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This paper addresses a switched sampled-data control design for stabilization of Kuramoto-Sivashinsky
equation under the Dirichlet/periodic boundary conditions with spatially scheduled actuators. It is
supposed that discrete-time point-like or averaged measurements are available. The system is known
to be stabilizable by static output-feedback employing several distributed in space actuators and
sensors, but is not stabilizable by only one of the actuator-sensor pairs. Does there exist a switching
stabilizing static output-feedback such that at all times, only one actuator-sensor pair is active? We
give a positive answer and find the appropriate switching sampled-data control law. The proposed
switching controller can be implemented either by N actuators and sensors placed in each subdomain
(here switching control may reduce the energy that the system spends) or by using one actuator—
sensor pair that can move to the active subdomain. For implementation of the control law by moving
actuators and sensors, we take into account a moving time by treating it as an additional switching
between the open-loop system and the closed-loop switched system. The guidance of active (or mobile)
actuators and sensors is provided by using output-dependent switching. Constructive conditions are
derived to ensure that the resulting closed-loop system is regionally stable by means of the Lyapunov
approach. Numerical example illustrates the efficiency of the method.
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1. Introduction active? The positive answer for the controllability of some classes
of PDEs along with the corresponding switching laws was given
in Zuazua (2010).

The switching control laws can be implemented either by
stationary actuators or by one moving actuator that can move to
the active subdomain in the negligible time (Iftime & Demetriou,
2009). In Butkovskiy and Pustyl'nikov (1987) and Demetriou
(2010, 2012), moving actuators and sensors guiding laws were
suggested for PDEs. Intermittent control of reaction-diffusion
equation by time-dependent switching between all working pairs
of collocated mobile actuators and sensors and the rest (all not
working) has been studied in Wu and Zhang (2019). Further-
more, Wu and Zhang (2020) has dealt with the stabilization prob-

In recent years, substantial efforts have been taken to de-
velop switched control of partial differential equations (PDEs)
(see e.g. Iftime and Demetriou (2009) and Zuazua (2010)). In If-
time and Demetriou (2009), optimal and switching policies of
spatially scheduled actuators were suggested that were based
on finite horizon Linear Quadratic Regulator problem. In Zuazua
(2010) the following problem was formulated: assuming that one
can control a system using two or more actuators, does there
exist a control strategy such that at all times, only one actuator is
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lem of linear reaction-diffusion equation with time-varying delay
via the projection modification algorithm using collocated mobile
actuators and sensors. In Zhao, Lin, and Xue (2012), switching
control of closed quantum systems governed by Schrodinger
equation has been proposed for the degenerate case via multiple
Lyapunov function technique. Note that the mentioned above
methods for switching control or for control by mobile actua-
tors and sensors may be inefficient for the unstable open-loop
systems, which motivates our study.
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Control of Kuramoto-Sivashinsky equation (KSE) has attracted
extensive attention owing to their wide range of applications (Ar-
maou & Christofides, 2000; Christofides & Armaou, 2000; El-Farra,
Lou, & Christofides, 2003). KSE models a variety of physical-
chemical systems including falling liquid films, chemical reactors
and interfacial instabilities in viscous flows (El-Farra et al., 2003).
Active control of fluid flow which is modeled by KSE can be
achieved by injection of polymers, mass transport through porous
walls (e.g. blowing/ suction) and application of electro-magnetic
forcing. In these cases actuators and sensors are in-domain.

In-domain control of KSE with a large number of in-domain
actuators and sensors has received significant research atten-
tion (Armaou & Christofides, 2000; Christofides & Armaou, 2000;
El-Farra et al.,, 2003). Particularly, El-Farra et al. (2003) studied
the motion of a liquid film falling down on a vertical wall, where
in-domain control actuators were introduced to suppress the
unstable behavior of the falling liquid films. There are also many
fruitful works on the boundary control of KSE (see e.g. Cerpa
(2010) and Cerpa and Mercado (2011)). In El-Farra et al. (2003)
and Ghantasala and El-Farra (2012), for KSE, a switching law
reconfigured the control actuators following fault detection. It
should be noticed that stabilization by switching of open-loop
unstable PDE with several actuators, where the system is not
stabilizable by using only one actuator, has not been achieved yet.
Thus, the design of a switching controller for open-loop unstable
parabolic PDEs is a challenging topic.

Stabilization of unstable systems by switching is a classical,
challenging and well-studied problem for ordinary differential
equations (ODEs) (Liberzon, 2003). Thus, for linear switched sys-
tems with a stable convex combination, stabilization can be
achieved by state or output-dependent switching (see e.g.
Deaecto (2016) and Hetel and Fridman (2013) and the references
therein). The key idea of switching control design for PDEs is
to schedule the position of the actuator and sensor in order to
achieve the control goal.

This paper addresses a switched sampled-data control design
for stabilization of KSE under the Dirichlet/periodic boundary
conditions with spatially scheduled actuators. It is supposed that
discrete-time point-like or averaged measurements are available.
The system is known to be stabilizable by static output-feedback
employing several distributed in space actuators and sensors, but
is not stabilizable by only one of the actuator-sensor pairs. Does
there exist a stabilizing switching static output-feedback such
that at all times, only one actuator-sensor pair is active? We give
a positive answer and find the appropriate switching sampled-
data control law. The proposed switching static output-feedback
can be implemented either by N actuators and sensors placed
in each subdomain (here the switching control may reduce the
energy that the system spends) or by using one actuator-sensor
pair that can move to the active subdomain. The guidance of
active (or mobile) actuators and sensors is provided by using
output-dependent switching. Constructive conditions are derived
to ensure that the resulting closed-loop system is regionally sta-
ble by means of the Lyapunov approach. For implementation of
the control law by moving actuators and sensors, we take into
account a moving time by treating it as an additional switching
between the open-loop system and the closed-loop switched
system. Consistent simulation results that support the proposed
theoretical statements are provided. Preliminary results on global
stabilization by switching of 1-D semilinear heat equation under
averaged measurements were presented in Kang, Fridman, and
Liu (2021).

This work is organized as follows. Section 2 presents some
preliminaries. In Sections 3 and 4, the switching control strategy
for KSE is proposed under the point-like measurements and main
theoretical results are presented, whereas extensions to the case
of periodic boundary conditions and the case of averaged state
measurements are presented in Section 5. Section 6 provides
simulation results and Section 7 gives conclusions.
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2. Mathematical preliminaries

Notation. Throughout the paper the support of a function
g is denoted by suppg, and conv(suppg) represents the convex
hull of suppg. L?(0,L) stands for the Hilbert space of square
integrable scalar functions f(x) on (0, L) with the corresponding
norm |||z = [fo F2(x) dx]2 L°°(0, L) denotes the space of
essentially bounded function f(x) on (0, L) with the corresponding
norm ||f [|zee(0,1) = €SSSUPye(o, 1y If(X)]. The Sobolev space Hk(0, L)
with k € Z is defined as H¥(0,L) = {f : f* ¢ L2(0,L)i YO0 <
ol < k) with norm [f ko 1y = (D ociaice Il )2 More-
over, H¥(0,L) = {f € HX0,)|f(0) = f'(0) = --- = f*1(0) =
0,f(L) = f'(L) = = fe=1(1) = 0}. Z4 denotes the set of
nonnegative numbers

Lemma 2.1 (Poincaré’s Inequality Fridman & Bar Am, 2013; Hardy,
Littlewood, & Pélya, 1988). For a < b, let g € H! (a b) be a scalar

function with fab g(x)dx = 0. Then ||g||L2 b = G “)

”g ”LZ (a, b)
Cauchy-Schwartz’s inequality leads to the next lemma:

Lemma 2.2 (Jensen’s Inequality Fridman, 2014). For a < b, let
¢ : [a,b] — [0,00) and g [a,b] — R be such thag the
integration concerned is well defined. Then [ fa b c(x)g(x)dx] <

f X)dx f c(x)g%(x)dx.
Lemma 2.3 (Sobolev’s Embedding and Inequality). The embedding

H'(0,L) c C([0,L]) is compact and for any z € H(}(O, L), it holds
1zlloo(0,) < ﬁ”z/”l_l(ol)-

3. Problem formulation

Let0 =ty <t; < -+ <ty <tpg1 < ..., limoty =00
be a sequence of sampling instants. Consider the following plant
governed by KSE:

Ze(x, t) + Ze(X, t) + vZex(X, t) + Z(x, t)zy(X, t)

= Uk(x uﬁk(t) (07 L)! t € [tkv tk+1)a (3-])
z(x, 0) = zo(x),
where k € Z,, under the Dirichlet boundary conditions:
z(0,t) =2z(L,t) =0, z(0,t) =z(L, t) =0, t > 0. (3.2)

Here z(x, t) is the state of KSE, zp(x) is the initial state, and u, (t)
is the control input. The switching function oy : k € Z, —
{1, ..., N} selects at each sampling time t, one of the N available
actuators corresponding to the shape function b,, (x) that will be
shortly defined. We make the following assumptions:

e Spatial sampling: Similar to Azouani and Titi (2014), Frid-
man and Bar Am (2013), Fridman and Blighovsky (2012)
and Lunasin and Titi (2017), we assume that the points
0 =X < Xx; < --- < xy = L divide [0, L] into N equal-
length subintervals £2; = [xj_1, x;) such that U;2; = [0, L]
and || = ﬁ meaning that all the subintervals have the
same length. The shape functions bj(x) are chosen to be

characteristic functions b;(x) of £2; as follows:

{bj(x) =0, x ¢ 2,

bi(x) = 1, otherwise, J = L....N.

(3.3)

e Time sampling: The length of sampling subintervals in time
is supposed to be uniformly bounded:

0<hy<typ1—t<h, VkeZ,.

(34)

e Moving time: The moving time § € (0, hg) for sensors
and actuators to the appropriate domain £2;, is taken into
account.
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Fig. 1. Subdomains £2; of point-like measurements.

We first consider sensors that provide the discrete-time point-
like measurements:

yjilte) = f_Q Gi(x)z(x, ti)dx, kez, (3.5)

with

0= elX(2) [qGXdx=1, (3.6)
L itxe o

gr=1e "TET j=1N, (3.7)
0, otherwise,

where Qj is subinterval of £2; with the length e independent of j
(see Fig. 1, where x; is the midpoint of £2;).
We will also consider the averaged state measurements
Jo. 2(x.ti)dx N
Yi(ti) = J‘T =7 fgj z(x, ty)dx, (3.8)
j=1,...,N, ke Z,.

Differently from point-like measurements, the sensors in the
case of averaged measurements cover the whole subdomain.
However, our method under the averaged measurements leads
to a smaller number of actuators and sensors or allow larger
sampling in time (see comparison in Table 1 in Section 6). Note
that the presented method under the averaged measurements
can be extended to N — D PDEs for any N (on the basis of static
output-feedback without switching presented in Bar and Frid-
man (2014)), whereas such extension under the point-like mea-
surements is questionable (see Selivanov and Fridman (2019),
where non-switched static output-feedback for heat equation
under point-like measurements is confined to N < 2).

For both measurements, our aim is to find a sampled-data
switching law and a sampled-data regionally exponentially sta-
bilizing controller for KSE (3.1) implemented by zero-order hold
device. As already mentioned, in this paper we will take into
account the moving time § for sensors and actuators. For the
actuators moving time, we consider additional switching between
the open-loop system (when the actuator is moving) during the
part of the sampling interval and the closed-loop switched system
during the remaining part of the interval, where

u (l’) 0 te [tk, e + 6)’
AT Ky (te),  t € [tk + 8, terr)

with some K > 0. The switching signal oy is calculated at time ¢y,
whereas it takes § seconds for actuators and sensors to move to
the domain £2;,.

Our main objective is to find an appropriate output-depending
switching law. Denote the characteristic function of the time
interval [ty, ty+6] by Xz, +51(t). Consider first the case of the av-
eraged state measurements (3.8), where the closed-loop system
(3.1), (3.9) has the form

Ze(X, t) + Z(x, t) + vzm(x t)+2(x t)zx(x t)
- X[fk,tk+8] fQ z(x, ti)d
(0 L) te [fk, fk+1)
subject to (3.2). Note that if b, (X)u,,(t) in (3.1) is changed by
Z 1 bi(x)u;(t), then there exists K > 0 that regionally expo-

nentlally stabilizes the system by u;(t) = —Ky;(t) (Kang & Frid-
man, 2018). The latter means that the average of systems (3.1)

(3.9)

(3.10)
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with by, (x)u, (t) changed by b;(x)u;(t) is stabilizable by the static
output-feedback (3.9). Similar to state-dependent switching for
ODEs in the case of stable convex combination of systems (Hetel
& Fridman, 2013), we will define a min-type switching function
by using the corresponding Lyapunov function V(t) according to

o A argmin V(t)

for t € [ty + &, tyy1) along the closed-loop system. Thus, for
V()= fOL Z%(x, t)dx we have

V() = —%fgj X, tdxfg
— [y 2%, ) [ZulX. 1) + VZu(x. £) + 2(x, Dz, )] dx
that leads (for small enough h) to

fz(x, t)dx/ z(x, tk)dx:|
2 2
I,

(x, tp)dx

arg min vit) = arg min |:—

J
2
z(x, tk)dxi|
]

i.e. to the following discrete-time switching law:

2
o = arg max / z(x, t)dx | .
j Qj

Similarly to (3.11) for the point-like measurements we choose

J,

J

A arg max |:
J

(3.11)

(3.12)
j

2
o = arg max |: ci(x)z(x, tk)dx:| .
Our sampled-data switching law (3.12) with (3.4) and limy—q ti
= oo rules out the possibility of Zeno behavior. Note that (3.12)
is calculated at time t;. The law (3.12) means that the o}-th mode
is active if

2
[ /. 2 ci(x)z(x, tk)dx] < [ /. 20, Cop(X)z(X, tk)dX] ,

Vi=1,...,N.

(3.13)

4. Main results

In this section, we will analyze the well-posedness and re-
gional exponential stability of the system (3.1) under the static
output-feedback (3.9) and the switching law (3.9) (where ¢; = 1
in the case of averaged measurements).

4.1. Well-posedness of the controlled system

We establish the existence, uniqueness and regularity of the
system (3.1) under the switching control law (3.9), (3.12) and
Dirichlet boundary conditions (3.2) by using the step method (see
e.g. Section 1.2 in Fridman (2014)). For the switching law (3.9),
(3.12), we assume that the oy-th mode is active. We first consider
t € [0, 8]. Then (3.1), (3.2) becomes

Zt(X, t) + Zxx(x» t) + UZXXXX(xv t) + Z(X7 t)ZX(X, t) =0,
x€(0,1), t €[0,4],

)= 0, 24(0.) = 2(L.t) = 0. (4.1)

z(0,t) =z(L, t
z(x, 0) = zo(x).
Define the system operator A : D(A) C [?(0,L) — L?*(0,L) as
follows:

[Af =[]
D(A) = H*(0, L) N HZ(0, L).

It is well-known that A is a dissipative operator, and A generates
an analytic semigroup. Operator —A is positive implying that its
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square root (—A)l is also positive. Moreover, D((—A)% )= HS(O, L)
with the norm [If| 1 = V2 [l |l 2(0.- Then the system (4.1)
can be represented as an evolution equation:

d

—z(-, t) = Az(-, t F(z(-,t)),

o2 0 = Az 1) 4 Fla- 1) (42)

2(+, 0) = zo(-),

where the nonlinear term F is defined on function z(-, t) accord-
ing to

F(z(-, t)) = —z(x, t)zy(x, t) — zw(x, t), t € [0, 8].

It should be noticed that the nonlinear term F is locally Lipschitz
continuous, that is, there exists a positive constant /(M) such that

IF(z1) = F(z2)ll 20,1y < UM)llz1 — Zz||H§(0,L)
holds for z1, z, € H3(0, L) with ||z; ||,_,§(0YL) <M, ||22||H§(0,L) <M.

Therefore, Theorem 3.3.3 of Henry (1981) is applicable to (4.2).
For any initial condition zy € Hé(O, L), there exists a unique local
strong solution of (4.2) on some interval [0, T] C [0, §], where
T =T(z) > 0:

z € ([0, TJ; H2(0. L)) N L2([0, T]; D(A)).
z € [([0, T]; L(0, L)).

From Theorem 6.23.5 of Krasnoselskii, Zabreiko, Pustylii, and
Sobolevskii (1976), we obtain that if the solution admits a priori
estimate (i.e. bounded), then it exists on the entire interval [0, §].
The a priori estimate on the solutions will be guaranteed by the
conditions that we will provide (see Theorem 1).

For t € [, t1], the system (3.1) under the switching control
law (3.9), (3.12) can be also written in the form of (4.2) with the
following nonlinearity

F(z(-, 1)) = —z(x, f)Zx(X t) -
—Kbg, (x fQ Cop (X)20(X)dx,

Since F is locally Lipschitz continuous, the same line of reasoning
is applied to the time interval [§, t]. The strong solution exists
on [4, t1] due to a priori estimate on the solutions starting from
the domain of attraction, which is guaranteed by the stability
conditions of Theorem 1.

Zu(x, t)
t e [5, t1].

4.2. Stability analysis of the switched system

By the mean-value theorem, from (3.6) it follows that there
exists >'<; € conv(suppg;) (see Fig. 1) such that

Jo, 6X)2(x, )dx = 2(%;, 1), € € [, tiya).
Denote

fitx, t) & 2(x, ) = 2(X, t), t € [ti, tiy1), (4.3)

pE) 2 [o [y cx)s(x, S)dsdx, € € [t ties): (4.4)

Then the switching controller (3.9) can be rewritten as

0, t € [t te +9),

o (1) = 45
tai(0) {—K[z(x, 0= fo (60— po(O], €l 5.tey) )
whereas the switching law chooses oy, that satisfies

— filx, t) — pi(t) | dx
Jo [z, 00— J o)

< Ja, [ 2(%,£) = fr (%, £) = po ()] dx, j=1,2,...,N.

Thus, under the controller (4.5), the closed-loop system becomes

Ze(X, t) + Zxx(X, t) + VZu(X, t) + 2(X, £)ze(X, 1)
= —Kbg, (x)(1 — Xpt.t+1(EZ(X, £) = fo, (X, £) — g (E)], (4.7)
S (07 L)v te [tk, t’<+l)a

subject to (3.2), (3.12).
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Note that (3.1) may be not stabilizable with a desired decay
rate by the non-switched control. The challenge in the stability
analysis is to take efficiently into account the switching condi-
tion (3.12) in order to derive feasible stability conditions (see
(4.24) below and the resulting expression in (4.25)).

Now we focus on the stability of the closed-loop system that
switches at times t; and t; + 8. Consider the following Lyapunov-
Krasovskii functional:

V(t) = Vp,(t) + Vp, () + Vi(t), t € [ty, tir1) (4.8)
where

Vo, ()= Py [y 2>

Vp,(t ): szfo Z2(x, t)dx

Vi(t) = R4hZZfQ frk e 20(t— 5)[,0 )]stdx

Zahz fg t e—2a(t—s) ( )]ZdeX

with P; > 0, P, > 0, R > 0. Here pj(s) is the derivative of p;(s)
with respect to s. By Wirtinger’s inequality, Vk(t) is non-negative
(see Lemma 1 in Selivanov and Fridman (2013)), it does not grow
in the switching times t; and it is continuous in the switching
times t, + 8. Moreover, Vi extends the corresponding terms
in Selivanov and Fridman (2019) to Wirtinger-based Lyapunov
functional.
For z(-, t) € H3(0, L) we define

(-, )l = Pyllz(,
with P > 0, Py > 0.

+ Pov|[zad-,

2
)”LZ(O L) )||L2(0.L)

Remark 4.1. In order to find a bound on the domain of attraction
for closed-loop system (4.7) subject to (3.2), we use positive
invariance principle in Theorem 1: we show that if ¥, < 0,
¥ < 0 and ¥, < 0, where ¥, ¥, ¥, are given by (4.12)-(4.14),
then V(t) < V(0) for all t > 0. Matrices ¥y, ¥;, ¥, are affine in z,.
Let C > 0 be the upper bound of z,, i.e., maxye(o.1 |12x(x, t)| < C
for all t > 0. Then it is sufficient to verify the matrix inequalities
¥Yg < 0, ¥; < 0and ¥, < 0 in the vertices zy = +C (see
(4.9)-(4.11)).

The following result provides sufficient stability conditions in
the form of linear matrix inequalities (LMIs) for the closed-loop
system (4.7), (3.2), (3.12):

Theorem 1. Consider the closed-loop system (4.7) subject to (3.2)
and the switching law (3.12). Given positive scalars h, «, K and
tuning parameter C > 0, ag > 0 such that ahy > (g + «)$, let
there exist scalars R > 0, P, > 0, A, > 0 (n = 1, 2, 3) that satisfy
the inequalities:

Yilz=+c < 0, (4.9)
W |z=2c < 0, (4.10)
Yolz=+c < 0, (4.11)
where
M S|

Y Y2 Vi3 N N

k 1//22 —Pz 0 0
v, = | * *  Ys3 0 0 , (4.12)

* * * —Ay — Nkfr _N)\—ll

* * * * Re=2¢h _ 21
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(Y1 Y2 Yis PsK—Ap PsK — Ay
* Y —P PyK PyK
U, = | x * Y33 0 0 s (4.13)
* * * AM— Ay A1
| * * * * A1 — Re—2eh
_—2(¥0P1 Pl P4 — PzZX —P4
‘IIO = * —2P2 + R 7_[2 NS —P2 ) (414)
L % ES —2()[0P2U — 2P41)
Y11 = 2aPy — M — L
Y12 =P1 —P3 — lex,
Aok +e)?
Y13 = —P3 — %7
Y = R4h22 = — 2P,
W33 = 2aPyv — 2P3v + A3,
U1 = 20P; — hs™y — 2PsK + A,
Y12 = P; — P3 — Pyzy — P,K.
Let a1 be subject to
0 < athy < ahg — (oo + @)s. (4.15)
Then for any initial function zo € H2(0 L) that satisfies the bound

Py

llzolly < /~1-C, the closed-loop system (4.7) subject to (3.2) and
(3.12) s exponentlally stable with a decay rate o, i.e. the following
holds

ll2(-, I < V() < e 2al=M20y(g),

Proof. Step 1: Let us only highlight that there exists a unique
local strong solution of (4.1) on some interval [0, T] C [0, 4],
where T = T(zp). Due to Theorem 6.23.5 of Krasnoselskii et al.
(1976), the solution exists on the entire interval [0, ] provided it
is bounded. Therefore, by applying the same arguments at [, t]
and any step k € N, one can conclude that the strong solution
exists for all t > 0.

Step 2: Assume formally that strong solution of (4.7) subject
0 (3.2) starting from |z|ly < PZ“C exists for all t > O.
We first derive sufficient LMI-based condltlons to guarantee that
V + 2V < 0 for [ty + §, tyrq1). Differentiating V(t) along the
solution of the closed-loop system and integrating by parts, we
obtain

V(t) + 2aV(t) = 2Py [y 2(x, t)ze(x, t)dx
2Py [ Z2(x, t)dx + 2aPyv [} Z2(x, t)dx

+2Pyv fOL Zux(X, )z (%, £)dX (4.16)
+RA Z Jo lpie(e)PPdx — Re—Z“hZ Jolpe)Pdx.
]ensen s inequality leads to

fg_[pjt (H)Pdx = £ (fg ¢i(%)ze(x, t)dx)2 (4.17)

—Nf(z CJ deQCJ (x t)dX—st:z (x t)d

Note that fi(x, t) £ z(x, t) — z()'(;, t) and fix(x, t) = zu(x, t). Then,
application of Wirtinger’s inequality yields

fg (x, t)dx
_fx)jl[zxt)—z( OFdx+ [/ [206 0) = 28, OPdx (4.18)
_( nte)? fg z2(x, t)dx.
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Moreover, we obtain

Iz, Oz, < () 2l g (4.19)
Therefore, (4.6), (4.18) and (4.19) lead to
—aL Y, Jo 20, £) = fitx. £) — pi(t)Pdlx (420)

+/\1 fQ [2(x, ) — fo (%, £) = pg, (£)Pdx = 0,
e [(N: 2z D200 = St ||fj(-,t)||§2mj)}
=1 [( oy

(ﬁ-hs)z

e Jo 20 Odx = 30 [0 f2(x, t)dx] (421)

[Qasz(x, t)dx — fgak fazk(x, t)dx:| >0,

2\ 2
e [||zxx<-,r)||fz(0,”—(’;) (-, )an(w]

2

N 2 s 2
— s [Zj Y S 720, D)l — (Tz) Moy S, 2200, D) } (4.22)

+3 [f_q - (x, t)dx — ( ) fg ?(x, tdx] >0.

We further apply the descriptor method (see Section 3.5 in Frid-
man (2014)), where the left-hand side of the following equation

+A |:

2 [y IPsz(x, t) + Paze(x, )1{~2e(x, t) — Zu(x, 1)
—Z(X, £)Zx(X, t) — VZyeux(X, £)
—Kbo (X)[Z(X, 1) — (%, ) — pr,()]}dx = O

with some P; > 0 is added to V. Then adding the left-hand sides
of (4.20)-(4.22) to (4.16) and taking into account (4.17), we obtain

V(t) + 2aV(t) < (2P; — 2P; Z/ (x, )z¢(x, t)dx
j#o V5

D)NEE

J#oy ©
+ g)
_ |:2P3 + :|Z/ (x, t)zxx(x, t)dx
j#oy Y
+ (2aPyv — 2P3v + Ag)Z/ 2 (x, t)d

#Jk
40 L
+ R—— —2P,

- ZPZZ/ ze(x, O)[z(x, t)zy(X, t) + zw(x, t)]dx

Jj#ok

(4.23)

+ (20[[)] —

+ (2P — 2P3)/ z(x, t)z(x, t)dx (4.24)

Ry,

7.[4
—A3L—4>/ Z2%(x, t)dx
2,

%%k

L 2
— |:2P3+W:|/
T 2

+ (2aPyv — 2P3v + A3) Z2(x, t)dx
'Q”k

4n% L
+ <R—— —2P2>f Z2(x, t)dx
N 2

%k

+ <26¥P1

z(x, t)zuw(x, t)dx
Ok
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— ZPZ/ ze(x, E)[z(x, t)zy(X, t) + zw(x, t)]dx
2

%k

- 2P3K/ z(x, D)[z(x, t) = fo, (X, t) — pg, (£)]dx
2,

%

- 2P2K/ zi(x, t)[z(x, t) — fo, (X, ) — pg, (£)]dX
2,

%

- Re’zo"‘/ P2 (t) dx—AZ/ f}(x, t)d
Q 2

k

— fi(x, £) = (0P dx

— 1
i *

Y f (208, £) — i (%, 1) — poy (£)Pdx.
ng
From (4.24), we have
N

<D Jom¥mdx+ [ 3 ¥anadx,
J#ok

V(t) + 2aV(t) (4.25)

t ety +96, tir1),

where 1 = col{z(x, t), z:(x, t), Zw(x, t), fix, t), pj(x, £)}, m2 =
COl{Z(X7 t)a Zt(xv t)7 ZxX(X» t)’fok(x7 t)! ,Oak(xs t)}' lI/l (l = 1 ) dre
given by (4.12), (4.13) respectively.

Let us first assume that

max |zy(x, t)| < C, Vt > 0. (4.26)
x€[0,L]

Under the assumption (4.26), we have
V(t) 4 2aV(t) <0,

if 1 <0and ¥, < 0 hold for all -C <z, <C.

Matrices ¥; (i = 1, 2) given by (4.12) and (4.13) are affine in
zy. Hence, ¥; < 0 and ¥, < O for all —C < z, < C if these
inequalities hold in the vertices z, = =+C, i.e., if LMIs (4.9) and
(4.10) are feasible.

Step 3: Now we derive sufficient LMI-based conditions to
guarantee that V(t) — 2a,oV(t) < O for [ty, tx + 6).

Differentiating V(t) along (4.7) subject to (3.2), we have

V(t) — 2a0V(t) = 2P, fOL Z(x, t)ze(x, t)dx
—2apP,q fO (x, t)dx — 2a9Pov fO % (x, t)dx

(4.27)

2
2Py [ Zue(X, £z (, £)dX + R%Z Jo,Lpie(6)dx
j=1
N

Re 2" Jo LoE)Pdx — (ot + crg V(D).
j=1
We further apply the descriptor method, where the left-hand side
of the following equation

2 fOL[P4z(x, t) + Paze(x, £)][—2¢(X, t) — Zw(X, t)
—2Z(X, £)Zy(X, ) — VZyuxx(x, t)]dx = 0

with some P4 > 0 is added to V.
Using (4.17), we obtain

V(t) = 200V(t) < [y 7
where ng = col{z(x, t), ze(x, t), zZw(x, £)}.

oWonodx, t € [ty, ty + 8),

Step 4: From Step 1-Step 3, we obtain if ||zy||y < PZT”C, then
the feasibility of LMIs (4.9)-(4.11) implies that any strong solution
of (4.7), (3.2) initialized with zy admits a priori estimate

V(t) < e20=V(t), VYt € [ty, t + 8),

V(t) < e 2=V (5 + ), Yt € [t + 8, bry1) (4.28)
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Since oy < « and ty1 — t > hyg, (4.15) implies

(1 — o )(ter1 — t) < (a1 — a)ho < —(ap + @)3,

which together with (4.28) leads to

V(tit1) < e20de= 20l =t=0)y ()

< efzal(fkﬂffk)v(tk). (4.29)

From (4.28) it follows

V(t) < eX00V(ty), t € [ty t + 8);
V(t) < V(tk +8) < e*00V(ty), t € [t + 3, tiy1).

Therefore, for t € [ty, ti+1)

V(t) < eZaoév(tk) < e2a08—2a1(tk—tk,1)V(tk_l)
< 62a0672a1(t7tk,17h)v(tk71)
< e2a0572a1(tftk,th)v(tk72)
<...< 62010572011@711)‘/(0).

Hence,
V(t) < e~2alt=M+2e0dy () vt > 0.

The latter bound guarantees the existence of these strong solu-
tions for all t € [0, t;1]. Then using step method (Fridman, 2014),
we conclude that the strong solution exists for all t > 0.

We will prove next that (4.26) holds. On one hand, for t = 0,
inequality (4.26) holds by hypothesis in Theorem 1. On the other
hand, let (4.26) be false for some t > 0 and let t* be the smallest
instant such that V(t*) > PZT“CZ. Since V is continuous in time,
we have V(t*) = 2°C? and V(t) < ™2°C2 for t € [0,t*).
Since z,(0,t) = 0, the Sobolev inequality (Lemma 2.3) implies:
maxxe[o L] |Zx(x t)|2 =< L”Zxx( ) t)”fz =< pz%v(t) =< pz%v(o) =
o Lizoll2 < C? for t € [0, t*). Thus, the feasibility of LMIs (4.9)-
(4.11) guarantees that (4.27) is true for all t € [0, t*). Hence,
by continuity, V(t) < V(0) < PZT"CZ for all t € [0, t*], which
contradicts the definition of t*. Therefore, (4.26) holds.

Remark 4.2. The LMIs in Theorem 1 are always feasible for
appropriate decision variables and small enough «, «g, h, 8, C,
e, P, and large enough N such that P,K and -~ are small.
Indeed, consider ¥, ¥, and ¥, given by (4.12), (4.13) and (4.14)
respectively. We will show that strict inequalities (4.9)-(4.11)
hold with « = h = C = 0. Then LMIs (4.9)-(4.11) hold with
small enough @« > 0,h > 0and C > 0. Set R = A, > 2K,
P = P3 = P4, = 1, A1 = K such that 1/f12 =Py —P3; = 0and
P3sK — A1 = 0. By applying Schur complement, for small enough
h and large enough N, we obtain

2A 550

wn + Ttz K ¢13
Vilg=0 <0 < 27N p, | < 0,
% _<
Y33 + 5
lpz <0 <— )\2 — 2K > Psz,
~ PK? PK
I//H + W I/fl3 + W
Xp—2K »-2K | <0
P, ’
* Vs + 2PyK?
T n-2K
—20[0 0 -1
Uy <0 — * —2P, ) <0,
* * —2agPyv — 2v
where
4 L 2
T K M5 +¢)
= —A3— — —, =—1--=N
Y1 3 Iz N_1 Y13 12

4

- 7
Y33 = —2v + A3, Y11 = —)»317 - K.
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Then the latter LMIs are feasible with appropriate v—,/v? — L—i <
T

A3 < v+, /vE— 7% small enough «y, ¢, P, and large enough N

such that P,K?, JX are small.

Remark 4.3. Technically our Lyapunov-based approach employs
the following novel tools compared to Kang and Fridman (2018):
(a) The inequality (3.13) (that results from the switching law) and
(4.20) that allow to derive feasible LMIs.

(b) For the moving time we have derived a new LMI that guaran-
tees a bound on V in step 3 of Theorem 1 proof (see p.7) and the
bound on the dwelling time § in step 4.

(c) For point-like measurements that were not considered in Kang
and Fridman (2018), we use a mean value theorem ((4.3)) and
further Wirtinger’s inequality in (4.18), which is different from
the direct application of the Poincaré inequality in Kang and
Fridman (2018) for the averaged measurements. Moreover, we
employ the Wirtinger-based Lyapunov functional for sampled-
data control with p; which includes ¢;, which leads to simpler
LMIs comparatively to Lyapunov functional of Kang and Fridman
(2018) with ¢; = 1.

Under the averaged state measurements (3.8) we have the
following result:

Theorem 2. Consider the closed-loop system (3.10) subject to (3.2)
and the switching law (3.12) with ¢; = 1. Given positive scalars h, o,
K and tuning parameter C > 0, ag > 0 such that ahg > (oo + @)3,
let there exist scalars R > 0, P, > 0, A, > 0 (n = 1,2, 3) that
satisfy the LMIs:

O1lz=+c <0, (4.30)
O3|z=+c <0, (4.31)
Wolz=+c < 0, (4.32)
where

O =w +11, (4.33)
6, =W, + 11, (4.34)

where Wy, ¥y, Wy are given by (4.12),(4.13), (4.14) respectively, and

0 0 2% (B +¢7)
4h? L I
m=|0 REF(1-5%) 0 1 03x2 (4.35)
o 6 0
* ' 02x2

Then for any initial function zo € H§(O, L) subject to ||zolly <

PZT”C, the closed-loop system (3.10) subject to (3.2) is exponen-

tially stable with a decay rate oy > 0 which is subject to (4.15).
Proof. See the Appendix.
Remark 4.4. For the negligible moving time with § — 0, the LMI

conditions of Theorem 1 are reduced to (4.9) and (4.10), and the
LMI conditions of Theorem 2 are reduced to (4.30) and (4.31).

5. Extensions

The proposed method is efficient for various classes of PDEs.
In this section we will discuss its extension to KSE under the peri-
odic boundary conditions and to the reaction-diffusion equation.
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Consider (3.10) under the periodic boundary conditions:

2 0.0= 2200, t>0, m=01,23 (5.1)
P 9 = T 9 b > 9 = 9 9 9 .
axm ax™m

and the switching law (3.12). The well-posedness under the pe-
riodic boundary conditions can be established similar to the case
of Dirichlet boundary conditions. Denote

Hyer(0,L) 2 {g € H*(0,L)|g(0) = g(L), £'(0) = g'(L)}.

We employ the extension of Sobolev’s inequality (Kang & Frid-
man, 2018, 2019):

Lemma 5.1. Let z € H'(0, L) be a scalar function. Then

1
2 2 2
max [z OF < (14 2 Ol + 120 Ol

Note that Wirtinger's inequality cannot be applied for the
case of the periodic boundary conditions (5.1). Therefore, from
Lemma 5.1 we directly obtain the following result:

o If the LMI conditions of Theorem 1/Theorem 2 with A3 =0

hold, then for the initial function zy € Hjer(O, L) satisfying
L

lzolly < /mc, there exists a unique strong solution of
the corresponding closed-loop system and the closed-loop

. a 1 3
system is stable, where M £ max { 35y Ty |-

Remark 5.1. In the companion conference paper (Hetel & Frid-
man, 2013), the presented switching control sampled-data con-
trol was presented for the semilinear heat equation

9
z(x, t) = a[a(X)zx(x, O] + @(z(x, £))z(x, t) + bgy, (X)tie (£),

under the averaged measurements and the Dirichlet boundary
conditions z(0,t) = z(1,t) = 0, t > 0. The functions a and
¢ are of class C' and may be unknown. Global sampled-data
stabilization by switching was achieved under assumption that
the inequalities a(x) > ap > 0, ¢, < ¢ < @y hold with known
bounds ag, ¢, and ¢y.

6. Numerical example

In this section, we present a numerical example which verifies
the effectiveness of the proposed method for KSE. For the heat
equation see example in Kang et al. (2021).

6.1. Case of the Dirichlet boundary conditions

Consider KSE (3.1) under the Dirichlet boundary conditions
(3.2) with L = 27 and instability parameter v = 0.8 < 1. The
initial function is chosen as follows:

z(x,0) = zp(x) = 0.015(1 — cos x) sin x.

Fig. 2 demonstrates the profile of the open-loop system initialized
by zo(x). It is shown that the unforced system is unstable.

We choose K = 25,090 = 032, = 0.07, C = 1 and
verify LMIs of Theorems 1 and 2 under point-like and averaged
measurements. The results are given in Table 1, which shows that
as N increases, the maximum value of h increases. Since the aver-
aged measurements contain more information than the point-like
measurements, the corresponding switched closed-loop system
under the averaged measurements preserves the stability for
larger h. Note that e.g. for N = 15 and ¢ = 7 /30 the closed-loop
system preserves the exponential stability within a given domain
of initial conditions ||zg|ly < 0.743 for 0.0059 < ty 1 —ty < h <
0.006. Note also that for the choice of K we used trials and errors
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Table 1
Maximal values of h, § under the Dirichlet boundary conditions.

Averaged measurements Point-like measurements

N B € h 8

10 0020 0.003 ngg 8:883; 8:8882
13 o0 oo 730 00054 00009
15 00 0005 w30 00080 00010

Fig. 2. State of unforced system: Dirichlet boundary conditions.

to minimize N for h = 0 and C = 1. Then, we increased h and
the corresponding value of N.

We further provide numerical simulations of the solutions to
the corresponding closed-loop systems with N = 15, K = 25,
o = 0.07:

(a) A finite difference method was utilized for numerical simu-
lations of the solution to the closed-loop system (4.7) subject to
(3.2) under the output-feedback

t e [t tx +6),

0,
Ug, (t) = {_25 fgﬂk Co (X)z(x, ti)dx, t € [t + 8, tey1)

via the switching law (3.9), (3.12) with ¢t ; — ty = 0.006,
e = m/30, |2,] = 21—’5’ and the moving time for sensors and
actuators § = 0.001. The steps in time and space were set as
dx = m/30 and dt = 107>, respectively. Fig. 3 shows the time
evolution of ||z(-, t)|| 42 of the closed-loop and open-loop systems.
Note that the closed-loop system with switching controller is
stable, whereas the closed-loop system under only one stationary
actuator is unstable.

(b) Next, a finite difference method is utilized to compute the
numerical solution of the closed-loop system (3.10) subject to
(3.2) under the output-feedback

0, t € [t, ty +6),
Uak(t) = —?;775 fﬂak z(x, t)dx, t e [ty+36, tkr1)

via the switching law (3.9), with t; 1 — t; = 0.030, |2,,| = %,
and the moving time for sensors and actuators § = 0.005. Set
the steps in time and space as dx = n/30 and dt = 1077,
respectively. Fig. 4 shows the profile of the closed-loop system.
The locations of sensor/actuator under the switching control law

are given in Fig. 5.
6.2. Case of the periodic boundary conditions

We proceed further with the case of periodic boundary condi-
tions (5.1) under the same initial conditions. For the switching
controller (3.9) via (3.12), by using the Yalmip, we verify LMI
conditions of Theorem 1 with A3 = 0, N = 15, K = 25,C = 1,
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0.25

open-loop system
closed-loop system under one stafionary actuator located at € (=7)

closed-loop system with switching controller

02

2 )l

0.1

0.05 |-

Fig. 3. H?-norm |z(-, t)||;2 of the open-loop system, closed-loop system under
one stationary actuator located at £2; and switched closed-loop system: Dirichlet
boundary conditions.

Fig. 4. State response of closed-loop system under the averaged measurements
and Dirichlet boundary conditions.

Fig. 5. Sensor/actuator locations for N = 15, ty4+1 — tx = 0.030.

a = 0.07, g = 0.32, 8§ = 0.001, and ¢ = 7 /30. We find that
the closed-loop system (4.7), (5.1) preserves exponential stability
within a given domain of initial conditions |z|ly < 0.773 for
0.0059 < tgy1 — ty < h < 0.006. In the numerical simulation,
a finite difference method is utilized to compute the numerical
solution of the closed-loop system (4.7), (5.1) under the output-
feedback (3.9) via the switching law (3.12) with [£2,,| = 21—’5’ and
tkr1 — t = 0.006. Numerical simulations of the solutions confirm
the theoretical results that follow from LMlIs.
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7. Conclusions

The present paper introduced stabilization by switched
sampled-data controller of parabolic PDEs via the employment
of either stationary or moving actuating devices that can move
to the active subdomain. Extension of the results to other PDEs
may be a topic for future research.

Appendix. Proof of Theorem 2
For the case of switched controller under the averaged mea-

surements, by arguments of Theorem 1, the well-posedness of
(3.10) subject to (3.2) can be established via the step method.

- Jo. 2(x.t)dx
Denote fi(x, t) £ z(x, t) — =5,
_ Jo. fti zs(x,s)dsdx L
i) 2 JT where [£2;| = N’

Then the switching controller (3.9) via the switching law (3.12)
with ¢; = 1 can be rewritten as

U (8) = —K[2(%, £) = fo (%, £) — Py ()] (A1)

We choose the Lyapunov function V with p; instead of p;. Differ-
entiating V along the solution of the closed-loop system (3.10)
subject to (3.2), we get (4.16) with p; instead of p;. The substi-
tution fi — f; and p; — p; in Theorem leads to the following
changes:

2
JolPuOPdx = L ( S, 2, t)dx) < [ 22, D),

N
— ) Sl 1) = fi(x. £) — pi(e)Pdx

Jj#ok (A.2)
+)\’1 fgak [Z(X7 t) _fak(xv t) - Z)Uk(t)]zdx > 09
) N
Aol 2 r 2
ezl Ol — x22||fj(., Olify o) = 0 (A3)
]:

for any A; >0, A, > 0. _

Set 11 = colfz(x, t), z:(x, t), zw(x, 1), filx, £), (X, 1)}, M2 =
col{z(x, t), z:(x, t), z(X, 1), fo (X, 1), oy (X, £)}, Mo = col{z(x, t),
z(x, t), zw(x, t)}. Applying descriptor method and adding the left-
hand sides of (A.2)-(4.22) and (A.3) to V, we finally obtain

N
V(t)+2aV(0) < Y [o i Orindx + Jo,, 75 ©@2itadx.
JF#ok
t €[ty + 36, tigr),
V(t) = 2a0V(t) < [y nbWonodx,  t € [ti, ti + 3),

where ©; (I = 1, 2) and ¥, are given by (4.33), (4.34) and (4.14),
respectively. .

Hence, V(t) + 2aV(t) < 0, Vp(t) — 2aVp(t) < 0, if ©; < O(l =
1,2) and ¥, < 0 hold for all —C < z, < C. Matrices O)(I = 1, 2)
and ¥, given by (4.33), (4.34) and (4.14) are affine in z,. Hence,
O < 0l = 1,2)and ¥y < O for all —C < zy < C if these
inequalities hold in the vertices z, = +C, i.e. if LMIs (4.30)-(4.32)
are feasible.
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