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1. Introduction

Observer-based control of parabolic PDEs is a challenging
problem with numerous applications, including chemical reac-
tors, flame propagation and viscous flow [1]. Output-feedback
controllers for PDEs have been constructed by the modal de-
composition approach [2-4], the backstepping method [5] and
the spatial decomposition approach [6,7]. Constructive finite-
dimensional observer-based design for linear 1D parabolic PDEs
was introduced in [8,9], via modal decomposition. The challeng-
ing problem of efficient finite-dimensional observer-based design
for semilinear parabolic PDEs remained open.

State-feedback control of several semilinear PDEs was studied
in [10] using backstepping, in [11] using small-gain theorem
and in [12] via control Lyapunov functions. Recently, modal-
decomposition-based state-feedback was proposed in [13] for
global stabilization of heat equation and in [9] for regional sta-
bilization of the Kuramoto-Sivashinsky equation. Finite-dimensi-
onal control based on linear observers was proposed in [14] for
semilinear parabolic PDEs via modal decomposition. Linear ob-
servers should have high gains required to dominate the nonlin-
earity, which leads to small delays that preserve the stability [ 15,
16].
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For ODEs, compensation of input delay can be achieved us-
ing three main predictor methods: the classical predictor [17],
the PDE-based predictor [18] and sequential sub-predictors (ob-
servers of future state) [19]. For delay compensation of input/
output delays in the case of nonlinear ODEs see e.g. [20-26]
and the references therein. For the semilinear heat equation,
by using spatial decomposition, a chain of PDE observers (to
compensate output delay) was suggested in [27]. For the lin-
ear heat equation, a classical state-feedback predictor via modal
decomposition was proposed in [28], whereas a sub-predictor
based on PDE observer was suggested in [29]. For linear parabolic
PDEs, finite-dimensional observe-based classical predictors and
sub-predictors were introduced in [30].

For semilinear parabolic PDEs, efficient finite-dimensional
observer-based controller design as well as input delay com-
pensation remained open challenging problems. The goal of
this work is to address many of these challenges. We consider
global stabilization of a semilinear heat equation under Neu-
mann actuation and point measurement. The semilinearity is
assumed to be globally Lipschitz in the state. Using dynamic
extension and modal decomposition we derive nonlinear ODEs
for the modes of the state. We design a linear controller, which
is based on a finite-dimensional nonlinear observer. The chal-
lenge in the Lyapunov-based analysis is due to the coupling
between the finite-dimensional and infinite-dimensional parts
of the closed-loop system, introduced by both the semilinearity
and the estimation error. Our H!-stability analysis leads to LMIs,
which are shown to be feasible for a large enough observer
dimension and small enough Lipschitz constant.
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We further consider the case of constant input delay r > 0 and
suggest compensating the delay using chain of M sub-predictors
— observers of the future state. We introduce an approximate
nonlinearity into the sub-predictor ODEs and provide H!-stability
analysis, where the difference between the approximate nonlin-
earity and the actual nonlinearity is estimated using the sub-
predictor estimation error. We prove that for any r > 0, the LMIs
for the stability analysis are feasible provided M and the observer
dimension N are large enough and the Lipschitz constant is small
enough. Numerical examples demonstrate the efficiency of the
proposed approach.

Notations and preliminaries: L?(0, 1) is the Hilbert space of
Lebesgue measurable and square mtegrable functlons f:[0,1] —>
R with the inner product (f,g) = fo x)dx and induced
norm |f|? = (f,f). H¥0, 1) is the Sobolev space of functions
f : [0, 1] — R having k square integrable weak derivatives, with

the norm |f |2, := ZJI.‘:O HfU)”z. Given f,g € I%(0,1), f £ g
means that ||f — g|| = 0. The Euclidean norm on R" is denoted by
|-|. We write f € Hy(0, 1) if f € H'(0, 1) and f(0) = f(1) = 0. For
P € R™" P > 0 means that P is symmetric and positive definite.
The sub-diagonal elements of a symmetric matrix will be denoted
by . For 0 < U € R™" and x € R" we denote |x|7, = x"Ux. Z,
denotes the nonnegative integers.
Consider the Sturm-Liouville eigenvalue problem

¢"+rp=0, xe(0,1) (1.1)
with boundary conditions
#'(0)=¢'(1)=0. (1.2)

This problem induces a sequence of eigenvalues with correspond-
ing eigenfunctions. The normalized eigenfunctions form a com-
plete orthonormal system in L*(0, 1). The eigenvalues and corre-
sponding eigenfunctions are given by

$o(x) = 1, ¢u(x) = v2cos (VAnx), Ay =n?n2, neZy.

The following lemmas will be used:

(1.3)

2
Lemma 1.1 ([31]). Let h = Y°°° hu¢,. Then h € H(0, 1) with
W'(0) = W' (1) = 0 if and only if Y ", A2h? < oco. Moreover,

o0
[W])* =D nahy. (14)
n=1
Lemma 1.2 (Sobolev’s Inequality [32]). Let h € H'(0, 1). Then, for
all ' > 0:
maxero,y [h()P < (14 M) IAI2 + 77" 1. (15)

2. Finite-dimensional observer-based control of a non-delayed
semilinear heat equation

2.1. Problem formulation and controller deign

In this section we consider stabilization of the non-delayed
semilinear 1D heat equation

Ze(X, t) = zw(x, )+ g (£, X, 2(x, £)), t >0 (2.1)
where x € (0, 1), z(x, t) € R. We consider Neumann actuation
z(0,t) =0, z(1,t)=u(t) (2.2)

where u(t) is a control input to be designed. We further assume
point measurement given by

y(t) = z(x., t), x. €0, 1]. (2.3)

Systems & Control Letters 165 (2022) 105275

Note that x, = 0 or x, = 1 correspond to boundary measure-
ments. Here g : R* — R is a locally Lipschitz function which
satisfies g(t, x,0) = 0 and

lg(t.x,z1)—g(t.x.zp)| 2
Supz]#z W <o, V(t,x) e R

(2.4)

for some o > 0, independent of (t, x) € R

Remark 2.1. For simplicity, in the present paper we consider
a reaction-diffusion PDE with constant diffusion and reaction
coefficients. As in [8], our results can be easily extended to the
more general reaction-diffusion PDE

Zi(x, t) = O (p(X)zx(x, 1)) + q(x)z(x, t)
+g(t,x,z(x,t)), xe€[0,1], t >0,

where p(x) and q(x) are sufficiently smooth on (0, 1).

Let ¥/(x) = —2 cos (2x) and note that it satisfies

2

V(X)) =—pny(x), w=7,

YO0 =0, y(1) =1, [W)° = 2. 2
Furthermore, note that
. ¢0) = [, 1/f(xdx—i
(V. ¢n) = fo X)dx = -¢1(1) (2.6)
—ﬁA/WMUM=Ix)+MW¢mnzl
Similar to [12], we introduce the change of variables
w(x, t) = z(x, t) — y(x)u(t), (2.7)
to obtain the equivalent PDE
(X, £) = wialX, 1) + & (£, w(x, £) + Y (u(D) 28)
— Y(x)[u(t) + pu(t)]
with
wx(0,t) = wy(1,t) =0 (2.9)
and measurement
y(t) = w(x, t) + Y(xJu(t). (2.10)

We define further the new control input v(t) that satisfies the
following relations:

u(t) = —pu(t) +o(t), u0)=0, t=>0.

Then (2.8) can be presented as the ODE-PDE system

u(t) = —pu(t) +v(t), t=>0,

we(X, ) = wylx, £) + g (¢, X, w(x, t) + Y (x)u(t)) (2.11)
= Y(x(t).
We will treat further u(t) as an additional state variable.
We present the solution to (2.11) as
w(x, t) = 302 wa(t)pa(x), wa(t) = (w(-, 1), ¢n) (2.12)

with {¢,}52, defined in (1.3). By differentiating under the integral
sign, integrating by parts and using (1.1) and (1.2) we obtain for
t>0

( —Anwn(t) + gn(t) + byv(t),

):
(0) = (w(-, 0, $n) (2.13)
where
gn(t) = <g (t7 Yy 'LU(', t) + W()u(t)) ) ¢n> I
b 2 4 p, 20 Crtlas oy (2.14)

72 (4n2-1) °
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Note that given N € Z,, (2.14) and the integral test for series
convergence imply

BV LD D ﬁ
2 (1 + 4n;_1) < B, (2.15)
N1 = (1 + W)z x.
Let § > 0 be a decay rate and let Ny € Z, satisfy
—An+0 <=8, n>Np. (2.16)

No is the number of modes in our controller, whereas N €
Z,, N > Ny is the observer dimension. We construct a finite-
dimensional observer of the form

wx, t) = Zn —o Wa(t)n(x) (2.17)
where {wn(t)} satisfy the nonlinear ODEs
ﬁ)n(t)A= —AnWn(t) 4 8n(t) + bpu(t) (2.18)
— I [0, £) + Y(xJu(t) —y(1)], 0<n <N
with scalar observer gains {ln}’,;’=0 and
&)= (g (t, -, D(, )+ Y (ut)) , dn), 0<n<N. (2.19)

In particular, we approximate the prOJections of the semilinearity
g(t, x, wx, t) + ¥ (x)u(t)) onto {¢>n o by the projections of the
approximate semilinearity g(t, x, w(x t)—i—w( Ju(t)) onto {qbn}n=0

Assumption 1. The point x, € [0, 1] satisfies

Cn = Pn(x4) # 0,

It can be easily verified that Assumption 1 holds provided
x, ¢ {21 .n}, nefl,...,No}}.

Denote

Ao = diag {(—u, Ao}

Ap = diag {_)\n}nio >

Co = [Co, ey
Under Assumption 1, the pair (Ag, Cp) is observable by the Hautus
lemma. Let Ly = {I,}"°, € RNo*" satisfy the Lyapunov inequality

0<n<No. (2.20)

By = col {1, BO}
Bo = col {b, }n 0
C1 = [engs1. -+ on]

(2.21)
CNg | »

Po(Ao — LoCo) + (Ag — LoCo) Py < —28P, (2.22)

with 0 < P, € RMo+DxM+1)_ We further choose the remaining
gainsas I, =0, No+1<n<N. L

Similarly, by the Hautus lemma, the pair (Ag, By) is control-
lable. Let Ky € R'*(Mo+2) satisfy

P(Ag — BoKo) + (Ag — BoKo)"Pe < —25P., (2.23)
with 0 < P, € RWNo+2)x(No+2) e propose the controller
o(t) = —Kod™(t),  @"(t) = col {u(t), wa(t)}0,  (2.24)

which is based on the finite-dimensional observer (2.17).
2.2. Well-posedness of the closed-loop system

For well-posedness of the closed-loop system (2.7), (2.18)
subject to (2.24), consider the operator

A:D(A) = [*(0, 1), A= —0y,
D(A) = {h € H*(0, 1) | W'(0) = I'(1) = 0}.

Let & > 0 and Ay = A+6I. Given h € D(Ay) = D(.A), integration
by parts gives (Agh, h) = ||[I'|* + 0 [Ih]|%. Hence, (Agh, h) > 0.
Since — A4y is diagonalizable, by Section 2.6 in [33], the spectrum
of — Ay is given by o (—A4y) = {—1, — 0}2, C (—00,0). Thus,
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{n € C |Re() > 0} € p (—.Ayg), where p (—Ap) is the resolvent
set of —Ay. By [33], —Ap generates an analytic semigroup on

1(0, 1). Moreover, by Section 3.4 m [33] and positivity of Ay,
there exists a unique positive root Ae where D <A9 c1%(0,1)

is the completion of D (A4y) € L*(0, 1) with respect to the norm

1
Iy = VCARF) = VIR +6 AP, Hence-D<A5) -

H'(0,1). Let # = L2(0 1) x RN*2 be a Hilbert space with the
norm ||-[|3, == ||- ||2+| % Let

E(t)=c {81(0), &0}, &) = w(.. 1), &(1) = wh(t),

wN(t) = col {u(t), do(t), ..., wn(t)}

(2.25)

the closed-loop system can be presented as

dé i _ |f(&)

dt (t) + diag {Ag, B} &(t) = |:f2(§)i| » (2.26)

_ mN+2 _ [—Ao +BoKo + Lo[0 Gl LoCy
D (5) =RV, pa= o+ R oCil g

where —B generates an analytic semigroup on H and

fit,§) =0w(, t)+g (¢, -, w(, t)+ ¥(Ju(t))

+ Y (Ko™ (1),

falt, €) = col {GM0(0) + Low(x., 1), & Mo(o)}

A Y (2.27)

GMo(t) = col {0, gu(1)}, 2, »

A A N ~

GNMo(t) = col {g(6)}_y, 11 » Lo = col 0, L}y,

Ay = diag {—An}h_y, 11> B1 = col {b}h_y, 11 -
Let G = H'(0,1) x RN*2 be a Hilbert space with the norm
1113 = 1112+ + |-|%. Fix (t, &) € [0, 00) x G. Let Q =] x Bg(&, R)
be a neighborhood of (t, &), where J is an interval and Bg(&, R) is

a ball of radius R > 0 around &. Let (t;, 9¥) € Q, j € {1, 2}. Fixing
I' =1,by Lemma 1.2, for any j € {1, 2} we have

maxcion [p¥00] = 2 [P < 2R+ 100)’,

maecon (90 01| < IWCOIZ, R+ ).

Hence, for some R;(£) > 0 we have for j € {1, 2} that maxyeo 1)
W) - 06| = R Let s = @) x [0.1] x

[—Ri(£), R1(£§)] < R3. By assumption, g is locally Lipschitz.
Denote by Ls its Lipschitz constant on S. Then, we obtain

lettr, - o) + 1w () 01¢5")
— g(tz, - 920 + [¥() 0162
<212 (ln — 6 + [t - <p(2)|}g)

From (1.5), (2.26) and (2.29) it easily follows that fi(t, &) and
fo(t, &) satisfy assumption (F) in Theorem 6.3.1 in [34]. Further-
more, by (2.4), fi(t, £) and f5(t, &) also satisfy the conditions of
Theorem 6.3.3 in [34]. Hence, given w(-, 0) € H'(0, 1), the system
(2.26) has a unique classical solution satisfying

(2.28)

(2.29)

£ e C ([0, 00); H) N C'((0, 00); H) (2.30)
such that
£(t) € D (diag {4, B}) = D (A) x RN*2 vt > 0. (2.31)

2.3. H'-stability of the closed-loop system

Introduce the estimation error e,(t) = wy(t) — wy(t), 0 <
n < Np. Using the estimation error and {c,,}’,;’:o in (2.21), the
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innovation term in (2.18) can be presented as

WX, 1)+ PIUE) — Y(E) = W(Xe, £) — W(Ke, 1)
= = 3N o [walt) — @a()] dulxs) — £(E)

= N cen(t) — £(0), (2.32)
£(t) = wlXe, £) = Tn_o walt)u(x.).
Let I' > 0. By Lemmas 1.1 and 1.2 we have
£2(0) < maxeeo [, 0 — Sog wa(Oa(0]
(15) N
2 (14 1)t 0 = T un()n0)] .

2
1 e 0 = g w050
Y e keawR(t), Ky =14+ T,

Taking into account (2.13), (2.18), (2.21) and (2.32), the estima-
tion error satisfies the following ODEs

én(t) = —Anen(t) + hy (t)

— Iy Zn ocnen — 1 (1),
én(t) - _)\nen( )+h ( )» NO +1

where we define
hn(t) = gu(t)
Recall (2.21), (2.27) and denote

0 <n < No, (2.34)
=

<
n<N.

—&(t), n>0. (2.35)

&)N—No(t) = col {lz)n(t)}lr;,:No+1 ’

eMo(t) = col {ex(t)1N2, ,

eNNo(t) = col {en(t)} Ny 11 -

HNo(t) = col {hy ()},

HN*NU(I') = col {h,(t) II;J:NoJr] ’

X(6) = col {io(0), eo(e), N~ (c), N Mo()},

L = col {io, Ly, 0, 0] € RANH3,

(2.36)

&(t) = col [GNo(r), 0, GN-No(p), o] ,
H(t) = col {0, HNo(t), 0, HNNo(t)}
Kx = [Ko, 0, 0,0] € R*(N+3),
Then, using (2.13), (2.18)=(2.21), (2.24), (2.32), (2.34) and (2.36),

the closed-loop system for t > 0 can be presented as

X(t) = FxX(t) + L. £ (£) + G(t) + H(t),
wn(t) = _)”nwn(t) +§n(t) + hn(t)
—buKxX(t), n >N

(2.37)

where
Ag — Boko LoCo 0 LG
_ 0 Ao—LgCy 0 —LoC
Fx = —B1K 0 A 0
0 0 0 Ay

The main stability result of this section is given in the following
theorem:

Theorem 2.1. Consider the system (2.11) with boundary condi-
tions (2.9), point measurement (2.10) and control law (2.24). As-
sume that g(t,x,z) is a locally Lipschitz function satisfying
g(t,x,0) = 0 and (2.4) for a given 0 > 0. Let § > 0, Ng € N
satisfy (2.16) and N € N satisfy Ng < N. Let Ly and K, be obtained
using (2.22) and (2.23), respectively. Given I" > 0, let there exist
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0 < P e RENH3I*CN43) and scalars aq, oy, a3 > 0 such that

Yo  PxLe Px P I
*  2PN41 [V ! <0
* diag {—a11, —apl} 0 ’
* * I
= [?] [n 1 1], (2.38)
o 26N41 oy
= AN+1 diag [ ANt17 ANt a3} ’ ,
/_)N+1 = 2K[;+] - N+] + 6)\'N+l + %)
holds with g given in (A.11)
o = PyFx + F{ Py + 20Py + 251K Ty (2.39)

+ ZollO'zEx + OQO'ZEE.

Then, given w(-, 0) € H'(0, 1), the solution u(t), w(x, t) of (2.11)
subject to the control law (2.24) and the observer w(x, t) defined by
(2.17)-(2.19), satisfy

w

< De~? |Ju(-, 0)]%,
(2.40)

w2(t) + lwl-, O, + o, 07, <

fort > 0 and some D > 1. Moreover, the LMI (2.38) is always
feasible for N large enough and o > 0 small enough.

Proof. The proof is given in Appendix A. O

3. Finite-dimensional sequential sub-predictors for semilinear
heat equation

3.1. Problem formulation

In this section we consider stabilization of (2.1) under the
point measurement (2.3) and subject to delayed Neumann actu-
ation

z(0,t) =0, z(1,t)=u(t —r), (3.1)

Here r > 0 is a known constant input delay and u(t) = 0 for
t < 0. As in the previous section, g(t, x, z) is a locally Lipschitz
function satisfying g(t, x, 0) = 0 and (2.4) for some o > 0. We
aim to achieve H!-stabilization of (2.1) in the presence of the
input delay r > 0 in (3.1).

Let y(x) = — 2 cos (%x) satisfy (2.5) and (2.6). To obtain ho-
mogeneous boundary conditions we employ the delayed change
of variables

t>0.

w(x, t) = z(x, t) — Y(x)u(t —r), (3.2)
that leads to the following PDE
we(X, ) = wyl(x, £) + g (¢, X, w(x, t) + Y(X)u(t — 1)) (3.3)

=Y (X) [pu(t —r)+u(t —r)]

As in the non-delayed case, we will construct an integral control
law. In order to satisfy u(t) = 0, t < 0 and to guarantee that u(t)
is continuously differentiable in t € R, we consider

u(t) = [y e y(s)ds, teR (3.4)

where v(t) will be constructed below as continuous and satisfying
to v(t) = 0 for t < 0. Then, u(t) satisfies

u(t) = —pu(t) +v(t), t €R. (3.5)

For our sub-predictor construction below, we would like the ODE
for u and the PDE for w to contain the control input evaluated at
the same time t — r (see w™o(t) and w"~M(t) in (3.11) below).
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Hence, replacing t by t — r in (3.5) and substituting into (3.3) we
obtain the following ODE-PDE system for t > 0

ut —r)= —pu(t —r)+v(t —r),

we(X, £) = wx(X, £) + g (¢, X, w(x, ) + Yxu(t — 1) (3.6)
— Yx(t —r1)

with the boundary conditions (2.9) and measurement

y(t) = w(xs, t) + PxJu(t —1). (3.7)

We will treat u(t —r) as the additional state variable and v(t —r)
as the new control input.

We present the solution to (3.6) as (2.12), with {¢y}7-, defined
n (1.3). Similar to (2.13), we obtain for t > 0

Wn(t) = —Aqwn(t) + gn(t) + byu(t — 1),

wnl0) = (w(-.0), ¢w) . n € Z; G
where {b,};2, are given in (2.14) and
g(t)= (g, -, wl, t)+¢¥(Jult — 1)), ¢n). (3.9)

Let § > 0 be a desired decay rate and let Ny € Z, subject to (2.16)
define the number of modes in the controller. Let N € Z,, N >
Np and introduce

who(t) = col {u(t — ), wi(t), ..., wny (1)},
wh0(6) = col {uya(0), .., wn(0)]
GYo(t) = col {0, gn(t)}n .
GN_NO(t) = col {gn(t)}n:N0+1 .
Then, recalling A; and By in (2.36) and using (3.8) we find that for
t > 0 wMo(t) and wN—No(¢) satisfy
who(t) = Agw™o(t) + Bou(t — r) + GNo(t),
wN=No(t) = AqwNNo(£) 4+ Byu(t — 1) + GNNo(p).

(3.10)

(3.11)

3.2. Finite-dimensional observer-based controller design

Consider the ODEs satisfied by w™o(t), given in (3.11). In order
to deal with the input delay r > O therein, we fix M € N and
subdivide r into M parts of equal size ;. We first consider M > 2
and design a chain of sub-predictors (observers of future state)

zi;j(tl—r) r—>12;’( MoBElp) b - 310
i, (t = 57) = wi(t), j € {No,N—No}. (312)
Here 1] (t—Y5Hr) — ﬁ;{H (t — ¥='r) means that w(t) pre-

dicts the value of w{H( ). Similarly, W), (t) predicts the value

of wi(t + )

Remark 3.1. Differently from the linear case [30], here the sub-
predictors are constructed for both w™o(t) and wN~N(t). This is
due to the semilinearity in (2.1), which leads to coupling between
all modes of the solution.

We assume the following:

Assumption 2. The point x, € [0, 1] satisfies (2.20) and ¥ (x,) #
0.

Note that Assumption 2 holds for the particular case x, = 0 of
non-collocated measurement. Recall the notations in (2.21) and
let

Co = [Y¥(x:), Gol-

Under Assumption 2, the pair (AO, 60) is observable by the Hautus
lemma. Let Ly € RMNo+2 satisfy the Lyapunov inequality (2.22)
with 0 < P, € RWMot+2)x(No+2) and Ay, Cy replaced by Ao, o,
respectively. We further choose the remaining gains as [, =

(3.13)
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0, Np +1 < n < N. Similarly, by the Hautus lemma, the pair

(Ao, Bo) is controllable. Let K, € R!Wo+2) satisfy (2.23) with

0 < Pc c R(N0+2)><(N0+2)_
ForO<n <Nand 1 <i <M denote

g0 =
(g (c+ @57, a0y col {@f(e), a ()] ) . ).
QT (x) = col {¥(x), go(x), ..., pn(X)},

&M (t) = col {0, g,ﬁ”(t)}No ,

n=0

(3.14)

A

. N
¢ ow=cofelo)
n=Ngp+1
The sub-predictors satisfy the following ODEs for t > 0
W0 (t) = Agip2(t) + Bov (£ — M=1r) + GhO(t)
— Lo [Comp(t — #7) + Gy (e — ) = y(0)]
wh o(t) Yo(e)+ Byv (£ — M=1r)
‘ ) +G” ),
W, O(t) = Aot} (t) + Bov (¢ — L) + GO(t)
Lo [ Gt — )+ i (e — )

=A1U)M

(3.15)

— Compo, () — clfv,”“” ©].
Wy 0(E) = Ay M) + By (£ — Tr)
+G M), 1<i<M -1

subject to

oy =0, VM) =o0,

1 1

1<i<M, t=<0O. (3.16)

Note that as i decreases, the input delay on the right-hand-side of
the ODEs in (3.15) decreases by ﬁ For the case M = 1, the ODEs
have the following form

No

wyo(t) = Aow7°()+éov(r—r)+€: ()
— Lo [Gow™(t — 1) + i Mo ] (3.17)
wh M) = Ay Mot )+Blv(t—r)+GN NO

The finite-dimensional observer w(x, t) of the state w(x, t),
based on the M x (N + 2) dimensional system of ODEs (3.15)
is then given by

W(x, t) = wl °(t —r)- col{0, ¢n(x)}i1vio (3.18)

oy Ot = 1) col {Bn(X) Ny 41 -
The controller is further chosen as
v(t) = —Ko\O(t). (3.19)

In particular, (3.15) and (3.16) imply continuity of v(t) and v(t) =
0fort <O.

Well-posedness of the closed-loop system (3.6) and (3.15)
subject to the control law (3.19) follows from arguments similar
0 (2.25)-(2.31) combined with the step method, meaning proof
of well-posedness step by step on the intervals [, M) j=
0,1,... (see Section A of [30], where such arguments have
been used for sub-predictors). In particular, given w(-, 0) S
H'(0, 1) we obtain a unique classical solution satisfying w(-, t) €

€ ([0, 00); I2(0, 1)) N €T ((0, 00); 20, 1)\ ) with 7 = {& },-:o-
Furthermore, w(-,t) € D (A) for all t > 0. We omit the details
due to space constraints.
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3.3. H!-stability of the closed-loop system

We define the estimation errors as follows

e (1) = who(t) — iyl (¢ — 1),
() = whNo(e) — dp, No(e — L),
eo(t) = i, (¢ — M=ip) — lo(e — M=itipy (3.20)
N No(t) N No(t_ 71,)
1+1 M
— O - M) 1 <i< M - 1.

Then the innovation term on the right-hand-side of the ODEs for
wM O(t) given in (3.15) can be presented as

Cop2(t — ﬁ)+Cﬁ” Mg — Iy — y(t)
= Goelo(t) — Crel Moty — ¢ (0).

Here, ¢(t) is given in (2.32) and satisfies the estimate (2.33) with
I' > 0. Furthermore, by (3.20), we have

ANOt_r +Zl 1 1

If the errors ei"(t), 1 < i < M converge to zero, we have
wq"’(t) — wMo(t 4+ r), meaning that ﬁ)?’o(t) predicts the future
system state wNo(t +r).

Using (3.11), (3.15) and (3.21) we obtain

(3.21)

— who(g). (3.22)

éﬁo(f) = (Ao - Loﬁo) ezo(f) - Locleﬁ_No(f) + LoGo
x T’ (6) + LoCi Ty, 0(t) — Lot (t — &)+ Hy2(t)
Ey O(t) = Arey O(t) + Hy NO(t),

w1 (6) = (Ao — LoCo ) e0?4(6) — LoCrely ()
L)+ LG T 21%8) + LoGoer(t)
LoCi Yy, o (t)

(3.23)
+ LG
—LoﬁoTM,r( )+ LoCrey, ”°( £)—
+ Lot (t — &)+ Hy2,(8),
Em0(t) = Arely, °(6) + Hy °(t), £ >0,

whereasfor 1 <i<M —2
&°(t) = (Ao — LoCo)e}(t) — LoCrel (t)
+L0Co€,+1( )+L0C1€l+1 Mot )+L0C0T,-,,( )
+LoCi Y}, () — LoGo TS, (8)

— LG + HY ),

e Moty = Are) M) + H TMo(e), ¢ > 0.

1

(3.24)

Here

700 = ¢°(6) — ¢°(t — 7).

Tif\:*NO(t)z N— No(t) N NO(
Hy(8) = Gho(t) — Gy (e — &),
Hy () = GN=No(t) — Gy (e — L),
HO(t) = GO\ (t — M~ir) — Gro(t — Mo+t
H M) = G — Moty — 6 Mo —
From (3.11), (3.19) and (3.22) we further have

.
t— )

(3.25)

r),
M—i+1
M=),

who(t) = (Ao —BOKO) whNo(t) + BoKo Z, 16 Lo ()
+GMo(r),
:A]WN_NO( )+B KO Zl 1 :Vo(t)

+ GN~MNo(t).

3.26
. (3.26)
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We introduce the notations
X(t) = col {wMo(t), wNMo(1)} ,

X(t) = col[ o0, 0, e, ey )
(327)
Te,r(t) = Xe( ( ﬁ) s
H(t):col{ Noey, HN (), . HNO(e), HY Mo )}
and
G(t) = col {GMo(¢), GN"M(0)}
Fy = [AO_;fjg;‘O Al] By = col {Bo, 31]
T = [Ing+2 0 Ing+2 0. .. Ing+2 0] € RDMN+2),
(3.28)

T ) 3
Fo = [AO OLOCO ;Olcl], Ly = [8], c=1G G,

Fo=1Iy®F +Jom ® LoC, Ko = [Ko, 01x(N=Np)]
Ae = Iy ® LoC — Jom & LoC,

Ly =col{0,0,...,0, Lo, —Lo} € RMN+2),

Here Jo i is an upper triangular Jordan block of order M with zero
diagonal and ® is the Kronecker product. Then, from (3.8), (3.24),
(3.26) and (3.28) we obtain the following closed-loop system for
t>0

X(t) = FxX(t) + BxKoZXo(t) + G(¢),

Xe(t) = FeXe(t) + AeTe.r(t) + E:;(t -

Wa(t) = —Anwn(t) + ga(t) — baKoX(t)
+ buKoZXe(t), n > N.

W) THO. 394

Differently from the existing finite-dimensional controllers [8,35],
where the closed-loop systems are written in terms of the ob-
server and the tail w,(t) (n > N), here (3.29) is presented in
terms of the state X(t), the estimation errors X.(t) and the tail.
This allows to eliminate the delay r from the ODEs of X(t) and
wy(t), n > N while decreasing it to ﬁ (which is small for large
M) in the ODEs of X(t).

Remark 3.2. Consider the ODEs satisfied by the subpredictor
errors X.(t) in (3.29). For ¢(t) = 0 and o = 0 (i.e. g = 0), stability
of the ODE for X,(t) was demonstrated in [30, Theorem 1], by
recursively constructing a Lyapunov functional. For ¢(t) = 0, it
can be easily verified that |H(t)|> < o2 |X.(t)|%. Hence, the same
Lyapunov functional can be used to show stability of X,(t) for
¢(t) = 0 and small o > 0. The coupling of X,(t) with the tail
ODEs through {(t - ﬁ) is treated in the H!-stability analysis
in Appendix B, via the Lyapunov functional defined by (B.1) and
(B.2).

The main stability result of this section is given in the follow-
ing theorem:

Theorem 3.1. Consider the system (3.6) with boundary condi-
tions (2.9), point measurement (3.7) and control law (3.19). Assume
that g(t, x, z) is a locally Lipschitz function satisfying g(t,x,0) =0
and (2.4) for a given o > 0. Let § > 0, Ny € N satisfy (2.16) and
N e N satisfy No < N. Let Ly and Ko be obtained using (2.22) (with
Ao, Co replaced by Ao, Co) and (2.23), respectively. Given M € N
and I' > 0, let there exist positive definite matrices Px, Pe, Se, Re
and scalars q, a1, a2, a3, § > 0 such that

l1/1<0,

03 | 1 1 1 -0

< | iy gus iy enea] [0 (330)
¥3 = N+1+( ))‘N+1

+a? (€X1+ﬂ)+2(1+F)
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Table 1
Theorem 2.1: Feasibility of LMI.
N 3 4 5 6 7 8

Cmax 0.39 0.47 059 064 076 0.83

where
@ PxBxKoZ 0 O 0
1 0 0 0 0
_ Pe r\2 T
i=| . o | *(Gh) 0RO,
0
* * —BI
(%) PeLy PeAe — &r MSe
P y
@ = [<p1 _g{(ﬂ]’ Dy = |+ —germ 0 ,
* * —&r,M(Se + Re)

© =[0,0,F, L;, A, 1],
@1 = PxFx + Ff Py + 28Px
+20102 8y + 22K,
@2 = PoFe + FI P, + 26P, + 2241 1T KT Ko T
+2B0%E; + (1 — &r.m) Se.
(3.31)
Then, given w(-, 0) € H'(0, 1), the solution u(t —r), w(x, t) of (3.6)
subject to the control law (3.19) and the observer w(x, t), defined by
(3.15) (with notations (3.14)) and (3.18), satisfy
w(t — 1)+ w013,
. 2 _
+ ||, )] < De™2 [lw(-, 0)II2,

for t > 0 and some D > 1. Given r > 0, (3.30) are always feasible
for M, N large enough and o > 0 small enough.

(3.32)

Proof. The proof is given in Appendix B. O
4. Numerical example

Consider first (2.1) under Neumann actuation (2.2) and bound-
ary measurement (2.3), where x, = 0. Recall that g(¢, x, z) is a
locally Lipschitz function satisfying g(t, x, 0) = 0 and (2.4) for a
given o > 0. Let § = 0.001 be the desired decay rate and Ny = 0.
This value of § is chosen to minimize the observer dimension
which preserves feasibility of the LMIs. Let the gains Ly and Ky
satisfy (2.22) and (2.23), respectively. The gains are given by

Lo =275, Ko =[—5.468 32.19].

Given N € {4,5,...,9}, the LMI of Theorem 2.1 was verified
using Matlab to obtain the largest value of o which preserves fea-
sibility of the LMI. The results are presented in Table 1. In this ex-
ample, simulations show that increasing the observer dimension
N allows to obtain larger oy;q.

Next, consider (2.1) under Neumann actuation with constant
input delay (2.2) and boundary measurement (2.3), where x,, = 0.
Let § = 0.001 be the desired decay rate, o = 0.5 and Ny = 0. This
value of § is chosen to minimize the observer dimension and to
maximize the input delay which preserve feasibility of the LMIs.
Let the gains Ly and Ky be obtained using (2.22) (with Co replaced
by Cp in (3.13)) and (2.23), respectively. The gains are given by

Lo=[733 101]", Ky =[1.95 0.55]. (4.1)

Given M = 2 and N € {4, 5, 6}, the LMIs of Theorem 3.1 were
verified to obtain the largest value of the input delay r > 0
which preserves feasibility of the LMIs. The results are presented
in Table 2.

For simulations of the closed-loop system, consider (2.1) under
Neumann actuation with constant input delay (2.2), boundary
measurement (2.3) at x, = 0 and

g(t,x,z) = o sin(t + 3x + z).
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Table 2

Theorem 3.1: Feasibility of LMIs (¢ = 0.5, M = 2).
N 4 5 6
Tmax 0.32 0.45 0.56

We fix 0 = 0.5, delay r = 0.32, N = 4 and M = 2 subpredictors.
Let the gains be given by (4.1). The ODE-PDE system (3.6) and
subpredictor ODEs (3.15) were simulated using the FTCS (For-
ward Time Centered Space) and Forward Euler finite-difference
schemes, where the initial condition was chosen as

w(x,0) =8.5x%(1 —x), xe]l0,1].

The simulation results are given in Fig. 1 and confirm our theo-
retical analysis. Stability of the closed-loop system in simulation
was preserved for r = 0.63, which implies that our approach is
somewhat conservative in this example.

5. Conclusions

In this paper we studied global boundary stabilization of
a semilinear heat equation under point measurement. For the
non-delayed case, we suggested a finite-dimensional nonlinear
observer-based controller. To compensate a constant input delay,
we constructed nonlinear sequential sub-predictors. A numeri-
cal example demonstrated the efficiency of the approach. Our
method in the future can be extended to other semilinear PDEs.
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Appendix A. Proof of Theorem 2.1

For H!-stability analysis of the closed-loop system (2.37) we
consider the Lyapunov function

V(t) = XT(OPX(E) + Y nwi(t) (A1)
n=N+1

where 0 < Px e REN+T3X@N+3) g be obtained from LMIs.
Differentiating V(t) along the solution to the closed-loop system
(2.37) we have

V 428V = 2X"(t) [PxFx + Fy Px -+ 28Px | X(t)
+2XT(t)PxL £ (t) + 2XT(£)Px G(t) + 2XT(t)PH(t)
+2 30 g (227 4 8an) wi(e)

+ 230 v Anwa() [8a(t) + ha(t) — baKxX(1)] -

(A.2)
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Closed-loop norm Vs Time

+ a1

2
o

@t —r) + w(, b

0.4

0.5 0.6 0.7 0.8

w(z,t) Vs (z,t)

0.6 0.7 0.8 0.9
t T

Fig. 1. Closed-loop system simulation.

Let o; > 0, we compensate the series with {gn(t)}j‘;w by using
the Young inequality
2 ZﬁiNH Anwn(€)gn(t) < i Zn:N+1 kﬁw%(t) (A3)
A3

a2 R
—an |G + e 252, 820
Then, by Parseval’s equality and (2.4) we obtain

a3 082t = o [ It x, (x, £) + Y(xu(t))Pdx
L no? [ i £+ pou()Pdx

< 20102 (-, 0)]|* + 20102u2(t) [l |12
= ZO[]O’ZXT(I')E)(X(['),

. 25) .
Ex = dlag{%JNOH,O, 1N7N0,0]-

(A4)

Similarly, introducing «; > 0 we have
23w Aewn(O(6) < 230y A2w(t)
—aa [H(0)” + g Yope g hX(1).

Recall that

hn = (g (t7 ] w('7 t) + W()U(f)) ’ ¢n>
- <g (tv ) ﬁ)(v t) + 1p()u(t)) s ¢n)s n=> 0.

Then, by Parseval’s equality we obtain
(2.4) R
o Yo h3(t) < a0 [ i(x, t) — w(x, ) dx

= a0 2 X (1) ZEX(t) + 20 Y,y g wh(D),
Eg = dlag {O, INO’ 0, IN—No} (S R(2N+3)X(2N+3).

(A7)

We bound the last term in (A.2) by using Young’s inequality with
some a3 > 0:

2 ZﬁiN+l }‘nwn(t) (_anXX(t))
= % ZﬁiNH Anwa(t) + a3 (Z?;N+l )‘nb%) IKx X ()]
(2.15)

< L M) + 2 KX (1)
Finally, denoting for n > N

Ao A2

+
20[3 20[2

(A8)

A2 a0

-1 2 n

= —A SA —
Pn =K, ( n T oAn+ % + 5

and assuming that pyy1 < 0, it can be seen that p, is monotoni-
cally decreasing. The latter follows from monotonicity of A,,. Then
for the series terms in (A.2) we have

2 2 5
D neN <_)‘$1 A A Sy gy ok ) w(t)

2a3 20 20y
(2.33)
=Y ona1 Pakawp(t) < pnial3(E).

(A.9)

Let n(t) = col [X(t), ¢(t), &(t), H(r)}. From (A.2)-(A.9) we have

V428V < T (t)Won(t) <0 (A.10)
provided
Yo  PxLg ‘ Px  Px
l]/o = * 2PN+1 0 0 < 0, (Al])
* ‘ diag {—oql, —apl}

with v given in (2.39). By Schur complement, it can be seen that
¥y < 0 is equivalent to (2.38).

Next, feasibility of (2.38) implies, by the comparison principle,
that V(t) < e=2%tV(0), t > 0. Since u(0) = 0 (see (2.9)) we have

V(0) < omax(P) [ 03(0) + L), w2(0)]
b An2(0) S max {oman(Pe), T} (-, )2,
(A12)

Similarly for t > 0

(1.4)

v(t) > %min{m, 1} -, DI, - (A13)

AN41
The estimate (2.40) now follows from (A.12) and (A.13). We now
consider feasibility of (2.38) for large enough N and small enough
o > 0. First, note that for 0 = 0 (i.e. when g = 0 in (2.1))
arguments similar to proof of Theorem 3.1 in [8] show feasibility
of (2.38) for large enough N. Fixing such N and using continuity
of the eigenvalues of the matrix in (2.38) we find that (2.38) is
feasible for small enough o > 0.
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Appendix B. Proof of Theorem 3.1

For H'-stability analysis of (3.29) we define the Lyapunov
functional

V(t) = Vx(t) + Ve(t) + Vy(t),

VX(t)— |X |Px+2n N+1)L" ( )

Vo(t) = q [, e ?=¢2(s)ds,

M

Ve(t) = IXe(0)I7, + Vs, (£) + Vi,(t)
Here 0 < Px and 0 < P, are matrices of appropriate dimensions,
whereas 0 < q is a scalar. Furthermore, Vs,(t) and Vi, (t) are given
by

Vs, (t ft_L e 279 X ()| ds,
vxe = S, [l (o), dsdo

where 0 < S, and 0 < R, are matrices of appropriate dimension.
Note that Vx(t) allows to compensate ¢(t) using (2.33), Vy(t)
compensates ¢(t — ;), whereas V,(t) compensate the delay j;
appearing in the ODEs of X,(t).

Differentiating V,(t) gives

(B.1)

(B.2)

261

. r
Vy + 26V, = qc(t) — germc? (r - M) L em=e M.  (B3)

Differentiating Vx(t) along the solution to (3.29) gives

Vx + 28Vx = XT() [PxFx + F1Px + 28P¢ ] X(t)
+2XT(t)Px By KoZX,(t) 4+ 2XT(t)Px G(t)
23 v (=45 + 8 wie) (B.4)

+2 25 g 2ntnl) [£(6) = b (RoX(6) = KoZXo(0)) ]
Let oy > 0. By the Young inequality we have

2302 1 Anwn(t)ga(t)
< Y Rwd(e) — o GO + an Yol g2(t).

By Parseval’s equality we have

Y2, 82(0) =) [ g (b, s, wis, 1) + ysu(t — r))* ds
(2.4)

< 02f0 [w(s, t) + Y(s)u(t — r)F* ds
< 202XT(6)ExX(t) + 202 Y02 g wh(D),

. (25) .
By = dlag{%JNﬂ} .
Similarly, we have for a3, a3 > 0

-2 Z;“;N-H An wn(t)bnkox(t)
(2.15)
<

(B.5)

1 o0 A z(t)+ 20!2§N+1 2

n=N+1*nWy KoX(t )

)

=
and

230 i1 Anwn()brKoZXe(t)
(2.15

j , (B.7)
< L e M) + 2R KX (1)

Differentiation of V,(t) and Jensen’s inequality lead to

Ve + 28V < XI(t) [PeFe + FIPe + 28P¢ ] Xe(t)

+2XT(6)Pe A Yo 1 (£) + 2XT(t)Pe£¢§‘(t — )

+ sz(r)Pe ( + X, — ermx (B.8)

2
[1%e0) = TerlO)g, + [TerlOl ] + (5)°
. ~N ~N—N, M
Recall GMo(t), GN-No(¢) in (3.10), [G,.O(t),c;,. O(t)}' n (3.14),

=1
the estimation errors in (3.20) and H(t) defined in (3.25) and
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(3.27). By Parseval’s equality we have
o] +
2
= Yoo [&n0) = 8" - )]
(310) (3.14)
Jo Ig(t s, w(s, t) + (st —r))
—g(t S QUOMPE — )+ Q)i (e — 7))

(24)

<o [ s, 1)+ Y(s)u (t—r)—Q1(s)w ot — L)
N

N—N )‘2

2
ds

< 2627 (0)Z1eM(t) + 202 ’eM*”O(r)’
"'202 Z?;N+l wa(t),
2 2
‘HiNO(t)‘ + HN_N"(t)‘ < 202eM7(1)3,eM (1)

2
+202 e} Mo(t)

—~ (25) .
= {HZ’INO"'l] 1<i<M-1

’

By (3.27) and (3.28), the latter implies
IH(O)I> < 20°X] (£)ZeXe(t) + 202 Y oy wi(t),
Ef = diag{ElJN—NO,-~-751,IN—N0 .

Let n(t) = col {X(£), G(t), Xe(t), ¢(¢ — 77), Yer(t), H(E)}. By (B.3)-
(B.10) and the S-procedure [36, Sec 3.2.3], we have for 8 > 0

(B.10)

V 428V + B {202XT(£) X (t)
+202 30 wA(t) — H(t)]}
N (OWn(t) + qC>(t) + 2 Y 02y g @awp(t)
where

o= (<14 g )+ (0 g + ) 2
+0%(@1+p), n>N

(B.11)

and ¥ is given in (3.31). To compensate Z%(t) in (B.11) we use
(2.33) and monotonicity of {A,}7; as follows

() +22 0 nw2(t)
gis )2 s P (B.12)
= Zn N+1(2wn+qKn)w (t)<o

provided @y + ¥4 < 0. From (B.11)-(B.12) we have

V428V + B {202XT(£)E:Xe(t)
+20% ) 2y wa(t) — H(OP} <0

provided ¥; < 0 and wy4 + X% < 0 hold. By Schur
complement, these are satisfied iff (3.30) hold.

The upper bound (3.32) follows from arguments similar to
(A.12) and (A.13) in Theorem 2.1. Next, we fix r > 0 and treat
feasibility of (3.30) for M, N large enough and ¢ > 0 small
enough. For o = 0 (i.e. when g = 0 in (2.1)), feasibility for large
enough M and N follows from Theorem 1 in [30]. Fixing such M
and N and using continuity of eigenvalues, we have that (3.30)
are feasible provided o > 0 is small enough.

(B.13)
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