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Dynamic Event-Triggered Control of Networked Stochastic Systems With
Scheduling Protocols

Jin Zhang and Emilia Fridman

Abstract—In the present article, we consider network-based
control of linear systems with state multiplicative noise. For the
sensor-controller network, round-robin, try-once-discard, and in-
dependent and identically distributed protocols are proposed to
orchestrate the measurement transmission from multiple sensor
nodes. By using the time-delay approach to networked control sys-
tems, sufficient conditions for the exponential mean-square stabil-
ity are obtained in terms of linear matrix inequalities. Moreover,
a discrete-time dynamic event-trigger is suggested to reduce the
number of sent control signals from controller to actuator. An air
vehicle system from the literature illustrates the efficiency of the
presented approach.

Index Terms—Event-triggered control, networked control sys-
tem (NCS), scheduling protocol, stochastic system.

I. INTRODUCTION

Networked control systems (NCSs) are systems that are comprised
of sensors, controllers, and actuators nodes connected via a shared
communication network. It is of great importance to analyze the
stability and system performance that take into account the variable
sampling intervals, communication delays, and scheduling protocols.
NCSs with scheduling protocols were studied by the hybrid system
approach [1]–[3] and by the time-delay approach [4]–[10]. Only the
latter approach allows large transmission delays (that are larger than
the sampling intervals).

Systems with stochastic multiplicative noises are encountered in
many areas of applications, e.g., aircraft engineering, process control,
and population dynamics [11]–[14]. Multiplicative noise appears due to
parameter uncertainties and nonlinearities [12]. Many important results
on the control of stochastic systems have been reported in [15]–[18].
However, networked control of stochastic systems with scheduling
protocols has not been studied yet.

The objective of the present article is to study network-based control
of stochastic systems with scheduling protocols. We consider three
protocols to orchestrate the measurement transmission from multiple
sensor nodes. The first is a round-robin (RR) protocol with simple im-
plementation, and the second is a try-once-discard (TOD) protocol that
may improve results achieved under RR protocol (e.g., a larger domain
of attraction under actuator saturation [8]). Note that the existing results

Manuscript received March 26, 2020; accepted February 17, 2021.
Date of publication February 23, 2021; date of current version December
3, 2021. This work was supported in part by Israel Science Foundation
under Grant 673/19, in part by C., and H. Manderman Chair on System
Control at Tel Aviv University, and in part by the Planning, and Budgeting
Committee (PBC) Fellowship from the Council for Higher Education,
Israel. Recommended by Associate Editor R. Jain. (Corresponding au-
thor: Jin Zhang.)

The authors are with the School of Electrical Engineering, Tel Aviv
University, Tel Aviv 69978, Israel (e-mail: zhangjin1116@126.com;
emilia@tauex.tau.ac.il).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TAC.2021.3061668.

Digital Object Identifier 10.1109/TAC.2021.3061668

for the first two protocols in the presence of large transmission delays
assume that there are no collisions [4], [6]. The third is an independent
and identically distributed (i.i.d) protocol that allows collisions with
a certain probability [7]. Note that the i.i.d protocol includes RR
protocol as a particular case under the following assumptions: the zero
probability of the collisions, and equal probabilities for access to the
network by each sensor node.

We extend the time-delay approach to stochastic NCSs. This ap-
proach includes two steps [5]: 1) time-delay modeling of the closed-loop
system and 2) a choice of appropriate Lyapunov method. The first
step for stochastic NCSs is similar to the deterministic NCSs. Thus,
under RR protocol we model the closed-loop system as a system with
multiple delays, whereas under TOD and i.i.d protocols we model it as
an impulsive system with delayed dynamics and reset conditions. The
second step is challenging since state-derivative-dependent Lyapunov
functionals, that are used in the deterministic case, are not applicable.
This is because the solution of the stochastic system does not have a
derivative. We propose novel Lyapunov functionals that depend on the
deterministic and stochastic parts. Particularly, we propose novel terms
to compensate for the delays in the reset conditions.

To reduce the network workload, an event-trigger (ET) can be em-
ployed [19]–[21]. Inspired by [22], we suggest a discrete-time dynamic
ET based on the control signals that may further reduce the number
of sent control signals compared with the static ET [20], [21]. Note
that in the absence of scheduling protocols, a discrete-time ET for
stochastic systems was suggested in [21] and [23]. The efficiency of
the presented method is illustrated by the air vehicle system from [13].
Some preliminary results for the case of RR and TOD protocols were
presented in [24].

Notation: Throughout this article, Rn represents the n dimensional
Euclidean space with Euclidean norm | · |, Rn×m is the set of all n×
m dimensional real matrices. X > 0 means that X is symmetric and
positive definite matrix, He{X} denotes XT +X , |X|2S denotes the
expression XTSX where matrix S and vector X have appropriate
dimensions and E{x} stands for the expectation of stochastic variablex.

II. PROBLEM FORMULATION

Consider a linear Itô stochastic system

dx(t) = [Ax(t) +Bu(t)]dt+Dx(t)dw(t) (1)

with the state x(t) ∈ Rn, control input u(t) ∈ Rnu , one-dimensional
Brownian motion w(t) defined on a complete probability space
(Ω,F , {Ft}t≥0,P) [12], [14], and constant matrices A, D ∈ Rn×n,
B ∈ Rn×nu . For a notion of a solution to stochastic system and its
existence see [12] and [14].

The stochastic system (1) hasN sensor nodes, a controller node and
an actuator node connected via sensor-controller and controller-actuator
networks. The measurements are given by

yi(t) = Cix(t) ∈ Rnyi , i = 1, . . . , N,N ≥ 2 (2)
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Fig. 1. Networked stochastic systems with scheduling protocols.

with constant matrices Ci ∈ Rnyi
×n (i = 1, . . . , N). For notational

brevity, denote y(t) = [yT1 (t), . . . , y
T
N (t)]T ∈ Rny , ny =

∑N
i=1 nyi

and C = [CT1 , . . . , C
T
N ]T .

Let sk be sampling instants such that

s0 = 0, 0 < sk+1 − sk ≤ MATI, lim
k→+∞

sk = +∞ (3)

where MATI denotes the maximum allowable transmission interval.
We assume that the signal transmissions are subject to network-induced
delays μk and rk (see Fig. 1). Thus, the updating instants of controller
and actuator are lk = sk + μk and tk = sk + μk + rk. Notice that μk
and μk + rk are not required to be less than the sampling intervals but
the sequences {lk} and {tk} should be increasing. Here μk and rk are
time-varying bounded by

0 ≤ μm ≤ μk ≤ μM , 0 ≤ rm ≤ rk ≤ rM . (4)

Denote by ỹ(sk) = [ỹT1 (sk), . . . , ỹ
T
N (sk)]

T the most recently re-
ceived output information on the controller side. Assume that there
exists a matrixK = [K1, . . . ,KN ] ∈ Rnu×ny such thatA+BKC is
Hurwitz. Then a static output-feedback controller takes the form

u(lk) = Kỹ(sk) (5)

and the closed-loop system under this controller has the form

dx(t) = [Ax(t) +BKỹ(sk)]dt+ g(t)dw(t)

g(t) = Dx(t), t ∈ [tk, tk+1). (6)

The main objective of this article is to analyze the exponential mean-
square stability of stochastic system (6) with scheduling protocols using
novel Lyapunov functionals. Additionally, we suggest a discrete-time
dynamic ET to reduce the workload of controller-actuator network.

III. MAIN RESULTS: STABILITY ANALYSIS WITH

SCHEDULING PROTOCOLS

For stochastic system (6), we will consider three scheduling pro-
tocols defined by RR, TOD, and i.i.d protocols. Under the first two
protocols, only one sensor is allowed to obtain access to the network,
whereas under i.i.d protocol, all the sensors obtain access to the network
with a certain probability. Denote by i∗k the selected sensor node getting
access at instant sk. The value of i∗k is chosen by scheduling protocols
as follows.

1) RR protocol: The sampled measurements are sent in a periodic
manner one after another. Thus i∗k is calculated as

i∗k = mod(k,N) + 1 (7)

where mod denotes the modulo operation.
2) TOD protocol: The sampled measurements are sent with the great-

est weighted error εTi (sk)Qiεi(sk) (i = 1, . . . , N), where εi(sk) =
ỹi(sk−1)− yi(sk), andQi (i = 1, . . . , N) are positive weighting ma-
trices to be determined. In other words, i∗k is chosen as

i∗k � argmaxi=1,...,N{εTi (sk)Qiεi(sk)}. (8)

3) i.i.d protocol: The choice of i∗k is assumed to be i.i.d with the
probabilities given by

Prob{i∗k = i} = βi, i = 0, . . . , N (9)

where β0 is the probability of collision, βi (i = 1, . . . , N) are the
probabilities of the measurements yi(sk) to be transmitted at instants
sk and

∑N
i=0 βi = 1. If collision occurs, then the measurement is

dropped [7].

A. Stability Analysis With RR Protocol

Taking into account RR protocol (7), the last transmitted signal
before time instant sk of node i is expressed by

ỹi(sk) = yi(sk−Δk,i
), i = 1, . . . , N (10)

with some Δk,i ∈ {0, 1, . . . , N − 1}. We set yi(sk−Δk,i
) = 0 if k −

Δk,i < 0. Following the time-delay approach [5], [6], define τi(t) �
t− sk−Δk,i

, t ∈ [tk, tk+1) from which we have

0 ≤ ηm � μm + rm ≤ τi(t) ≤ tk+1 − sk−Δk,i
≤ (Δk,i + 1)

×MATI + μM + rM ≤ N × MATI + μM + rM � ηM .

Then system (6) under RR protocol (7) is expressed by

dx(t) = f1(t)dt+ g(t)dw(t), t ≥ t0,

f1(t) = Ax(t) +
N∑
i=1

BKiCix(t− τi(t)). (11)

Assuming for simplicity x(t) ≡ x(t0) for t ≤ t0, consider the fol-
lowing Lyapunov functional

V1 = VP + VS1
+ VS2

+ ηmVR1
+ VF1

+
N∑
i=1

[(ηM − ηm)VR2i
+ VF2i

], t ≥ t0 (12)

where

VP = xT (t)Px(t) P > 0

VS1
=

∫ t
t−ηm e2α(s−t)|x(s)|2S1

ds S1 > 0

VS2
=

∫ t−ηm
t−ηM e2α(s−t)|x(s)|2S2

ds S2 > 0

VR1
=

∫ 0

−ηm
∫ t
t+θ

e2α(s−t)|f1(s)|2R1
dsdθ R1 > 0

VR2i
=

∫ −ηm
−ηM

∫ t
t+θ

e2α(s−t)|f1(s)|2R2i
dsdθ R2i > 0

VF1
=

∫ 0

−ηm
∫ t
t+θ

e2α(s−t)g(s)|2F1
dsdθ F1 > 0

VF2i
=

∫ −ηm
−ηM

∫ t
t+θ

e2α(s−t)|g(s)|2F2i
dsdθ F2i > 0

and α > 0. Functional V1 is stochastic extension of the Lyapunov
functional for the exponential stability with a decay rate α of systems
with interval delays (see [5, p. 101]). The terms VP , VS1

and VS2
have

the same form as in the deterministic case. The terms VR1
and VR2i

are
stochastic extensions of the state-derivative-dependent double integral
terms, whereas the terms VF1

and VF2i
compensate the stochastic part
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of (11) [14], [16]. For functional V1, we use generator L [11], [14]

LV1 =
∂V1

∂t
+

(
∂V1

∂x1
, . . . ,

∂V1

∂xn

)
f1(t)

+
1

2
trace{gT (t)( ∂2V1

∂xi∂xj
)n×ng(t)}. (13)

We arrive at the following result (proved in Appendix A).
Theorem 1: Given scalars 0 ≤ ηm < ηM , α > 0 and N ≥ 2, let

there exist n× n matrices P > 0, S1 > 0, S2 > 0, R1 > 0, R2i > 0,
F1 > 0, F2i > 0 and Wi (i = 1, . . . , N) that satisfy

Θ = Θ1 +

N∑
i=1

Θi2 +Θ3 < 0

Ξi =

[
R2i Wi

	 R2i

]
≥ 0, i = 1, . . . , N (14)

where

Θ1 = ηm|D
1|2F1
+ ρm[He{
T1 R1
2} − |
1 − 
3|2R1

− |
2|2R1+F1
]

Θi2 = (ηM − ηm)|D
1|2F2i
+ ρM [He{
T3 (R2i
3i+1

+Wi
3i+3) + 
T3i+2R2i
3i+3} − ϑ1i − ϑ2i]

Θ3 = He{
T1 Pχ}+ 2α|
1|2P + |
1|2S1
+ |D
1|2P

− ρm|
3|2S1−S2
− ρM |
3N+4|2S2

+ |ηmχ|2R1
+

N∑
i=1

|(ηM − ηm)χ|2R2i

ϑ1i =

[

3 − 
3i+2


3i+2 − 
3N+4

]T
Ξi

[

3 − 
3i+2


3i+2 − 
3N+4

]

ϑ2i =

[

3i+1


3i+3

]T [
R2i + F2i Wi + F2i

	 R2i + F2i

][

3i+1


3i+3

]

χ = A
1 +

N∑
i=1

BKiCi
3i+2


i = [0n×(i−1)n, In, 0n×(3N+4−i)n], i = 1, . . . , 3N + 4

with

ρm = e−2αηm , ρM = e−2αηM . (15)

Then system (11) is exponentially mean-square stable with a decay rate
α > 0.

Remark 1: Note that LMIs in Theorem 1 are obtained via Jensen’s
inequality [5], [25], and reciprocally convex approach [26]. We have
avoided using the free-weighting matrix technique [17], [21] that intro-
duces slack decision variables and increases the complexity of LMIs.

B. Stability Analysis With TOD Protocol

Following [6], a piecewise-continuous error is defined as ei(t) =
εi(sk), t ∈ [tk, tk+1), and some indicator functions are introduced as
follows:

π{i∗
k
,i} =

{
1, i∗k = i,
0, i∗k 	= i.

i = 1, . . . , N (16)

Therefore, the reset condition of ei(t) at t = tk+1 is given by

ei(tk+1) = (1− π{i∗
k
,i})ei(tk) + Ci[x(sk)− x(sk+1)] (17)

where we assume xi(s−1) = 0 implying ei(t0) = −yi(s0) =
−Cix(s0). Define τ(t) = t− sk for t ∈ [tk, tk+1) that yields

0 ≤ ηm ≤ τ(t) ≤ tk+1 − sk ≤ MATI + μM + rM � τM .

Then system (6) under TOD protocol (8) is expressed by

dx(t) = f2(t)dt+ g(t)dw(t), t ≥ t0

f2(t) = Ax(t) +BKCx(t− τ(t)) +
N∑

i=1,i 	=i∗
k

BKiei(t). (18)

We consider the Lyapunov functional

V2 = Ṽ1 + (τM − ηm)VG + VY + VU

+
N∑
i=1

|ei(t)|2Qi
, t ∈ [tk, tk+1) (19)

where Ṽ1 is obtained from V1 given by (12) with f1,
∑N
i=1R2i,∑N

i=1 F2i, ηM changed by f2, R2, F2, τM , and

VG =

N∑
i=1

∫ t

sk

e2α(s−t)|Cif2(s)|2Gi
ds

VY =
N∑
i=1

∫ t

sk

e2α(s−t)|Cig(s)|2Yi
ds

VU = 2α(tk − t)|ei∗
k
(t)|2Qi∗

k

+

N∑
i=1,i 	=i∗

k

tk − t

tk+1 − tk
|ei(t)|2Ui

Gi > 0, Yi > 0, Ui > 0, Qi > 0, α > 0.

The term VG is the stochastic extension of a similar term in [7]. It
is introduced to cope with the delay in the reset conditions, which is
continuous on [tk, tk+1) and does not grow in reset instant t = tk+1

since

VG(tk+1)− VG(t
−
k+1)

= −
N∑
i=1

∫ sk+1

sk

e2α(s−tk+1)|Cif2(s)|2Gi
ds

≤ − ρ̃M
τM − ηm

N∑
i=1

|Ci
∫ sk+1

sk

f2(s)ds|2Gi
(20)

where we applied Jensen’s inequality with

ρ̃M = e−2ατM . (21)

Similarly, for the term VY that depends on the stochastic part g(t), via
Itô integral property [14], we have

E{VY (tk+1)− VY (t
−
k+1)}

= −E{
N∑
i=1

∫ sk+1

sk

e2α(s−tk+1)|Cig(s)|2Yi
ds}

≤ −E{ρ̃M
N∑
i=1

|Ci
∫ sk+1

sk

g(s)dw(s)|2Yi
}. (22)

The term VU is from [6]. Thus, the functional V2 is piecewise-
continuous and stochastically differentiable in the interval [tk, tk+1).
The following lemma gives sufficient conditions for the fact thatV2 does
not grow in the reset instant tk, and also for exponential mean-square
stability of (18)
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Lemma 1: Given scalars 0 ≤ ηm < τM ,α > 0 andN ≥ 2, let there
exist nyi × nyi matrices Gi > 0, Ui > 0 and Qi > 0 (i = 1, . . . , N)
and V2 of (19) that satisfy⎡

⎢⎣
Qi − ρ̃MGi Qi Qi

∗ Qi − ρ̃MYi Qi

∗ ∗ 2α(τM−ηm)−1
N−1

Qi + Ui

⎤
⎥⎦ < 0

i = 1, . . . , N (23)

with ρ̃M given by (21). Then along (17) and (18), V2 does not grow in
the reset instant tk+1

E{V2(tk+1)− V2(t
−
k+1)} ≤ 0. (24)

Assuming additionally that along (18), E{LV2 + 2αV2} ≤ 0 holds
for t ∈ [tk, tk+1), the exponential mean-square stability of (18) is
guaranteed.

Proof is given in Appendix B.
By using Lemma 1 and arguments of Theorem 1, we derive LMI

conditions for the exponential mean-square stability of system (18).
Theorem 2: Given scalars 0 ≤ ηm < τM , α > 0 and N ≥ 2, let

there exist n× n matrices P > 0, S1 > 0, S2 > 0, R1 > 0, R2 > 0,
F1 > 0, F2 > 0,W , nyi × nyi matricesGi > 0, Yi > 0, Ui > 0, and
Qi > 0 (i = 1, . . . , N) that satisfy (23) and

Ωi = Θ1 +Ω1 +Ω2i < 0, i = 1, . . . , N

Ξ =

[
R2 W

	 R2

]
≥ 0 (25)

where Θ1 is given by (14) and

Ω1 = (τM − ηm)|D
1|2F2
+ ρ̃M [He{
T3 (R2
4 +W
6)

+ 
T5 R2
6} − ϑ1 − ϑ2]

Ω2i = He{
T1 Pκi}+ 2α|
1|2P + |
1|2S1
+ |D
1|2P

+
N∑
i=1

|CiD
1|2Yi
− ρm|
3|2S1−S2

− ρ̃M |
7|2S2

+
i−1∑
j=1

|
j+7|2ψj
+
N−1∑
j=i

|
j+7|2ψj+1
+ |κi|2H

ϑ1 =

[

3 − 
5

5 − 
7

]T
Ξ

[

3 − 
5

5 − 
7

]

ϑ2 =

[

4

6

]T [
R2 + F2 W + F2

	 R2 + F2

][

4

6

]

κi = A
1 +BKC
5 +
i−1∑
j=1

BKj
j+7 +
N−1∑
j=i

BKj+1
j+7

with ρm and ρ̃M given by (15) and (21), and

H = η2mR1 + (τM − ηm)2R2 + (τM − ηm)
N∑
j=1

CTj GjCj

ψj = 2αQj − Uj
τM − ηm

. (26)

Then system (18) is exponentially mean-square stable with a decay rate
α > 0.

C. Stability Analysis With I.i.d Protocol

From (9), the mathematical expectations and covariance of π{i∗
k
,i}

are obtained as

E{π{i∗
k
,i}} = E{π2

{i∗
k
,i}} = Prob{i∗k = i} = βi

E{(π{i∗
k
,i} − βi)(π{i∗

k
,j} − βj)} =

{−βiβj , i 	= j
βi(1− βi), i = j.

(27)

By utilizing the indicator function π{i∗
k
,i} given by (16), system (18)

can be further described by

dx(t) = f3(t)dt+ g(t)dw(t), t ≥ t0

f3(t) = Ax(t) +BKCx(t− τ(t))

+

N∑
i=1

(1− π{i∗
k
,i})BKiei(t). (28)

Let us consider the Lyapunov functional

V3 = V̂1 + (τM − ηm)V̂G + VY + V̂U

+
N∑
i=1

|ei(t)|2Qi
, t ∈ [tk, tk+1) (29)

where V̂1, V̂G, V̂U are obtained from Ṽ1, VG, VU given by (19) with

f2, 2αQi∗
k

changed by f3,
Ui∗

k
tk+1−tk . Following the proof of Lemma 1,

via (17) and (27) we readily formulate the following lemma.
Lemma 2: Given scalars τM > 0, α > 0 and N ≥ 2, let there

exist nyi × nyi matrices Gi > 0, Yi > 0, Ui > 0 and Qi > 0 (i =
1, . . . , N) and V3 of (29) that satisfy⎡

⎣Qi − ρ̃MGi Qi (1− βi)Qi
∗ Qi − ρ̃MYi (1− βi)Qi
∗ ∗ −βiQi + Ui

⎤
⎦ < 0

i = 1, . . . , N (30)

with ρ̃M given by (21). Then along (17) and (28), V3 does not grow in
the jumps tk: (24) holds with V2 changed by V3. Assuming additionally
that along (28), E{LV3 + 2αV3} ≤ 0 holds for t ∈ [tk, tk+1), the
exponential mean-square stability of (28) is guaranteed.

LMI conditions for the exponential mean-square stability of (28) are
derived as follows.

Theorem 3: Given scalars 0 ≤ ηm < τM , α > 0 and N ≥ 2, let
there exist n× n matrices P > 0, S1 > 0, S2 > 0, R1 > 0, R2 > 0,
F1 > 0, F2 > 0, W , nyi × nyi matrices Gi > 0, Yi > 0, Ui > 0 and
Qi > 0 (i = 1, . . . , N) that satisfy (30) and

Π = Θ1 +Ω1 +Π1 < 0,Ξ ≥ 0 (31)

where Θ1, Ω1 and Ξ are given by (14) and (25), and

Π1 = He{
T1 Pν}+ 2α|
1|2P + |
1|2S1
+ |D
1|2P

+
N∑
i=1

|CiD
1|2Yi
− ρm|
3|2S1−S2

− ρ̃M |
7|2S2

+
N∑
i=1

|
i+7|2ψi
+ |ν|2H +

N∑
i=1

βi|νi|2H

ν = A
1 +BKC
5 +
N∑
i=1

(1− βi)BKi
i+7

νi = BKi
i+7
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Fig. 2. Networked stochastic systems with scheduling protocols and
ET.

with ρm and ρ̃M from (15), (21), andH andψj from (26). Then system
(28) is exponentially mean-square stable with a decay rate α > 0.

Remark 2: For small enough stochastic perturbation |D|, the as-
sumption of Hurwitz matrix A+BKC implies that there exists a
matrix P > 0 satisfying He{P (A+BKC)}+ |D|2P < 0. Note that
functionals V1, V2, and V3 are standard Lyapunov functionals for
delay-dependent analysis [5]. Therefore, for small enough positive ηM ,
τM , α and |D|, the LMIs that preserve the exponential mean-square
stability of (11), (18), and (28) are always feasible.

Remark 3: As in [7], our results are applicable to dynamic output-
feedback control of (1) with the measurements (2) in the case of one
network from sensor to controller. Theorems 1–3 provide here efficient
results (see the batch reactor example under RR and TOD protocols
in [24]).

IV. DYNAMIC EVENT-TRIGGERED CONTROL BASED ON

CONTROL SIGNAL

To reduce the workload of a controller-actuator network, in this
section, we consider an ET based on the control signals (see Fig. 2).
Inspired by the continuous dynamic ET [22], the idea is to send the
control signal u(lk) that violates the following event-triggering rule:

σ|u(lk)|2Ψ − |δ(lk)|2Ψ + γλ̄(lk) ≥ 0

δ(lk) = u(lk)− ū(lk−1) (32)

where Ψ > 0 is nu × nu matrix, scalars σ ∈ (0, 1) and γ ≥ 0 are
event-triggering parameters, and ū(lk−1) is the last sent control signal
before instant lk

ū(lk) =

{
ū(lk−1), if (32) is true
u(lk), otherwise

(33)

with u(l−1) = 0. Similar to [23] and [27], λ̄ is an internal dynamic
variable satisfying

˙̄λ(t) = −ςλ̄(t) + σ|u(lk)|2Ψ − |δ(lk)|2Ψ, t ∈ [lk, lk+1) (34)

with ς > 0 and λ(l0) = λ0 > 0. Then we have

λ̄(t) =
1

ς
(1− e−ς(t−lk))(σ|u(lk)|2Ψ − |δ(lk)|2Ψ)

+ e−ς(t−lk)λ̄(lk), t ∈ [lk, lk+1).

Clearly, λ̄(t) is not continuous on t ∈ [tk, tk+1). It motivates us to
introduce an auxiliary function

λ̇(t) =
lk+1 − lk
tk+1 − tk

(−ςλ(t) + σ|u(lk|2Ψ)− |δ(lk)|2Ψ)

t ∈ [tk, tk+1) (35)

and the corresponding solution is given by

λ(t) =
1

ς

(
1− e

−ς lk+1−lk
tk+1−tk

(t−tk)
)
(σ|u(lk)|2Ψ − |δ(lk)|2Ψ)

+ e
−ς lk+1−lk

tk+1−tk
(t−tk)

λ(tk), t ∈ [tk, tk+1).

Setλ(tk) = λ̄(lk), thenλ(t−k+1) = λ̄(l−k+1). From (32), we further have

λ(t) ≥ 1

ς
((γ + ς)e

−ς lk+1−lk
tk+1−tk

(t−tk) − γ)λ(tk)

≥ 1

ς
((γ + ς)e−ςμ̃M − γ)λ(tk), t ∈ [tk, tk+1)

since

lk+1 − lk ≤ MATI + μM − μm � μ̃M .

Noting that if (γ + ς)e−ςμ̃M − γ > 0 holds, we have λ(t) > 0, t ∈
[t0, t1). Via mathematical induction, we can conclude that λ(t) of (35)
is positive for t ≥ t0 if there exist scalars ς , γ and μ̃M such that γ <

ς

eςμ̃M −1
. We assume sk+1 − sk ≥ h > 0 implying

lk+1 − lk ≥ h+ μm − μM � μ̃m

tk+1 − tk ≥ μ̃m + rm − rM � r̃m.

Denote

�1 � σμ̃M
r̃m

, �2 � e−2α(τM−ηm) μ̃m
τM − ηm

. (36)

Remark 4: In comparison to the static ET [20], [21], the dynamic
ET (32) has an additional tuning parameter γ ≥ 0 that may allow to
further reduce a workload. In the worst case (32) with γ = 0 coincides
with the static ET. However, as mentioned in [22], a positive γ may
improve the result leading to a smaller number of sent signals. Our
example below shows essential improvement by the dynamic ET with
appropriate values of γ > 0 over the static ET.

A. Dynamic Event-Triggered Control With RR Protocol

The stochastic system (6) under RR protocol (7) and ET (32) takes
the form [cf., (11)]

dx(t) = f4(t)dt+ g(t)dw(t), t ∈ [tk, tk+1) (37)

where f4(t) = f1(t)−Bδ(lk)with f1 given by (11). We now establish
the following LMI conditions.

Theorem 4: Given scalars 0 ≤ ηm < ηM ,α > 0,N ≥ 2, �1 and �2
given by (36), let there exist n× n matrices P > 0, S1 > 0, S2 > 0,
R1 > 0, R2i > 0, F1 > 0, F2i > 0, Wi (i = 1, . . . , N) and nu × nu
matrix Ψ > 0 that satisfy

Θ̃ + Θ̂ < 0,Ξi ≥ 0, i = 1, . . . , N (38)

where Θ̃ is obtained from Θ given by (14) with χ changed by χ̃ =
χ−B
3N+5, Ξi (i = 1, . . . , N) are given by (14) and

Θ̂ = �1|
N∑
i=1

KiCi
3i+2|2Ψ − �2|
3N+5|2Ψ. (39)

Then system (37) is exponentially mean-square stable with a decay rate
α > 0.

Proof is given in Appendix C.
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B. Dynamic Event-Triggered Control With TOD Protocol

The stochastic system (6) under TOD protocol (8) and ET (32) takes
the form [cf., (18)]

dx(t) = f5(t)dt+ g(t)dw(t), t ∈ [tk, tk+1), (40)

where f5(t) = f2(t)−Bδ(lk) with f2 given by (18). Let us consider
the Lyapunov functional

V5 = V̄2 + e−2α(t−tk)λ, t ∈ [tk, tk+1) (41)

where V̄2 is obtained from V2 given by (19) with f2 changed by f5.
Then following the proof of Theorems 2 and 4, we obtain the following
LMI conditions.

Theorem 5: Given scalars 0 ≤ ηm < τM , α > 0,N ≥ 2, �1 and �2
given by (36), let there exist n× n matrices P > 0, S1 > 0, S2 > 0,
R1 > 0, R2 > 0, F1 > 0, F2 > 0, W , nyi × nyi matrices Gi > 0,
Yi > 0, Ui > 0, Qi > 0 (i = 1, . . . , N) and nu × nu matrix Ψ > 0
that satisfy (23) and

Ω̃i + Ω̂ < 0, i = 1, . . . , N,Ξ ≥ 0 (42)

where Ω̃i is obtained from Ωi given by (25) with κi changed by κ̃i =
κi −B
N+7, Ξ is given by (25) and

Ω̂ = �1|KC
5|2Ψ − �2|
N+7|2Ψ. (43)

Then system (40) is exponentially mean-square stable with a decay rate
α > 0.

C. Dynamic Event-Triggered Control With I.i.d Protocol

The stochastic system (6) under the i.i.d protocol (9) and ET (32)
takes the form [cf., (28)]

dx(t) = f6(t)dt+ g(t)dw(t), t ∈ [tk, tk+1) (44)

where f6(t) = f3(t)−Bδ(lk) with f3 given by (28). Choosing Lya-
punov functional

V6 = V̄3 + e−2α(t−tk)λ, t ∈ [tk, tk+1) (45)

where V̄3 is obtained from V3 given by (29) with f3 changed by f6, we
arrive at the following result.

Theorem 6: Given scalars 0 ≤ ηm < τM , α > 0,N ≥ 2, �1 and �2
given by (36), let there exist n× n matrices P > 0, S1 > 0, S2 > 0,
R1 > 0, R2 > 0, F1 > 0, F2 > 0, W , nyi × nyi matrices Gi > 0,
Yi > 0, Ui > 0 andQi > 0 (i = 1, . . . , N) and nu × nu matrix Ψ >
0 that satisfy (30) and

Π̃ + Π̂ < 0,Ξ ≥ 0 (46)

where Π̃ is obtained from Π given by (31) with ν changed by ν̃ =
ν −B
N+8, Ξ is given by (25) and

Π̂ = �1|KC
5|2Ψ − �2|
N+8|2Ψ. (47)

Then system (44) is exponentially mean-square stable with a decay rate
α > 0.

Remark 5: Note that due to ET (32), LMIs (38), (42), and (46)
have additional terms that are proportional to the triggering parameter
σ ∈ (0, 1). As in Remark 2, we can conclude that LMIs (38), (42), and
(46) are always feasible for small enough positive σ, ηM , τM , α, and
|D|.

TABLE I
MAXIMUM VALUES OF µM + rM FOR DIFFERENT d

V. NUMERICAL EXAMPLE

Consider an air vehicle system taken from [13]⎧⎪⎪⎨
⎪⎪⎩
dx1 = x2dt
dx2 = (−5x2 + u)dt
dx3 = 5(x1 − x3)dt+ 0.5x1dw(t)
dx4 = 5(x2 − x4)dt.

(48)

We assume that x3 is affected by state multiplicative noise [17], [21].
Then the corresponding matrices described in (1) are given by

A =

⎡
⎢⎢⎢⎣
0 1 0 0

0 −5 0 0

5 0 −5 0

0 5 0 −5

⎤
⎥⎥⎥⎦ , B =

⎡
⎢⎢⎢⎣
0

1

0

0

⎤
⎥⎥⎥⎦

D = [04×1, 04×1, D̄
T , 04×1], D̄ = [d, 0, 0, 0].

(49)

We choose K = −[3.2938, 1.3576, 0.5706, 0.5706] =
[k1, k2, k3, k4] and C = I4 such that A+BKC is Hurwitz. In
the case of N = 2, we consider K1 = [k1, k2], K2 = [k3, k4] and

C1 =

[
1 0 0 0

0 1 0 0

]
, C2 =

[
0 0 1 0

0 0 0 1

]
.

In the case ofN = 4,K1, . . . ,K4 are the entries ofK andC1, . . . , C4

are the rows of I4. Let μm = rm = 0.005, sk+1 − sk = 0.05, and
α = 0.01.

1) For the values of stochastic perturbation d given in Table I, by
applying Theorems 1–3 with N = 2, we obtain the maximum values
of μM + rM that preserve the stability (see Table I), where under the
i.i.d protocol we consider β0 = 0, β1 = β2 = 0.5 in the case of no
collisions and β0 = 0.2, β1 = β2 = 0.4 in the case of collisions.

The results under i.i.d protocol with β0 = 0 are more conservative
than those under RR protocol for two reasons: 1) i.i.d protocol in-
cludes essentially more possibilities (not just periodic transmission
of measurements); 2) as in the deterministic case [4], [6], [7], the
Lyapunov-Krasovskii method for hybrid delayed systems (the case of
i.i.d protocol) is usually less efficient than that for continuous-time
delayed systems (the case of RR protocol). Moreover, if the probability
of collisions β0 grows, TOD protocol may lead to better results than
those under i.i.d protocol.

2) Next, we perform the simulations to illustrate the advantage of
dynamic ET (32) over the static ET. Consider N = 4. Let d = 1 and
μM = rM = 0.01. Solving LMI conditions of Theorems 4–6 leads
to the maximum values of triggering parameter σ (which is the main
interest under ET control) and the corresponding values of Ψ (see Ta-
ble II), where under the i.i.d protocol we choose β0 = 0 and βi = 0.25
(i = 1, . . . , 4).

Given the initial state x(0) = [−0.8, 0.5,−0.3, 0.2]T and triggering
parameters γ = 0.5, λ0 = 0.2, and ς = 1, the state trajectories, release
intervals with RR, TOD, and i.i.d protocols are shown in Fig. 3. Clearly,
the stability is preserved in the presence of scheduling protocols,
dynamic ET, and state multiplicative noise. As shown in Table II, dy-
namic ET (32) allows to reduce the workload of the controller-actuator
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Fig. 3. State trajectories and release intervals of air vehicle system (48) with RR (left), TOD (middle), and i.i.d (right) protocols.

TABLE II
NUMBER OF SENT CONTROL SIGNALS (SCSS) UNDER VARIOUS ETS

network by 96.02%, 95.02%, and 88.06%, and improves the results
under the static ET. Here TOD protocol leads to a smaller number of
sent control signals than that under i.i.d protocol, whereas (as in 1)) RR
protocol leads to the best result.

VI. CONCLUSION

In this article, the time-delay approach has been developed for
networked systems with state multiplicative noise, where RR, TOD, and
i.i.d protocols on the sensor side, and dynamic ET on the controller side
are taken into account. Sufficient conditions for the exponential mean-
square stability have been obtained in terms of LMIs. The efficiency
of the presented approach has been demonstrated by the air vehicle
system. Future work will involve improvements by using advanced
Lyapunov-based methods.

APPENDIX

A. Proof of Theorem 1

Denote

ζ = [xT (t),

∫ t

t−ηm
gT (s)dw(s), xT (t− ηm), νT1

. . . , νTN , x
T (t− ηM )]T

νi = [

∫ t−ηm

t−τi(t)
gT (s)dw(s), xT (t− τi(t))

∫ t−τi(t)

t−ηM
gT (s)dw(s)]T .

For t ≥ t0 we have

LVP + 2αVP = ζT (He{
T1 Pχ}+ 2α|
1|2P + |D
1|2P )ζ
LVS1

+ 2αVS1
= ζT (|
1|2S1

− ρm|
3|2S1
)ζ

LVS2
+ 2αVS2

= ζT (ρm|
3|2S2
− ρM |
3N+4|S2

)ζ

LVR1
+ 2αVR1

= ηm|χζ|2R1
−
∫ t

t−ηm
e2α(s−t)|f1(s)|2R1

ds

LVR2i
+ 2αVR2i

= (ηM − ηm)|χζ|2R2i

−
∫ t−ηm

t−ηM
e2α(s−t)|f1(s)|2R2i

ds

LVF1
+ 2αVF1

= ηm|D
1ζ|2F1
−
∫ t

t−ηm
e2α(s−t)|g(s)|2F1

ds

LVF2i
+ 2αVF2i

= (ηM − ηm)|D
1ζ|2F2i

−
∫ t−ηm

t−ηM
e2α(s−t)|g(s)|2F2i

ds. (50)

Via Jensen’s inequality [25]

ηm
ρm

∫ t

t−ηm
e2α(s−t)|f1(s)|2R1

ds ≥ |
∫ t

t−ηm
f1(s)ds|2R1

(51)

whereas under (14) by arguments of [26]

ηM − ηm
ρM

∫ t−ηm

t−ηM
e2α(s−t)|f1(s)|2R2i

ds

≥
[∫ t−ηm

t−τi(t) f1(s)ds∫ t−τi(t)
t−ηM f1(s)ds

]T
Ξi

[∫ t−ηm
t−τi(t) f1(s)ds∫ t−τi(t)
t−ηM f1(s)ds

]
(52)

where Ξi (i = 1, . . . , N) are given by (14), and ρm and ρM are given
by (15). From (11), we have∫ t

t−ηm
f1(s)ds = (
1 − 
2 − 
3)ζ

∫ t−ηm

t−τi(t)
f1(s)ds = (
3 − 
3i+1 − 
3i+2)ζ

∫ t−τi(t)

t−ηM
f1(s)ds = (
3i+2 − 
3i+3 − 
3N+4)ζ. (53)

By using Itô integral property [14], we have

E{
∫ t

t−ηm
e2α(s−t)|g(s)|2F1

ds} ≥ E{ρm|
2ζ|2F1
} (54)

and

E{
∫ t−ηm

t−ηM
e2α(s−t)|g(s)|2F2i

ds}

≥ E{ρM |(
3i+1 + 
3i+3)ζ|2F2i
}. (55)

Applying Theorem 5.9, [14, p. 22] and in view of (50)–(55), we have

E{LV1 + 2αV1} ≤ E{ζTΘζ} ≤ 0 (56)
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where the second inequality is based on (14). It yields that
E{L(e2αtV1)} ≤ 0. By integrating from t0 to t, we obtain

E{V1(t)} ≤ e2α(t0−t)E{V1(t0)}. (57)

Since λmin{P}E{|x(t)|2} ≤ E{V1(t)} and E{V1(t0)} ≤
μE{|x(t0)|2} for some μ > 0, the exponential mean-square stability
of (11) is guaranteed. �

B. Proof of Lemma 1

First, we show that V2 does not grow in the reset instant tk+1. From
(19), we obtain

V2(tk+1)− V2(t
−
k+1) =

N∑
i=1

[|ei(tk+1)|2Qi
− |ei(tk)|2Qi

]

+ 2α(tk+1 − tk)|ei∗
k
(tk)|2Qi∗

k

+ (τM − ηm)[VG(tk+1)− VG(t
−
k+1)]

+ VY (tk+1)− VY (t
−
k+1) +

N∑
i=1,i 	=i∗

k

|ei(tk)|2Ui
. (58)

Since tk+1 − tk ≤ τM − ηm, from (20), (22), and (58), we further
obtain

E{V2(tk+1)− V2(t
−
k+1)}

≤ E{
N∑

i=1,i 	=i∗
k

[|ei(tk+1)|2Qi
+ |ei(tk)|2Ui−Qi

] + |ei∗
k
(tk+1)|2Qi∗

k

+ [2α(τM − ηm)− 1]|ei∗
k
(tk)|2Qi∗

k

− ρ̃M

N∑
i=1

[|Ci
∫ sk+1

sk

f2(s)ds|2Gi
+ |Ci

∫ sk+1

sk

g(s)dw(s)|2Yi
]}.

(59)

Noticing that

x(sk+1)− x(sk) =

∫ sk+1

sk

f2(s)ds+

∫ sk+1

sk

g(s)dw(s)

and applying (8), (17) with 2α(τM − ηm)− 1 < 0, we have

E{V2(tk+1)− V2(t
−
k+1)} ≤ E{|κ̃i∗

k
|2
Λ̃i∗

k

+
N∑

i=1,i 	=i∗
k

|κi|2Λi
} (60)

where κ̃i = [
∫ sk+1

sk
fT2 (s)CTi ds,

∫ sk+1

sk
gT (s)CTi dw(s)]

T ,

κi = [κ̃Ti , e
T
i (tk)]

T and Λ̃i is obtained from Λi by taking away
the last block-column and block-row. It is clear that (23) provides (24).

Next, we show the exponential mean-square stability of (18). From
e2αt[LV2 + 2αV2] ≤ 0, it follows that

E{V2(t)} ≤ E{e−2α(t−tk)V2(tk)}, t ∈ [tk, tk+1). (61)

By using mathematical induction with (24), we arrive at

E{V2(t)} ≤ E{e−2α(t−t0)V2(t0)}, t ≥ t0. (62)

The end of the proof is similar to that of Theorem 1. �

C. Proof of Theorem 4

From (32) and (35), we have

λ̇(t) ≤ lk+1 − lk
tk+1 − tk

(σ|u(lk)|2Ψ − |δ(lk)|2Ψ), t ∈ [tk, tk+1).

By using the notations (36), we have

λ̇(t) ≤ �1|u(lk)|2Ψ − �2|δ(lk)|2Ψ
= ζ̃T (t)Θ̂ζ̃(t), t ∈ [tk, tk+1). (63)

Here ζ̃(t) = [ζT (t), δT (lk)]
T and Θ̂ is given by (39). We consider the

Lyapunov functional

V4 = V̄1 + e−2α(t−tk)λ, t ∈ [tk, tk+1) (64)

where V̄1 is obtained from V1 given by (12) with f1 changed by f4. It
is clear that functional V4 is positive definite since λ(t) > 0 for t ≥ t0.
Applying the generator L to V4, we obtain

LV4 = LV̄1 − 2αe−2α(t−tk)λ(t) + e−2α(t−tk)λ̇(t)

≤ LV̄1 − 2αe−2α(t−tk)λ(t) + ζ̃T (t)Θ̂ζ̃(t)

t ∈ [tk, tk+1). (65)

Following the proof of Theorem 1, we arrive at

E{LV̄1 + 2αV̄1} ≤ E{ζ̃T (t)Θ̃ζ̃(t)}, t ≥ t0 (66)

where Θ̃ is given by (38). Combining (65) and (66) yields

E{LV4 + 2αV4} ≤ E{ζ̃T (t)(Θ̃ + Θ̂)ζ̃(t)} ≤ 0

t ∈ [tk, tk+1). (67)

Similar to the end of the proof of Theorem 1, we can conclude that the
exponential mean-square stability of (37) is guaranteed. �
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