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Abstract—We study constant input delay compensation
by using finite-dimensional observer-based controllers in
the case of the 1D heat equation. We consider Neumann
actuation with nonlocal measurement and employ modal
decomposition with N + 1 modes in the observer. We intro-
duce a chain of M sub-predictors that leads to a closed-loop
ODE system coupled with infinite-dimensional tail. Given
an input delay r , we present LMI stability conditions for
finding M and N and the resulting exponential decay rate
and prove that the LMIs are always feasible for any r .
We also consider a classical observer-based predictor and
show that the corresponding LMI stability conditions are
feasible for any r provided N is large enough. A numerical
example demonstrates that the classical predictor leads to
a lower-dimensional observer. However, it is known to be
hard for implementation due to the distributed input signal.

Index Terms—Distributed parameter systems, observer-
based control, time-delay.

I. INTRODUCTION

F INITE-DIMENSIONAL observer-based controllers for
parabolic systems were designed by the modal decom-

position approach in [1], [2], [3], [4], [5]. Recently, the
first constructive LMI-based method for finite-dimensional
observer-based controller was suggested in [6] for the 1D heat
equation under nonlocal or Dirichlet actuation and nonlocal
measurement. The observer dimension N and the result-
ing exponential decay rate were found from simple LMI
conditions. Finite-dimensional observer-based control of the
Kuramoto-Sivashinsky equation with boundary actuation and
point measurement was studied in [7].

Robustness with respect to small delays and/or sam-
pling intervals for the heat equation was studied in [8],
[9] for distributed static output-feedback control, in [10]
for boundary state-feedback and in [11], [12] for boundary

Manuscript received February 28, 2021; revised April 27, 2021;
accepted May 17, 2021. Date of publication May 27, 2021; date of
current version June 28, 2021. This work was supported in part by
Israel Science Foundation under Grant 673/19; in part by the Chana
and Heinrich Manderman Chair at Tel Aviv University; and in part
by the Y. and C. Weinstein Research Institute for Signal Processing.
Recommended by Senior Editor C. Prieur. (Corresponding author:
Rami Katz.)

The authors are with the School of Electrical Engineering, Tel
Aviv University, Tel Aviv 6997801, Israel (e-mail: rami@benis.co.il;
emilia@tauex.tau.ac.il).

Digital Object Identifier 10.1109/LCSYS.2021.3084525

controller based on PDE observer. Delayed implementation
of finite-dimensional observer-based controllers for the 1D
heat equation was introduced in [13], where in case of
time-varying output delay, a combination of Lyapunov func-
tionals with Halanay’s inequality appeared to be an efficient
tool.

To compensate large input/output delay, there are two main
predictor methods: the classical predictor, which is based on a
reduction approach [14] or the backstepping approach [15]
and sub-predictors or chain of observers [16], [17], [18],
[19]. The classical predictors for state-feedback control of
PDEs were suggested in [15], [20], [21]. For the heat equa-
tion, a PDE sub-predictor (an observer of the future state)
was presented in [11]. A chain of observers for the estima-
tion of heat equation with a large output delay was designed
in [22].

In the recent paper [23], reduced-order LMI stability
conditions were introduced for finite-dimensional observer-
based control. This was presented for the heat equation with
Neumann actuation and non-local measurement. The dimen-
sion of the LMIs does not grow with the dimension of the
observer N. Moreover, feasibility of the LMIs for N implies
their feasibility for N + 1. In [23], the classical predictor was
extended to finite-dimensional observer-based control. This
predictor compensated delay in the finite-dimensional con-
troller, whereas the infinite-dimensional part still depended on
the large input delay. It was shown in a numerical example that
the predictor allows for larger delays. However, the feasibility
of LMIs for arbitrary delays was not proved due to com-
plexity of the analysis in the presence of time-varying output
delay.

The present paper is dedicated to predictor methods for
finite-dimensional observer-based control of parabolic PDEs
with constant input delay r. As in [23], we consider the 1D
heat equation under Neumann actuation and non-local mea-
surement. The main novelty is in use of sub-predictors for
such a system. We show that for any r there exists a chain
of M sub-predictors and a large enough number of modes
N + 1 employed in observer that guarantee the stability of
the closed-loop system. We present LMI stability conditions
for finding M, N and the resulting exponential decay rate.
We prove that these LMIs are always feasible for all r and
large enough M and N. We also consider the classical pre-
dictor which compensates the delay in the finite-dimensional
part, as introduced in [23] (if the time-varying input/ouput
delays are omitted). This is the first time that feasibility guar-
antees for the resulting LMIs with arbitrary delays are proved
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for both sub-predictors and predictors. This proof is challeng-
ing, due to coupling in the closed-loop system. A numerical
example demonstrates that for the same N, the classical predic-
tor allows larger delays found from the LMIs, whereas for the
same delay they employ lower-dimensional observers than the
sub-predictors. However, as is well-known [24], [25], they are
harder to implement, due to the distributed input term which
should be carefully discretized. This letter is an essential step
towards the use of sub-predictors and classical predictors for
delay compensation in PDEs, via finite-dimensional observers.

Notations and preliminaries: L2(0, 1) is the Hilbert space
of Lebesgue measurable and square integrable functions
f : [0, 1] → R with the inner product <f , g> := ∫ 1

0 f (x)g(x)dx
and induced norm ‖f ‖2 := <f , f>. H1(0, 1) is the space of
functions f : [0, 1] → R with square integrable weak deriva-
tive, with the norm ‖f ‖2

H1 := ∑1
j=0 ‖f (j)‖2. The Euclidean

norm on R
n is denoted by | · |. For P ∈ R

n×n, P > 0 means
that P is symmetric and positive definite. The sub-diagonal
elements of a symmetric matrix will be denoted by ∗. ⊗ is
the standard Kronecker product. For U ∈ R

n×n,U > 0 and
x ∈ R

n let |x|2U = xTUx. Z+ is the set of nonnegative integers.
Recall that the Sturm-Liouville eigenvalue problem

φ′′ + λφ = 0, x ∈ [0, 1], φ′(0) = φ′(1) = 0, (1)

induces a sequence of eigenvalues λn = n2π2, n ∈ Z+ with
corresponding eigenfunctions

φ0(x) = 1, φn(x) = √
2 cos

(√
λnx

)
, n ≥ 1. (2)

The eigenfunctions form a complete orthonormal system in

L2(0, 1). Given N ∈ Z+ and h ∈ L2(0, 1) satisfying h
L2=∑∞

n=0 hnφn we denote ‖h‖2
N = ∑∞

n=N+1 h2
n.

II. SUB-PREDICTORS VS CLASSICAL PREDICTORS

We consider the PDE

zt(x, t) = zxx(x, t)+ qz(x, t), x ∈ [0, 1], t ≥ 0,

zx(0, t) = 0, zx(1, t) = u(t − r) (3)

under delayed Neumann actuation with known delay r and
non-local measurement

y(t) = 〈c, z(·, t)〉, t ≥ 0 (4)

with c ∈ L2(0, 1). To compensate the delay, we will present
in this section both sub-predictors and classical predictors.

Using modal decomposition, we present the solution
to (3) as

z(x, t)
L2=

∞∑

n=0

zn(t)φn(x), zn(t) = 〈z(·, t), φn〉 (5)

with φn, n ∈ Z+ given in (2). Differentiating under the integral,
integrating by parts and using (1) and (2) we obtain (similar
to [10] and the references therein)

żn(t) = (−λn + q)zn(t)+ bnu(t − r), t ≥ 0

b0 = 1, bn = (−1)n
√

2, n ≥ 1. (6)

Let δ > 0 be a desired decay rate. Since limn→∞ λn = ∞,
there exists some N0 ∈ Z+ such that

− λn + q < −δ, n > N0. (7)

Let

A0 = diag
{−λ0 + q, . . . ,−λN0 + q

}
,

L0 = [
l0, . . . , lN0

]T
, B0 = [

b0, . . . , bN0

]T

C0 = [
c0, . . . , cN0

]
, cn = 〈c, φn〉, n ∈ Z+. (8)

Assume that

cn �= 0, 0 ≤ n ≤ N0. (9)

Then (A0,C0) is observable, by the Hautus lemma. We choose
L0 = [l0, . . . , lN0 ]T which satisfies the following Lyapunov
inequality:

Po(A0 − L0C0)+ (A0 − L0C0)
TPo < −2δPo, (10)

where 0 < Po ∈ R
(N0+1)×(N0+1).

Similarly, by the Hautus lemma, bn �= 0, n ∈ Z+ implies
that (A0,B0) is controllable. Let K0 ∈ R

1×(N0+1) satisfy

Pc(A0 − B0K0)+ (A0 − B0K0)
TPc < −2δPc, (11)

where 0 < Pc ∈ R
(N0+1)×(N0+1).

In our finite-dimensional observer-based predictor design,
the closed-loop system will be presented as a coupled system
of ODEs and the infinite-dimensional tail. This complicates the
proof of stabilization for all r > 0 under higher-dimensional
observers.

Given N ≥ N0 denote

zN0(t) = col{zi}N0
i=0, ẑN−N0(t) = col

{
ẑi
}N

i=N0+1,

A1 = diag
{−λN0+1 + q, . . . ,−λN + q

}
,

B1 = [
bN0+1, . . . , bN

]T
, C1 = [

cN0+1, . . . , cN
]
. (12)

A. Sub-Predictors
In order to deal with a large delay r, we subdivide r into M

parts of equal size r
M , where M ∈ Z+,M ≥ 1. We first con-

sider M ≥ 2 and employ a chain of sub-predictors (observers
of the future state)

ẑN0
1 (t − r) �→ · · · �→ ẑN0

i

(

t − M − i + 1

M
r

)

�→ · · · �→ zN0(t).

(13)

Here ẑN0
i (t − M−i+1

M r) �→ ẑN0
i+1(t − M−i

M r) means that ẑN0
i (t)

predicts the value of ẑN0
i+1(t+ r

M ). Similarly, ẑN0
M (t) predicts the

value of zN0(t + r
M ). The sub-predictors satisfy the following

ODEs for t ≥ 0

˙̂zN0
M (t) = A0ẑN0

M (t)+ B0u

(

t − M − 1

M
r

)

− L0

[
C0ẑN0

M

(
t − r

M

)
+ C1ẑN−N0(t)− y(t)

]
,

˙̂zN0
i (t) = A0ẑN0

i (t)+ B0u

(

t − i − 1

M
r

)

− L0C0

[
ẑN0

i

(
t − r

M

)
− ẑN0

i+1(t)
]
, 1 ≤ i ≤ M − 1,

ẑN0
i (t) = 0, t ≤ 0, 1 ≤ i ≤ M, (14)

whereas ẑN−N0(t) satisfies the following ODE
˙̂zN−N0(t) = A1ẑN−N0(t)+ B1u(t − r), ẑN−N0(t) = 0, t ≤ 0.

(15)

The finite-dimensional observer ẑ(x, t) of the state z(x, t),
based on (M − 1)(N0 + 1) + N + 1-dimensional system of
ODEs (14)-(15), is given by

ẑ(x, t) = ẑN0
1 (t − r) · col

{
φj(x)

}N0
j=0

+ ẑN−N0(t) · col
{
φj(x)

}N
j=N0+1. (16)

The controller is further chosen as

u(t) = −K0ẑN0
1 (t). (17)

In particular, (14) implies u(t) = 0 for t ≤ 0.
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For well-posedness we introduce the change of variables
w(x, t) = z(x, t) − 1

2 x2u(t − r). Then, the closed-loop system
is presented as

wt(x, t) = wxx(x, t)+ qw(x, t)+ f (x, t), x ∈ [0, 1], t ≥ 0,

wx(0, t) = 0, wx(1, t) = 0,

f (x, t) = −1

2
x2u̇(t − r)+

(q

2
x2 + 1

)
u(t − r), (18)

the ODEs (14) and (17). Let z(·, 0) = w(·, 0) ∈ H1(0, 1).
We apply the step method on {[jr, (j + 1)r]}∞j=0. For t ∈
[0, r] we have that f (x, t) ≡ 0. By [26, Ths. 6.3.1 and
6.3.3], (18) has a unique classical solution z = w ∈
C([0, r],L2(0, 1)) ∩ C1((0, r],L2(0, 1)) such that w(·, t) ∈
H2(0, 1) with wx(0, t) = wx(1, t) = 0 for t ∈ (0, r].
Furthermore, since u(t − r) ≡ 0 for t ∈ [0, r], (15) implies
that ẑN−N0(t) ∈ C1[0, r]. Since y ∈ C[0, r], considering (14)
on the subintervals {[ j

M r, (j+1)
M r]}M−1

j=0 , it can be seen that

ẑN0
i ∈ C1[0, r], 1 ≤ i ≤ M. Furthermore, ˙̂zN0

1 is Lipschitz
for t ∈ [0, r]. Next, we consider t ∈ [r, 2r]. Since ẑN0

1 (t) ∈
C1[0, r], with ˙̂zN0

1 (t) Lipschitz on [0, r], we have that f (x, t)
is Lipschitz on [r, 2r]. By [26, Ths. 6.3.1 and 6.3.3], (18) has
a unique classical solution for t ∈ [r, 2r]. Continuing step-by-
step and using z(x, t) = w(x, t)+ 1

2 x2u(t − r), (3) has a unique
solution z ∈ C([0,∞),L2(0, 1)) ∩ C1((0,∞) \ J ,L2(0, 1)),
where J = { jr

M }∞j=0. Moreover, z(·, t) ∈ H2(0, 1) with
zx(0, t) = 0, zx(1, t) = u(t − r) for t ∈ [0,∞).

Define the estimation errors for 1 ≤ i ≤ M − 1 as follows:

eN−N0(t) = col
{
zN0+1(t), . . . , zN(t)

} − ẑN−N0(t),

eN0
M (t) = zN0(t)− ẑN0

M

(

t − 1

M
r

)

,

eN0
i (t) = ẑN0

i+1

(

t − M − i

M
r

)

− ẑN0
i

(

t − M − i + 1

M
r

)

. (19)

From (14) and (19) we have

ẑN0
1 (t − r)+

M∑

i=1

eN0
i (t) = zN0(t). (20)

In particualr, if the errors eN0
i (t), 1 ≤ i ≤ M converge to zero,

we have ẑN0
1 (t) → zN0(t + r), meaning that ẑN0

1 (t) sequen-
tially forecasts the future system state zN0(t+r). Using (4), (8)
and (19), the innovation term in the ODE for ẑN0

M (t) (see (14)),
can be presented as

C0ẑN0
M

(
t − r

M

)
+ C1ẑN−N0(t)− y(t) = −C0eN0

M (t)

−C1eN−N0(t)− ζ(t), ζ(t) =
∞∑

n=N+1

cnzn(t). (21)

By the Young inequality we have

ζ 2(t) ≤ ‖c‖2
N

∞∑

n=N+1

z2
n(t). (22)

Using (6), (14) and (21) we obtain the following dynamics of
the estimation errors for t ≥ 0

ėN0
M (t) = A0eN0

M (t)− L0C0eN0
M (t − r

M
)

− L0C1eN−N0
(

t − r

M

)
− L0ζ(t − r

M
),

ėN0
M−1(t) = A0eN0

M−1(t)− L0C0eN0
M−1

(
t − r

M

)

+ L0C0eN0
M

(
t − r

M

)
+ L0C1eN−N0

(
t − r

M

)

+ L0ζ(t − r

M
),

ėN0
i (t) = A0eN0

i (t)− L0C0eN0
i

(
t − r

M

)

+ L0C0eN0
i+1

(
t − r

M

)
, 1 ≤ i ≤ M − 2 (23)

and

ėN−N0(t) = A1eN−N0(t). (24)

From (6), (17) and (20), zN0(t) satisfies

żN0(t) = (A0 − B0K0)z
N0(t)+ B0K0

M∑

i=1

eN0
i (t). (25)

We introduce the notations

Xe(t) = col
{

eN0
i (t)

}M

i=1
, νe(t) = Xe

(
t − r

M

)
− Xe(t),

Fe = diag
{
IM−1 ⊗ (A0 − L0C0)+ JM−1(0)⊗ L0C0,A0 − L0C0

}
,

Ge = diag
{
IM−1 ⊗ (−L0C0)+ JM−1(0)⊗ L0C0,−L0C0

}
,

Le = col
{
0(M−2)(N0+1)×1, L0,−L0

}
,

Ke = [
K0, . . . ,K0

] ∈ R
1×M(N0+1)

where JM−1(0) is a Jordan block of order M−1 with zero diag-
onal. Note that (24) implies eN−N0(t − r

M ) = e−A1
r
M eN−N0(t).

Then, using (6), (17), (23) and (25), the reduced-order (i.e.,
decoupled from ẑN−N0(t)) closed-loop system can be presented
as

żN0(t) = (A0 − B0K0)z
N0(t)+ B0KeXe(t)

Ẋe(t) = FeXe(t)+ Geνe(t)+ Leζ
(

t − r

M

)

+ LeC1e−A1
r
M eN−N0(t),

żn(t) = (−λn + q)zn(t)− bnK0zN0(t),

+ bnKeXe(t), n > N. (26)

In the case M = 1, ẑN0(t) satisfies the first ODE in (14) and
predicts zN0(t + r). Here Xe(t) = eN0

1 (t) and the closed-loop
system has the form (24) and (26), where now

Fe = A0 − L0C0,Ge = −L0C0,Ke = K0, Le = −L0.

Differently from the existing finite-dimensional con-
trollers [6], [13], where the closed-loop systems is written in
terms of the observer and the tail zn(t) (n > N), here (26)
is presented in terms of the state zN0(t), the estimation errors
Xe(t) and the tail. This allows to eliminate the delay r from
the ODEs of zN0(t) and zn(t), n > N while decreasing it to r

M
(which is small for large M) in the ODE of Xe(t).

Remark 1: In the case of sub-predictors for linear ODEs,
the closed-loop system is given by (23) and (25), where ζ = 0
and eN−N0 = 0. Thus, exponential stability of

ėN0
M (t) = (A0 − L0C0)e

N0
M (t)− L0C0νe,M(t), (27)

where νe,M(t) = eN0
M (t− r

M )−eN0
M (t), guarantees the stability of

the closed-loop system due to ISS of the eN0
i (1 ≤ i ≤ M − 1)

systems with respect to eN0
i+1. This is different from the

infinite-dimensional closed-loop system (26), where the finite-
dimensional part of the system is coupled via ζ(t) with the
infinite-dimensional tail zn(n > N). Here the proof of sta-
bilization for any delay r > 0 provided M and N are large
enough becomes challenging.

For L2-stability analysis of (24) and (26) we define the
Lyapunov functional
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V(t) := V0(t)+ Ve(t)+ VQ(t)+ pe
∣
∣eN−N0(t)

∣
∣2,

V0(t) = ∣
∣zN0(t)

∣
∣2
P0

+
∞∑

n=N+1

z2
n(t),

VQ(t) = Q
∫ t

t− r
M

e−2δ(t−s)ζ 2(s)ds,

Ve(t) = |Xe(t)|2Pe
+ VSe,Xe(t)+ VRe,Xe(t) (28)

Here 0 < P0 ∈ R
(N0+1)×(N0+1), 0 < Q, pe ∈ R, 0 < Pe ∈

R
M(N0+1)×M(N0+1) and

VSe,Xe(t) :=
∫ t

t− r
M

e−2δ(t−s)|Xe(s)|2Se
ds,

VRe,Xe(t) := r

M

∫ 0

− r
M

∫ t

t+θ
e−2δ(t−s)

∣
∣Ẋe(s)

∣
∣2
Re

dsdθ, (29)

where 0 < S0,R0 ∈ R
M(N0+1)×M(N0+1). V0(t) compensates

ζ(t) using (22), whereas Ve(t) compensates r
M in the ODEs of

the estimation errors. Differentiation of VQ(t) gives

V̇Q + 2δVQ = Qζ 2(t)− εMQζ 2
(

t − r

M

)
, εM = e−2δ r

M . (30)

Differentiating V0(t) along (26) we obtain

V̇0 + 2δV0 = (
zN0

)T
(t)[2δP0 + P0(A0 − B0K0)

+ (A0 − B0K0)
TP0

]
zN0(t)+ 2

(
zN0

)T
(t)P0B0KeXe(t)

+ 2
∞∑

n=N+1

(−λn + q + δ)z2
n(t)

+ 2
∞∑

n=N+1

zn(t)bn
[
KeXe(t)− K0zN0(t)

]
. (31)

Let α1, α > 0. By the Young inequality we have

2
∞∑

n=N+1

zn(t)bn
[
KeXe(t)− K0zN0(t)

]

≤
(

1

α
+ 1

α1

) ∞∑

n=N+1

λnz2
n(t)+ 2α

Nπ2

∣
∣K0zN0(t)

∣
∣2

+ 2α1

Nπ2
|KeXe(t)|2 (32)

where we used the value of bn, given in (6), and the estimate
∞∑

n=N+1

b2
n

λn
≤ 2α

π2

∫ ∞

N

dx

x2
= 2α

Nπ2
. (33)

Differentiation of Ve(t) and Jensen’s inequality lead to

V̇e + 2δVe ≤ XT
e (t)

[
PeFe + FT

e Pe + 2δPe
]
Xe(t)

+ 2XT
e (t)PeGeνe(t)+ 2XT

e (t)PeLeζ(t − r

M
)

+ 2XT
e (t)PeLeC1e−A1

r
M eN−N0(t) + |Xe(t)|2Se

− εM

×
[
|Xe(t)+ νe(t)|2Se

+ |νe(t)|2Re

]
+
( r

M

)2∣
∣Ẋe(t)

∣
∣2
Re
. (34)

To compensate ζ 2(t) we use monotonicity of λn, n ∈ Z+, (31)
and (32) to obtain

2
∞∑

n=N+1

(

−λn + q + δ +
[

1

2α
+ 1

2α1

]

λn

)

z2
n(t)

(22)≤ 2

(

−λN+1 + q + δ +
[

1

2α
+ 1

2α1

]

λN+1

)

‖c‖−2
N ζ 2(t)

(35)

provided −λN+1 + q + δ + [ 1
2α + 1

2α1
]λN+1 ≤ 0. Let

η(t) = col{zN0(t),Xe(t), νe(t), ζ(t − r

M
), eN−N0(t)}.

From (31)-(35) we have

V̇(t)+ 2δV(t) ≤ ηT(t)�1η(t)+ 2

‖c‖2
N

�2ζ
2(t) ≤ 0, t ≥ 0,

provided

�2 = −λN+1 + q + δ +
[

1

2α
+ 1

2α1

]

λN+1 + Q‖c‖2
N

2
< 0,

�1 = �full +
( r

M

)2
TRe < 0,

�full =
[
�0 �1
∗ �1

]

, �1 =
⎡

⎢
⎣

0
0

PeLeC1e−A1
r
M

0

⎤

⎥
⎦,

�1 = 2pe[A1 + δI],  = [0,LeC1e−A1
r
M ]

with

�0 =
⎡

⎣
ψ P0B0Ke 0 0
∗ �(Pe, Se,Re) Pecol{Le, 0}
∗ ∗ −εMQ

⎤

⎦

+ 2

Nπ2
diag

{
αKT

0 K0, α1
[
Ke 0

]T[
Ke 0

]
, 0
}
,

ψ = P0(A0 − B0K0)+ (A0 − B0K0)
T P0 + 2δP0,

�(Pe, Se,Re) =
[

PeFe + FT
e Pe + 2δPe + (1 − εM)S PeGe − εMSe

∗ −εM(Se + Re)

]

,

0 = [0,Fe,Ge,Le]. (36)

By Schur’s complement we have that �2 < 0 iff
[

−λN+1 + q + δ + Q‖c‖2
N

2 1 1
∗ −2λ−1

N+1 diag{α, α1}

]

< 0. (37)

Finally, that (7) yields �1 < 0. Therefore, applying Schur
complement and taking pe → ∞ we find that �1 < 0 if

�0 +
( r

M

)2
T

0 Re0 < 0 (38)

with 0 given in (36). Note that (37) and (38) are
reduced-order LMIs whose dimension is independent of N.
Summarizing, we arrive at:

Theorem 1: Consider (3), measurement (4) with c ∈
L2(0, 1) satisfying (9) and control law (17). Let δ > 0 be
a desired decay rate. Let N0 ∈ Z+ satisfy (7) and N ≥ N0 +1.
Assume that L0 and K0 are obtained using (10) and (11),
respectively. Given M ∈ Z+,M ≥ 1 and r > 0, let
there exist positive definite matrices P0,Pe, Se,Re and scalars
Q, α, α1 > 0 such that (37) and (38) hold. Then the solution
z(x, t) to (3) under the control law (17) and the corresponding
subpredictor-based observer ẑ(x, t) defined by (14), (15) and
(16) satisfy

∥
∥z(·, t)− ẑ(·, t)

∥
∥ + ‖z(·, t)‖ ≤ De−δt‖z(·, 0)‖ (39)

for some constant D > 0.
We show next that (37) and (38) are feasible for any delay

r > 0 provided M and N are large enough. For this purpose
consider (27) and

VM(t) =
∣
∣
∣eN0

M (t)
∣
∣
∣
2

P
+ V

S,e
N0
M
(t)+ V

R,e
N0
M
(t)

with V
S,e

N0
M
(t), V

R,e
N0
M
(t) as in (29), where 0 < P, S,R ∈

R
N0+1. The LMI
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J (P, S,R) =
[
φ −PL0C0 − e−2δhS

∗ −e−2δh(S + R)

]

+ h2
[
(A0 − L0C0)

T

−CT
0 LT

0

]

R
[
A0 − L0C0 −L0C0

]
< 0,

φ = P(A0 − L0C0)+ (A0 − L0C0)
TP + 2δP + (1 − e−2δh)S.

(40)

with h = r
M guarantees V̇M(t)+2δVM(t) ≤ 0 along (27). Given

δ > 0, (10) implies that (40) is feasible for small enough h > 0
(see, e.g., [27]).

Proposition 1: Given h > 0, let 0 < P, S,R ∈ R
N0+1 such

that (40) holds. Then, given r > 0 and M > r
h , there exists

some N∗ such that for all N > N∗, (37) and (38) are feasible.
Proof: We first show that there exist 0 < Pe, Se,Re ∈

R
M(N0+1)×M(N0+1) such that

�(Pe, Se,Re)+
( r

M

)2
[

FT
e

GT
e

]

Re
[
Fe Ge

]
< 0 (41)

with �(Pe, Se,Re) given in (36). Consider the ODE

Ẋe = FeXe(t)+ Geνe(t) (42)

obtained from (26) by setting ζ(t) ≡ 0 and eN−N0(t) ≡ 0. For
Ve(t), given in (28), by standard arguments it can be easily
verified that (41) guarantees V̇e(t)+2δVe(t) ≤ 0. We will con-
struct Ve(t) recursively, by using P, S and R, thereby obtaining
Pe, Se and Re. First, consider the ODE (27). Since r

M < h, (40)
holds with h replaced by r

M . Next, consider (27) and the ODE
of eN0

M−1(t) in (42):

ėN0
M−1(t) = (A0 − L0C0)e

N0
M−1(t)− L0C0

(
νe,M−1(t)− eN0

M (t)
)

(43)

Let μ > 0 and define

VM−1(t) =
∣
∣
∣eN0

M−1(t)
∣
∣
∣
2

P
+ V

S,e
N0
M−1
(t)+ V

R,e
N0
M−1
(t)+ μVM(t)

where VM(t) is rescaled by μ. Using (27) and (43), the
following LMI guarantees V̇M−1(t)+ 2δVM−1(t) ≤ 0:
⎡

⎢
⎢
⎢
⎣

J (P, S,R)
PL0C0 + ( r

M

)2
(A0 − L0C0)

T RL0C0 0

−( r
M

)2CT
0 LT

0 RL0C0 0

∗ μJ (P, S,R)+ ( r
M

)2
[

CT
0 LT

0 RL0C0 0
0 0

]

⎤

⎥
⎥
⎥
⎦
< 0. (44)

Since J (P, S,R) < 0, taking μ large enough and applying
Schur complement it can be seen that (44) holds. Repeating
these arguments by backward induction, i.e., choosing

VM−j(t) =
∣
∣
∣eN0

M−j(t)
∣
∣
∣
2

P
+ V

S,e
N0
M−j
(t)+ V

R,e
N0
M−j
(t)

+ μVM−j+1(t), 2 ≤ j ≤ M − 1 (45)

and increasing μ at each step, we obtain that (41) holds
with We = diag{μjW}M−1

j=0 ,W ∈ {P, S,R}. Next, recall (37)
and (38), with �0 given in (36). Set α = α1 = 2 and let β > 0.
Rescaling, we replace �(Pe, Se,Re) with �(βPe, βSe, βRe) =
β�(Pe, Se,Re). Let P0 = Pc, given in (11), resulting in ψ < 0
in (36). Setting β > 0 to be large enough, then choosing
Q = N large enough and applying Schur complement twice
in (38), we find that (37) and (38) hold.

B. Classical Observer-Based Predictor
For the case of a classical predictor, we consider a N + 1

dimensional observer of the form

ẑ(x, t) = ẑN0(t) · col
{
φj(x)

}N0
j=0

+ ẑN−N0(t) · col
{
φj(x)

}N
j=N0+1. (46)

Here ẑN−N0(t) is defined in (12) and satisfies (15), whereas
ẑN0(t) satisfies the following ODE

˙̂zN0(t) = A0ẑN0(t)+ B0u(t − r)

− L0
[
C0ẑN0(t)+ C1ẑN−N0(t)− y(t)

]
, t ≥ 0,

ẑN0(t) = 0, t ≤ 0. (47)

Recall eN−N0(t) given in (19) and satisfying (24). Define
eN0(t) = zN0(t) − ẑN0(t), where zN0(t) is given in (12). The
innovation term in (47) can be presented as

C0ẑN0(t)+ C1ẑN−N0(t)− y(t)

= −C0eN0(t)− C1eN−N0(t)− ζ(t)

with ζ(t), given in (21), subject to (22). Using these notations
with (6) and (47), we obtain

ėN0(t) = (A0 − L0C0)e
N0(t)− L0C1eN−N0(t)− L0ζ(t).

(48)

As in [23], we propose the predictor-based control law

z̄(t) = eA0rẑN0(t)+
∫ t

t−r
eA0(t−s)B0u(s)ds, u(t) = −K0z̄(t)

(49)

Note that exponential decay of z̄(t) implies exponential decay
of ẑN0(t) with the same decay rate. Differentiating z̄(t) and
using (47) and (49) we obtain

˙̄z(t) = (A0 − B0K0)z̄(t)+ eA0rL0

× [
C0eN0(t)+ C1eN−N0(t)+ ζ(t)

]
, t ≥ 0. (50)

Then, the reduced-order (decoupled from ẑN−N0(t)) closed-
loop system is given by non-delayed ODEs (24), (48), (50)
and the tail

żn(t) = (−λn + q)zn(t)− bnK0z̄(t − r), n > N (51)

which depends on the delay. Note also that in the case of
state-feedback (see, e.g., [21]), the predictor is given by (49)
with ẑN0 changed by zN0 leading to decoupled from the tail
ODE (50) with L0 = 0. The latter simplifies the stability anal-
ysis of the closed-loop system and makes the proof of LMI
feasibility trivial. Next, we consider L2-stability analysis of
the closed-loop system, which is delay-independent for δ = 0.
Define the Lyapunov functional

V̄(t) = V̄0(t)+ ∣
∣eN0(t)

∣
∣2
Pe

+
∫ t

t−r
e−2δ(t−s)|z̄(s)|2Sds,

V̄0(t) = |z̄(t)|2P0
+

∞∑

n=N+1

z2
n(t)+ pe

∣
∣eN−N0(t)

∣
∣2, (52)

where P0,Pe, S > 0 are matrices of appropriate dimensions
and pe > 0 is a scalar. By arguments similar to (31)-(38) the
following LMIs guarantee ˙̄V + 2δV̄ ≤ 0 for pe → ∞:

−εrS + 2α

Nπ2
KT

0 K0 < 0,
⎡

⎣
ψ + S P0eA0rL0C0 P0eA0rL0

∗ ψ1 −PeL0
∗ ∗ ψ2

⎤

⎦ < 0,

ψ1 = Pe(A0 − L0C0)+ (A0 − L0C0)
TPe + 2δPe,

ψ2 = 2

‖c‖2
N

[

−λN+1 + q + δ + 1

2α
λN+1

]

, εr = e−2δr,

(53)
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TABLE I
SUB-PREDICTORS: MINIMAL N AND M FOR FEASIBILITY

TABLE II
CLASSICAL PREDICTOR: MINIMAL N FOR FEASIBILITY

where ψ is given in (36). Fix any r > 0. Let α = 1, S = 1√
N

I,
P0 such that ψ = −2I and Pe such that ψ1 = −βI for β > 0.
Choosing first β > 0 large enough and then N large enough
and applying Schur complement, (53) holds. Summarizing:

Proposition 2: Consider (3), measurement (4) with c ∈
L2(0, 1) satisfying (9) and control law (49). Let δ > 0 be
a desired decay rate. Let N0 ∈ Z+ satisfy (7) and N ≥ N0 +1.
Let L0 and K0 be obtained using (10) and (11), respectively.
Given r > 0, let there exist positive definite matrices P0,Pe, S
and scalar α > 0 such that LMIs (53) hold. Then the solu-
tion z(x, t) to (3) under the control law (49) and the observer
ẑ(x, t) defined by (46) satisfy (39) for some constant D > 0.
Furthermore, given any r > 0, the LMI (53) is feasible
provided N is large enough.

C. Numerical Example
We consider (3) with q = 3, resulting in an unstable

open-loop system. We consider (4) with c(x) = χ[0.3,0.6]
(an indicator function). We fix δ = 0.1 which results in
N0 = 0. The controller and observer gains are found using (10)
and (11) as K0 = 8.8,L0 = 14.66.

We start with sub-predictors. Given various values of r > 0,
the LMIs of Theorem 1 were verified for 1 ≤ N+M ≤ 110 and
1 ≤ M ≤ 20 by using the standard MATLAB LMI toolbox.
Table I presents the minimal values of N and M found to
guarantee the feasibility (i.e., the exponential stability of the
closed-loop system with a decay rate 0.1).

For classical predictors, the LMIs of Proposition 2 were ver-
ified for 1 ≤ N ≤ 100. Table II presents the minimal values
of N which guarantee feasibility of the LMIs. It is seen from
the tables that for the same values of r, the classical predictor
employs a lower-order N + 1-dimensional observer compared
to (M − 1)(N0 + 1) + N + 1-dimensional sub-predictors.
Numerical simulations appear in the arXiv version [28].

III. CONCLUSION

We studied constant input delay compensation by finite-
dimensional observer-based controllers for the 1D heat
equation. We proved that both sub-predictors and classi-
cal predictors theoretically compensate any delay provided
the observer dimension is large. Classical predictors are
known to be less friendly in application to uncertain systems
(see, e.g., [19, Remark 3]). The suggested predictor methods
can be extended in the future to various parabolic PDEs.
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[25] I. Karafyllis and M. Krstić, Predictor Feedback for Delay Systems:
Implementations and Approximations. Basel, Switzerland: Birkhäuser,
2017.

[26] A. Pazy, Semigroups of Linear Operators and Applications to Partial
Differential Equations, vol. 44. New York, NY, USA: Springer, 1983.

[27] E. Fridman, Introduction to Time-Delay Systems: Analysis and
Control (Systems and Control: Foundations and Applications). Cham,
Switzerland: Birkhauser, 2014.

[28] R. Katz and E. Fridman, “Sub-predictors and classical predictors for
finite-dimensional observer-based control of parabolic PDEs,” 2021.
[Online]. Available: arXiv:3718703.

Authorized licensed use limited to: TEL AVIV UNIVERSITY. Downloaded on June 30,2021 at 13:48:45 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


