics of u(t)
was given by (38) with κ = 0 (see, e.g., [14], [26] for the
heat equation and [9] for the KSE), we consider κ ≥ 0 to
be a tuning parameter. Numerical simulations of the result-
ing LMIs (see (55) and (56)) show that taking κ > 0 (i.e.,
choosing internally stable (38)) reduces the magnitude of the
controller gain K and leads to an essentially larger bound on
the ball of attraction ρ (see (29)).

We present the solution to (39) as

w(x, t) =
∞∑

n=1

wn(t)φn(x), wn(t) = 〈w(·, t), φn〉 (40)

with {φn}n∈N defined in (2). Differentiating under the integral
sign, integrating by parts and using (1) we have

ẇn(t) =
(
−λ2

n + νλn

)
wn(t)+ κbnu(t)− bnv(t)

− w(1)n (t)− w(2)n (t), t ≥ 0,

wn(0) = 〈w(·, 0), φn〉, n ∈ N. (41)
where

w(1)n (t) = 〈[w(·, t)+ ·u(t)]wx(·, t), φn〉,
w(2)n (t) = 〈w(·, t)+ ·u(t), φn〉u(t),

bn = 〈r, φn〉 = (−1)n+1
√

2√
λn

, n ≥ 1. (42)

Let δ > 0 be a desired decay rate and N ∈ N satisfy (7).
We introduce

A = diag
{

01×1,−λ2
n + νλn

}N

n=1
− κB · 1,

B = col{1,−bn}N
n=1, 1 = [1, 01×N]. (43)

It can be verified, using the Hautus lemma, that the pair
(A,B) is controllable. Let K ∈ R

1×(N+1) be a con-
troller gain, to be found later from LMIs. We propose the

controller

v(t) = −KwN(t), wN(t) = col{u(t),wn(t)}N
n=1,

ẇN(t) = (A − BK)wN(t)− wN,(1)(t)− wN,(2)(t),

wN,(j)(t) = col
{

01×1,w(j)n (t)
}N

n=1
, j ∈ {1, 2}. (44)

Using (41), (42), (43) and (44), we arrive at the following
closed-loop system for t ≥ 0:

ẇN(t) = (A − BK)wN(t)− wN,(1)(t)− wN,(2)(t),

ẇn(t) =
(
−λ2

n + νλn

)
wn(t)+ κbnu(t)− bnv(t)

− w(1)n (t)− w(2)n (t), t ≥ 0. (45)

Well-posedness of the closed-loop system (39) and (44)
follows by arguments similar to the well-posedness in the
previous section. In particular, given z(·, 0) = w(·, 0) ∈
H1

0(0, 1) satisfying ‖wx(·, 0)‖ < ρ with ρ > 0 in (29), we
obtain the existence of a unique classical solution ξ(t) =
col{w(·, t),wN(t)} satisfying (15) with T = ∞ and N replaced
by N + 1.

For H1-stability analysis of the closed-loop system (45), we
consider the Lyapunov function

V(t) = ∣∣wN(t)
∣
∣2
P +

∞∑

n=N+1

λnw2
n(t), (46)

where 0 < P ∈ R
(N+1)×(N+1). We use the Lyapunov func-

tion (46) to show that the closed-loop system is locally
exponentially stable and derive an estimate on the domain of
attraction. Differentiation of V(t) along solution of (45) gives

V̇ + 2δV = (
wN(t)

)T[
P(A − BK)+ (A − BK)T P + 2δP

]

× wN(t)− 2
(
wN(t)

)T
PwN,(1)(t)− 2

(
wN(t)

)T
PwN,(2)(t)

+ 2
∞∑

n=N+1

(−λ3
n + νλ2

n + δλn)w
2
n(t)

+ 2κ
∞∑

n=N+1

λnwn(t)bnu(t)+ 2
∞∑

n=N+1

λnwn(t)bnKwN(t)

− 2
∞∑

n=N+1

λnwn(t)w
(1)
n (t)− 2

∞∑

n=N+1

λnwn(t)w
(2)
n (t).

(47)

Similarly to (18), since κ > 0, by Young’s inequality we have

2κ
∞∑

n=N+1

λnwn(t)bnu(t) ≤ α0κ

∞∑

n=N+1

λ2
nw2

n(t)

+ κ

α0

⎛

⎝
∞∑

n=N+1

b2
n

⎞

⎠
∣
∣1wN(t)

∣
∣2 ≤ α0κ

∞∑

n=N+1

λ2
nw2

n(t)

+ 2κ

α0π2N

∣
∣1wN(t)

∣
∣2,

2
∞∑

n=N+1

λnwn(t)bnKwN(t)

≤ α1

∞∑

n=N+1

λ2
nz2

n(t)+ 2

α1π2N

∣
∣KwN(t)

∣
∣2 (48)

for some α0, α1 > 0. Here we used the estimate
∞∑

n=N+1

b2
n

(42)= 2

π2

∞∑

n=N+1

1

n2
≤ 2

π2N
.
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Let 0 < σ ∈ R and assume that

‖wx(·, t)‖2 + u2(t) < σ 2, t ∈ [0,∞). (49)

We will derive an estimate on ‖zx(·, 0)‖ = ‖wx(·, 0)‖, which
guarantees that (49) holds (recall that u(0) = 0, by (39)). Then,
by using Young’s inequality we obtain

−2
∞∑

n=N+1

λnwn(t)w
(j)
n (t) ≤ α2

∞∑

n=1

λ2
nw2

n(t)

− 1

αj+1

∣
∣
∣wN,(j)(t)

∣
∣
∣
2 + 1

αj+1

∞∑

n=1

[
w(j)n (t)

]2
, j ∈ {1, 2}. (50)

Applying Parseval’s equality we have

1

α2

∞∑

n=1

[
w(1)n (t)

]2 (42)= 1

α2

∫ 1

0
[w(x, t)+ xu(t)]2w2

x(x, t)dx

≤ 2σ 2

α2
‖wx(·, t)‖2 (3)= 2σ 2

α2

∣
∣wN(t)

∣
∣2
�

+ 2σ 2

α2

∞∑

n=N+1

λnw2
n(t),

1

α3

∞∑

n=1

[
w(2)n (t)

]2 (42)= 1

α3
|u(t)|2

∫ 1

0
[w(x, t)+ xu(t)]2dx

≤ 2σ 2

α3

∣
∣1wN(t)

∣
∣2, � = diag{0, λ1, . . . , λN} (51)

where the following estimate was used

[w(x, t)+ xu(t)]2 ≤ 2
[
w2(x, t)+ u2(t)

]

(39),Sobolev≤ 2
[
‖wx(·, t)‖2 + u2(t)

] (49)
< 2σ 2, 0 ≤ x ≤ 1, t ≥ 0

(52)

Let η(t) = col{wN(t),wN,(1)(t),wN,(2)(t)}. From (47)-(52),
we have

V̇ + 2δV ≤ ηT(t)�η(t)+ 2
N∑

n=N+1

θnλ
2
nz2

n(t) ≤ 0, t ≥ 0 (53)

if θn = −λn + ν+ δ
λn

+ α0κ+α1+α2+α3
2 + σ 2

α2λn
< 0, n > N and

� =
⎡

⎢
⎣

P(A − BK)+ (A − BK)T P + 2δP + φ −P −P
∗ − 1

α2
0

∗ ∗ − 1
α3

⎤

⎥
⎦ < 0,

φ =
[

2κ

α0π2N
+ 2σ 2

α3

]

1T1+ 2

α1π2N
KT K + 2σ 2

α2
�. (54)

From monotonicity of λn, n ∈ N we have that θn < 0, n > N
iff θN+1 < 0. By Schur complement, the latter holds iff
[−λN+1 + ν + δ

λN+1
+ α0κ+α1+α2+α3

2 1

∗ −α2λN+1
σ 2

]

< 0.

(55)

To obtain equivalent LMIs for the design of controller gains
we multiply � on the left and right by diag{P−1, I}. Then,
introducing the notations (26) with Y0,K0 replaced by Y and
K, respectively, and applying Schur complement twice, it can
be verified that (54) is equivalent to

⎡

⎢
⎢
⎢
⎢
⎢
⎣

χ Y Q�
1
2 Q1T Q1T

∗ −α1π
2N

2 0 0 0
∗ ∗ − α2

2σ 2 0 0
∗ ∗ ∗ − α3

2σ 2 0

∗ ∗ ∗ ∗ −α0π
2N

2κ

⎤

⎥
⎥
⎥
⎥
⎥
⎦
< 0,

χ = AQ + QAT − YBT − BYT + 2δQ + (α2 + α3)I.

(56)

Note that (55) and (56) are LMIs in Q,Y and αi, i ∈
{0, 1, 2, 3}. Furthermore, feasibility of LMIs allows to recover
the controller gains as K = YTQ−1.

Finally, let (54) and (55) hold with some 0 < P ∈
R
(N+1)×(N+1) and 0 < αi, i ∈ {0, 1, 2, 3}. Recall �, given

in (51), and let �1 = diag{1,�}. Let ρ > 0 be given in (29)
with � replaced by �1. Then, using arguments similar to (28)
and (32), it can be verified that if ‖zx(·, 0)‖2 = ‖wx(·, 0)‖2 <
ρ2 ≤ σ 2 (recall that u(0) = 0, by (39)), then (49) holds and we
obtain H1-stability of the closed-loop system. Summarizing:

Theorem 2: Consider (39) with some κ ≥ 0 and control
law (44). Let w(·, 0) ∈ H1

0(0, 1). Let δ > 0 and N ∈ N sat-
isfy (7). Given σ > 0, assume that ‖wx(·, 0)‖ < ρ with ρ > 0
given in (29), where � is replaced by �1 = diag{1, λn}N

n=1.
If there exist 0 < Q ∈ R

(N+1)×(N+1), Y ∈ R
N+1 and scalars

0 < αi, i ∈ {0, 1, 2, 3} such that the LMIs (55) and (56) hold,
then the solution w(x, t), u(t) to (39) subject to the control
law (44) with K = YTQ−1 satisfies

‖w(·, t)‖2
H1 + u2(t) ≤ Me−2δt‖w(·, 0)‖2

H1 , t ≥ 0, (57)

for some M > 0. Furthermore, the LMIs (55) and (56) are
always feasible for small enough σ and large enough N.

Corollary 1: Under the conditions of Theorem 2, the solu-
tion z(x, t) of (35) satisfies

‖z(·, t)‖2
H1 ≤ M1e−2δt‖z(·, 0)‖2

H1 , t ≥ 0, (58)

for some M1 > 0, provided ‖zx(·, 0)‖ < ρ.
Proof: Since u(0) = 0 by (39), we have ‖wx(·, 0)‖ =

‖zx(·, 0)‖ < ρ, with w(x, t) in (36). Then, by Theorem 2, (57)
holds. The desired result then follows by the triangle and
Young’s inequalities and (58).

Remark 2: The results in this manuscript can be applied to
Burgers’ equation with Dirichlet boundary conditions

zt(x, t) = zxx(x, t)− z(x, t)zx(x, t), x ∈ (0, 1), (59)

subject to non-local or boundary control. Note that this PDE
is open loop stable. Our approach allows to regionally enlarge
the H1 convergence rate. This is outside the scope of this letter.

Remark 3: Note that to enlarge the estimate of the region
of attraction, feasibility of the strict LMIs of Theorems 1 and 2
may be checked for δ = 0. Indeed, the LMIs feasibility for
δ = 0 implies their feasibility with some δ1 > 0, due to
continuity of the eigenvalues.

III. NUMERICAL EXAMPLES

In all numerical examples we consider the case δ = 0.1
(see (7)). Consider first the case of non-local actuation (4)
with b(x) = χ[0.3,0.9](x) (i.e., an indicator function). Let
ν ∈ {10, 39.5}, which result in N = 1 and N = 2 unsta-
ble modes, respectively. Feasibility of the LMIs of Theorem 1
was verified using MATLAB. The simulation results, includ-
ing the resulting controller gains (see (26)), the value of σ
(see (19)) and bound on the radius of the ball of attraction, ρ
(see (29)) are given in Table I.

Next, for the case of boundary actuation (35), we consider
ν = 10, leading to N = 1 unstable mode. Feasibility of
the LMIs of Theorem 2 was verified using MATLAB, where
κ > 0, given in (38), was treated as a tuning parameter. The
simulation results are given in Table I. For boundary actua-
tion with κ = 0, the obtained ρ was 0.0101. Thus, treating κ
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Fig. 1. Surface plot of solution z(x, t).

TABLE I
LMI FEASIBILITY RESULTS: δ = 0.1

as a tuning parameter leads to improvement of ρ by a factor
of ≈ 90. For non-local actuation feasibility of the LMIs was
obtained for a relatively large value of ρ.

For simulation of the closed-loop system we consider non-
local actuation with b(x) = χ[0.3,0.9](x). Let ν = 10 and δ =
0.1, leading to N = 1. The corresponding controller gain is
K = 119.35, whereas ρ = 15.855 (see Table I). We choose

z(x, 0) = Ax(1 − x) cos(2x), A = 33.2. (60)

Note that z(·, 0) ∈ H1
0(0, 1) and ‖zx(·, 0)‖ ≈ 15.5. Using

modal decomposition we approximate the solution as z(x, t) ≈∑60
n=1 zn(t)φn(x), whereas zx(x, t) ≈ ∑60

n=1 zn(t)φ′
n(x). Then,

the closed-loop system (11) (with tail ODEs truncated after
60 coefficients) is simulated using MATLAB, subject to the
control law (10). We choose t ∈ [0, 6] as the simulation time.
A surface plot of the solution z(x, t) is given in Figure 1. The
numerical simulation validates our theoretical results.

To check for conservativeness of our estimate on ρ, we
further simulate the closed-loop system (11) with initial
condition (60), while increasing A therein. Stability of the
closed-loop system was preserved for A = 49.2, which corre-
sponds to ‖zx(·, 0)‖ ≈ 22.47 (to be compared with ρ = 15.855
in Table I). This illustrates conservatism of our estimate on ρ.

IV. CONCLUSION

A direct Lyapunov approach for regional state-feedback sta-
bilization of the semilinear KSE via modal decomposition was
introduced. Non-local and boundary actuation were consid-
ered. For boundary control, a novel dynamic extension was
suggested that enlarged the bound on the ball of attraction in
the example. A topic for future research can be optimization
of the LMIs in order to improve the estimate on the radius of
the ball of attraction.
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