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Recently, a constructive method for the finite-dimensional observer-based control of deterministic
parabolic PDEs was suggested by employing a modal decomposition approach. In this paper, for the
first time we extend this method to the stochastic 1D heat equation with nonlinear multiplicative
noise. We consider the Neumann actuation and study the observer-based as well as the state-feedback
controls via the modal decomposition approach. We employ either trigonometric or polynomial
dynamic extension. For observer-based control we consider a noisy boundary measurement. First,
we show the well-posedness of strong solutions to the closed-loop systems. Then by suggesting a
direct Lyapunov method and employing Itd’s formula, we provide mean-square L? exponential stability
analysis of the full-order closed-loop system, leading to linear matrix inequality (LMI) conditions for
finding the observer dimension and as large as possible noise intensity bound for the mean-square
stabilizability. We prove that the LMIs are always feasible for small enough noise intensity and large
enough observer dimension (for observer-based control). We further show that in the case of state-
feedback and linear noise, the system is always stabilizable for noise intensities that guarantee the
stabilizability of the stochastic finite-dimensional part of the closed-loop system with deterministic
measurement. Numerical simulations are carried out to illustrate the efficiency of our method. For
both state-feedback and observer-based controls, the trigonometric extension always allows for a larger
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noise than the polynomial one in the example.
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1. Introduction

Stochastic PDEs are natural generalizations of PDEs and their
theory has motivations coming from both mathematics and nat-
ural sciences: physics, chemistry, biology and mathematical fi-
nance (Da Prato & Zabczyk, 2014). In the application aspects,
because of the inherent complexity of the underlying physical
processing, many control systems in reality (such as that in the
microelectronics industry, in the atmospheric motion, in com-
munications and transportation, and so on) exhibit very complex
dynamics, including substantial model uncertainty, actuator and
state constraints, and high dimensionality (usually infinite). These
systems are often best described by stochastic PDEs (Murray,
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2003, P. 61). As stated in Lii and Zhang (2021, P. 5), control
theory for stochastic PDEs is still at its very beginning stage and
many tools and methods, which are effective in the deterministic
case, do not work anymore in the stochastic setting. In Barbu
(2018, Sec. 5.4), an infinite-dimensional internal state-feedback
stabilizer was provided for stochastic parabolic PDEs with linear
multiplicative noise, for small levels of noise and large enough
gain. Inspired by Fridman and Blighovsky (2012), the control
designs for stochastic PDEs with linear multiplicative noise by
spatial decomposition have been reported (Kang, Wang, Wu, Li,
& Liu, 2021; Wu & Zhang, 2020). However, spatial decomposition
requires many sensors and actuators, covering the whole spatial
domain.

In Duncan, Maslowski, and Pasik-Duncan (1994), adaptive
boundary/point control of a linear stochastic PDE with addi-
tive noise was presented. In Liang and Wu (2022), a boundary
state-feedback controller is designed for stochastic Korteweg-de
Vries-Burgers equations with linear multiplicative noise, where
the controller depends on the full information of the state. In
Christofides, Armaou, Lou, and Varshney (2008) and Hu, Lou,
and Christofides (2008), finite-dimensional state-feedback and
output-feedback controllers for stochastic PDEs with additive
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noise under nonlocal actuation were designed by the modal
decomposition approach. A singular perturbation approach that
reduces the controller design to a finite-dimensional slow sys-
tem was suggested, but constructive conditions for finding the
dimension of the slow system that guarantees a desired closed-
loop performance were not provided. In Munteanu (2018, 2019),
Munteanu presented the first results on finite-dimensional
boundary state-feedback stabilization for the stochastic heat
equation with nonlinear multiplicative noise and stochastic Burg-
ers equations with linear multiplicative noise, respectively, by
using a fixed point argument, where the stability can be guar-
anteed no matter how large the level of the noise is. However,
the results in Munteanu (2018, 2019) that employ modal decom-
position are qualitative — for large enough number of modes
the proposed controller stabilizes the system. Moreover, it is
worth mentioning that the method in Munteanu (2018, 2019)
requires full state knowledge and is nontrivial for only partial
state knowledge (see the conclusions of Munteanu (2018, 2019)).
Constructive methods for boundary or nonlocal control of sys-
tems with multiplicative noise that allows finding a bound on
the number of modes (and on the observer dimension for the
output-feedback case) with guaranteed performance are missing.

Finite-dimensional observers and the resulting controllers, are
very attractive in applications compared to controllers that use
PDE observers and need further approximation. For deterministic
parabolic PDEs, recently, a constructive LMI-based method for
finite-dimensional observer-based controller was introduced via
modal decomposition (Katz & Fridman, 2020). A direct Lyapunov
method was suggested resulting in simple LMI conditions for
finding the observer dimension. In Katz and Fridman (2021) and
Lhachemi and Prieur (2022), the method was extended to both
unbounded operators by employing dynamic extension (Curtain
& Zwart, 2012; Prieur & Trélat, 2019). Note that the above results
are all focused on the linear PDEs since the nonlinearity may
cause additional spillover behavior (Hagen & Mezic, 2003). In
Katz and Fridman (2023), the state-feedback global stabilization
of semilinear parabolic PDEs under nonlocal or Dirichlet actuation
via modal decomposition approach was suggested, where the
nonlinear terms are compensated by using Parseval’s inequality.
However, the corresponding results in Katz and Fridman (2020,
2021, 2023) and Lhachemi and Prieur (2022) cannot be extended
to the stochastic case directly. The challenges for the stochastic
PDEs are as follows: (i) The well-posedness and the regularity
of solutions to the closed-loop stochastic PDE systems are es-
sentially more challenging than in the deterministic case; (ii)
Differently from the deterministic case, in the Lyapunov analysis,
we cannot take generator (also called the differential operator
associated with the considered stochastic equation (see Klebaner
(2005, P.149) and Mao (2007, P.110))) term by term in the infinite
sum since the mean-square L? convergence of the generators sum
cannot be guaranteed. Instead, we present the Lyapunov function
in the form of the one for the stochastic PDE and the other one
for finite-dimensional stochastic ODEs and apply the generator to
each part. Moreover, treatment of the nonlinear noise function o4
is challenging and is different from the treatment of nonlinearity
in the deterministic case (see, e.g., Katz and Fridman (2023)) due
to a quadratic term that appears in the expression for generator
(see XT(t)PX(t) in (2.49), such term does not appear in the
deterministic setting); (iii) To prove the mean-square exponential
stability, we employ corresponding It6’s formulas for stochastic
ODEs and (strong solutions of) PDEs, respectively.

In this paper we aim to develop the constructive LMI-based
design for stochastic parabolic PDEs. We suggest
finite-dimensional observer-based and state-feedback controllers
for the 1D stochastic heat equation with nonlinear multiplicative
noise. We consider the Neumann actuation and noisy bound-
ary measurement and study the mean-square [? exponential
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stability. We use the modal decomposition method via either
trigonometric or polynomial dynamic extension. We also provide
results for the linear multiplicative noise and show that for the
state-feedback case, the system is always stabilizable for noise
intensities that guarantee the stabilizability of the stochastic
finite-dimensional part of the closed-loop system with determin-
istic measurement. The efficiency of the method is demonstrated
by numerical simulations. For both state-feedback and observer-
based controllers, the trigonometric extension always allows a
larger noise than the polynomial one. The contribution of the
present paper is listed as follows:

o Differently from the previous works on boundary control
of stochastic PDEs that prove the well-posedness of mild
solutions (see, e.g., Duncan et al. (1994) and Munteanu
(2018, 2019)), in this paper, we apply the dynamic extension
(inspired by Curtain and Zwart (2012), Karafyllis (2021) and
Katz and Fridman (2021)) to get equivalent stochastic PDEs
and show the well-posedness for strong solutions to the
closed-loop systems. The latter allows us to employ Itd’s
formula.

o Differently from existing works on the finite-dimensional
control of stochastic PDEs by a singular perturbation ap-
proach (Christofides et al., 2008; Hu et al., 2008) or a fixed
point argument (Munteanu, 2018, 2019), we suggest for the
first time a direct Lyapunov method for the mean-square [?
exponential stabilization of stochastic parabolic PDEs with
nonlinear multiplicative noise by finite-dimensional bound-
ary control. Moreover, the results of Christofides et al. (2008)
and Munteanu (2018, 2019) were confined to state-feedback
case, whereas we present output-feedback design based on
noisy boundary measurements.

e Compared with the qualitative results in Christofides et al.
(2008), Hu et al. (2008) and Munteanu (2018, 2019), our
method is constructive and quantitative (differently from
perturbation-based approaches) with easily implementable
and efficient LMI conditions for finding the number of
modes of controller and observer and as large as possible
noise intensity bound for the mean-square stabilizability.
We prove that the derived LMIs are always feasible for
small enough noise intensity and large enough number of
controller and observer modes.

Preliminary results on observer-based control for deterministic
boundary measurement via polynomial dynamic extension were
reported in Wang, Katz, and Fridman (2022).

Notations: Let (§2, F, P) be a complete probability space with a
filtration {F;};>o of increasing sub o-fields of F (see Da Prato and
Zabczyk (2014, P. 71)) and let E{-} be the expectation operator.
For f e C([0, 1]), let |Iflljo,;] = maXxepo1;If(x)]. Denote by
12(0, 1) the space of square integrable functions with inner prod-
uct {f,g) = folf(x)g(x)dx and induced norm ||f||f2 = (f,f). Let
L?(£2; 1*(0, 1)) be the set of all Fy-measurable random variables
z € %0, 1) with IE||Z||§2 < oo. H'(0, 1) is the Sobolev space
of functions f : [0,1] — R with a square integrable weak
derivative. The norm defined in H'(0, 1)is [If||2, = IIf I, +IIf'[I%.

.- . HL ™, ‘
Let N denote the set of positive integers. The Euclidean norm is
denoted by | - |. For P € R™", P > 0 means that P is symmetric

and positive definite. The symmetric elements of a symmetric
matrix will be denoted by *. For 0 < P € R™" and x € R", we
write |x|,2) = x"Px. For A € R™", let ||A|| be the operator norm of
A induced by | - |. Let I denote the identity matrix of appropriate
size.

Recall the Sturm-Liouville operator

A1 = — & (P(X) £ (X)) + q(x)(x),
D(Aq) = {¢ € H*(0, 1)|¢(0) = ¢'(1) = 0},
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where p € C?([0, 1]) and q € C'([0, 1]) satisfy

0 <p. <p(x)<p* 0=<q(x)<q*, xel0,1]. (1.2)

The Sturm-Liouville operator (1.1) has a sequence of eigenvalues
A < --- < Ay < ... satisfying (see Orlov (2017))

72 (n—1)°p. < < w202p* 4+ q*, n> 1, (1.3)

with corresponding normalized eigenfunctions ¢,(x) (n > 1)
which form a complete orthonormal system in L?(0, 1). Particu-
larly, if p(x) = 1 and q(x) = 0, A, and ¢, are explicitly given by

h = (= 3072, $u(x) = V2sin(v/Znx), 0= 1. (1.4)

2
Given N € N and h e [2(0, 1) satisfying h = > hntpn, We

denote |[h[|}, = Y77 . h2. The following lemma will be used:

Lemma 1.1 (Katz & Fridman, 2020, Lemma 2.1). Let h € [2(0, 1)

2
be given by h = Y e hnpn. Then h € H'(0, 1) with h(0) = 0 iff
> o2 Anh2 < co. Moreover, for h € D(A;), we have

o0 ,1 [o]
2 2 12 2
S D i < I < sznhn.
— * —
n=1 n=1

2. Observer-based control

Consider the following stochastic 1D heat equation with non-
linear multiplicative noise under Neumann actuation:

dz(x, t) = [2(p(x) L2(x, 1)) + (qc — q(x))z(x, t)]d¢
+ oq1(x, t, z(x, £))dwi(t), t = 0,x € [0, 1],

2(0,t) =0, z(1,t) =u(t),

z(x, 0) = zo(x),

(2.1)

where zy € [*(£2;1%0,1)), g¢ € R is a constant reaction
coefficient, u(t) is a control input to be designed, W;(t) is the
1D standard Brownian motion defined on (§2, F, P), the nonlinear
noise function o : [0, 1] x R x R — R is assumed to satisfy

o1(x,t,0) =0, |o1(x, t,21) — o1(x, t, 22)| < 61|21 — 22|, (2.2)

forallx € [0, 1],t € RT, and z;, z, € R, where ; > 0 is an upper
bound on the noise intensity.

Remark 2.1. Differently from the Kalman filtering techniques
developed in PDE setting (see, e.g., Falb (1967)) where the noise is
independent of state (additive noise), in system (2.1) we studied
the multiplicative noise which may appear due to the system
parameters that undergo random perturbations of white noise
process (Da Prato & Zabczyk, 2014; Mao, 2007). Specifically, one
can think of system (2.1) as a stochastic version of the reaction-
diffusion equations in Karafyllis (2021) and Katz and Fridman
(2020), where the reaction term (q. — q(x))z(x, t) therein under-
goes random perturbations and is replaced by (q. — q(x))z(x, t) +
o1(x, t, z(x, t))ci(t) (see, e.g. Haussmann (1978)). Here ¢4(t) is a
white noise process which is formally defined as the derivative
of the Brownian motion ¢i(t) = % (see Klebaner (2005,
P.124)). In (2.1), we consider the white noise which is uniform
in the spatial variable. Such white noise appears in many appli-
cations including filtering equations (see Da Prato and Zabczyk
(2014, Sec. 13.8)) and Musiela’s equation of the bond market (see
Da Prato and Zabczyk (2014, Sec. 13.3)). We suggest nonlinear
noise perturbation function o4(x, t, z) to describe the distribution
of noise with respect to space, time, and state. Similarly, we will
consider the multiplicative measurement noise (see (2.3)).
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In this paper we are interested in the strong solution to the
closed-loop system (see Section 2.1.2) and the mean-square L?
stability of (2.1) (see Definition 2.1). Note that the multiplicative
noise always tends to destroy mean-square stability (see, e.g.,
Damm (2004, Remark 1.5.9), Munteanu (2018) and Wu and Zhang
(2020)). Thus, we aim to study the mean-square exponential
stabilization and find (as large as we can) noise intensity bound
a1 for the mean-square stabilizability.

We consider the following noisy boundary measurement out-
put (see e.g., (Dragan, Morozan, & Stoica, 2006; Gershon, Shaked,
& Yaesh, 2005)):

dy(t) = z(1, t)dt + oa(t, z(1, £))dW,(t), t > 0, (23)
where nonlinear noise function o, : RT™ x R — R satisfies
03(t,0) =0, |oa(t, z1) — 02(t, 22)| < G221 — 22, (2.4)

for all t € R™ and z1,2, € R, and certain positive constant o5,
W;(t) is a 1D standard Brownian motion defined on (£2, F, P).
Note that Wy(t) and Ws(t) are mutually independent.

The unboundedness of the control and observation operators
leads to substantial technical difficulties for the well-posedness
and the stability analysis of the closed-loop system. Most of the
existing works are focused on the semigroup approach to the
boundary control problem of stochastic PDEs, which can only
guarantee the well-posedness for mild solutions (see, e.g., Dun-
can et al. (1994) and Munteanu (2018, 2019)). However, since
the stochastic convolution is no longer a martingale, we cannot
apply Itd’s formula to mild solutions directly, which limits the
Lyapunov stability analysis. In this section, we employ dynamic
extension which is based on a change of variables to lift the
control input from the boundary to the right hand side of the
equivalent stochastic PDE system. This allows us to analyze the
well-posedness of strong solutions to the closed-loop system and
to employ Itd’s formula directly. In this paper, we consider two
types of dynamic extension: trigonometric (inspired by Karafyllis
(2021)) and polynomial (inspired by Katz and Fridman (2021)).

2.1. Trigonometric dynamic extension

2.1.1. Controller design

Inspired by Karafyllis (2021), let & > 0 with u # A, forn e N
be a given constant and consider a function ¥ e C?([0, 1]) that
satisfies

POV (X)) — qX)P (%) = —py(x),
v(0)=0, y'(1)=1

Since u # A, it follows that the boundary-value problem (2.5)
has a unique solution. In particular, if p(x) = 1 and q(x) = 0, we
can choose 1 = 72 and ¥ (x) = —% sin(mx).

We consider the trigonometric change of variables

(2.5)

w(x, t) = z(x, t) — Y (x)u(t) (2.6)
to obtain the following system
dw(x, t) = [ (p(X) Ew(x, 1)) + (g — g(x)w(x, t)ldt

+ [(PX)Y' (X)) — q)¥r(x) + qe ¥ ()]u(t)de

— Y(x)du(t) 4+ o1(x, t, wix, t) + Y (x)u(t))dws(t) 27

= 2000 L wlx, 0) + (g — q)wlx, £)]de
— Y — gcu(t)dt + du(t)]
+oi(x, t, w(x, t) + Y (x)u(t))dwi(t).
We will henceforth treat u(t) as an additional state variable,
subject to the dynamics

du(t) = [(qc — pu(t) + v(t)]dt, t >0, u(0) =0, (2.8)
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whereas v(t) € R is the new control input. Note that (2.8) implies
w(-, 0) = zo(+) € [*(£2, [*(0, 1)). From (2.7) and (2.8), we obtain
the equivalent system:

du(t) = [(qc — pu(t) + v(t)ldt, t > 0, (2.9a)
dw(x, t) = [L(p(x) L w(x, 1))
+ (qc — qC))w(x, t) — Y (x)v(t) Idt (2.9b)
+ o1(x, £, w(x, t) + Y (x)u(t))dwi(t),
w(0, t) = wy(1,t) =0, u(0) =0, (2.9c)
with noisy boundary measurement
dy() = [w(1. £) + Y(Du(D)]d 2.10)

+ oa(t, w(1, t) + Y (Nu(t))dwx(t), t = 0.

In Section 2.1.2, we prove that for any initial condition z, €
L2(£2; 1%(0, 1)) and zy € D(A;) almost surely, (2.9b) with bound-
ary conditions (2.9¢) possesses a unique strong solution satisfying

w e [2(£2; C([0, T]; L*(0, 1)) N [2(£2 x [0, T]; H(0,1))  (2.11)

for any T > 0. Therefore, we can present the solution to (2.9b)-
(2.9¢) as

0 S w00, walt) = (-, ), du), (2.12)

with ¢y, n € N eigenfunctions of (1.1). The convergence of series
(2.12) in L? in mean-square follows from (2.11). Note that the
Fourier expansion for solutions of stochastic PDEs has been used
in the past (see e.g. Christofides et al. (2008) and Hu et al. (2008)
for stochastic PDEs with additive noise and Chow (2007, P.89),
Duan and Wei (2014, P.86) for stochastic PDEs with multiplicative
noise).
Differentiating w, in (2.12) and using (2.9b), we obtain

dwy(t) [fo [Z () Zw(x, 1)) — qx)w(x, t)]¢n(x)dx
+ gewn(t) — by (t) ] dt + oya(E)dWi (L), € > 0,

wn(0) = (w(-, 0), ¢n),

where

by = (¥, én),
ora(t) = (010 £, 257, wit)gy + Y (Ju(t)), dn).

Integrating by parts and using (1.1
tions (2.9¢), we have

ST (P02 w(x, ) — g)w(x, £)]a(x)dx
= — [ w(x, £)(A1a)(X)dX = —Anwi(t),

where the last equality is obtained from (A;¢,)(X) = An@n(X).
Then it follows from (2.13) and (2.14) that

dwy(t) = [(—An + qc)wn(t) — byo(t)]dt
+ o1a(t)dWn(t), t >0,
wy(0) = (w(-, 0), @y).
Let § > 0 be a desired decay rate and let Ny € N satisfy

(2.13)

) and the boundary condi-

(2.14)

(2.15)

(2.16)

(-72
A +qc+38+ 5 <0, n> Ny,

where Ny is the number of modes used for the controller design.
Compared with Katz and Fridman (2020, 2021) and Lhachemi and
Prieur (2022) for the deterministic PDEs, the additional term o 2/2
in (2.16) is induced by the stochastic perturbations. Let N € N,
N > Ny, where N will be the dimension of the observer.
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Remark 2.2. In (2.16), Ny represents the number of “relatively
unstable” modes that need to be stabilized. To explain this point,
we present the open-loop system (2.1) (i.e., u(t) = 0) as the
following stochastic evolution equation:

dz(t) = [—A1z(t) + qez(t)1dt + o1 (-, t, z(£))dWa(t),
2(0) = z9 € L*(£2; 1*(0, 1)),

where t > 0, A; is defined in (1.1). Since the nonlinear function
o satisfies the global Lipschitz condition (2.2), we can conclude
from Chow (2007, Theorem 6.7.4) that (2.17) has a unique strong
solution z € [%(£2; C[O, T]; L*(0, 1)) N [?(£2 x [0, T]; H'(O, 1))
Assume (2.16) holds for some Ny. Considering V(z) = ||z||L2,
z € I%(0,1) and calculating the generator £ (see Chow (2007,

P. 228)) along (2.17), we have for t > 0,
LV(z(t)) + 28V (z(t)) = (—Aqz(t) + qcz(t), D,V (z(t))) 2

+ 3(DV(z(D)os (-, t, 2(1)), o1, £, 2(1))) 2 + 281 2(0)]1%,
= 2(—Asz(t), (1)) + (2qc + 28)[12(O)II% + lloa(- ¢, z(0)lI

(2.2) 5
< 2(=Asz(t), 2(6)) + (2qc + 28 + D)lz(O)IIF,,

(2.17)

(2.18)

where D,, D,, are the Fréchet derivatives of V(z). By Parseval’s
equality (see Muscat (2014, Proposition 10.29)), we have

(—Asz(t), 2(0)) = 202 (—Arz(t), ¢pn) (2(t), ¢n)

o0
2.1

=3 20 (219)

n=1
Substitution of (2.19) into (2.18) gives
LV(z(t)) 4+ 26V(z(t))

o0 =2

o

<2) (e 8+ L))

n= 1 (2.20)

2
ey zZ — +qc+5+7) ZX(t), t > 0.

n=1

To guarantee the mean-square L?> exponential stability with de-
cay rate § (see Chow (2007, Theorem 7.4.2)), it is sufficient to
control the first Ng modes in order to guarantee that along the
closed-loop system, £V(t) 4+ 25V(t) <0 for all t > 0.

Following Katz and Fridman (2020) and Selivanov and Fridman
(2019), we construct a N-dimensional observer of the form

N
£)=> ia(t)pn(x). N > No. (2.21)
n=1
where wy(t) (1 < n < N) satisfy
diy(t) = [( —hn + gc)wn(t) — bau(t)]dt
+1, {[Z@ £)+ y(Du(t)lde — dy(e)) (222)

ﬁ)(O)_O 1<n<N,

with y(t) satisfying (2.10) and scalar observer gains {ln}g:1
Introduce the notations

Ao = diag{—An + qc 10, Ag = diag{q,
Bo = [bi, ..., by,1", Bo = col{1, —By},
=¢(1),neN, C=I[c1,...,Cnl.

From Orlov (2017) we have ¢, = O(1), n — oo. By Katz and
Fridman (2020, Remark 3.3), we have ¢, # 0, Vn € N. Therefore,
the pair (A, Co) is observable by the Hautus lemma. Choose

- MK, AO}’
(2.23)
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l], ""lNO such that Ly = [l], e,
Lyapunov inequality:

Po(Ao + LoCo) + (Ao + LoCo)'P, < —25P,,

In, 1" satisfies the following

(2.24)

where 0 < P, € RNo*No_ Furthermore, we choose I, = 0, n > No.
By Karafyllis (2021, Lemma 2.1), the pair (Ag, Bg) is control-
lable. Let Ky € R™(Mo+1 satisfy

P:(Ag + BoKr) + (Ao + Bokt)'P. < —26P%,

where 0 < P, € RWNot1xNo+1),

(2.25)

Remark 2.3. Since in many applications one cannot a priori
know the noise intensity bound, here we design the observer
and controller gains obtained from (2.24) and (2.25) that are
independent of the noise intensity bound. To enlarge &;, we
can use state-feedback controller design in Section 3, where the
resulting gain is related to the state noise intensity and satisfies
(2.25).

We further propose a (Ny 4+ 1)-dimensional controller of the
form

v(t) = Krw™o(e), wMo(t) = g (O], (2.26)

[u(t)v ﬁ)l(t)v LR}

which is based on the N-dimensional observer (2.21).

2.1.2. Well-posedness of the closed-loop system

For the well-posedness we employ the following notations
WN(t) = [u(t), wa(t), ..., d(O]T, 11 = [1, Oren],
B] = [bN0+]7 RN bN]T7 B= COl{la _307 _B]]Ta
Al = dlag{_)"ﬂ + qc‘}lr\[{:]\]o_'.‘l’ A= dlag{AOa A]}a
C=[01x1, €1, ..., el Ki = [Kr, O1s(n—ng))-
L = col{01x1, Lo, On—ng)x1}-
Consider £(t) = col{@"N(t), w(-, £)} and W(t) = [Wa(t), Wi(t)].
Then system (2.9) and (2.22) subject to the control input (2.26)
can be presented as

(2.27)

d&(t) = [A&(t) + f(E(L))]dt + g(&(£))dw(t) (2.28)
with A = diag{A,, — A} where A, is given by (1.1) and

Ay = A+ BK; +IC,

fl&()) = [—ifol wx(x, O)dx,  gew(-, t) — (kg N (£) ]T,

g(&(t) = [gz(g(t)) gl(g( ))],

gi1(&@t) = Cfl~( w(-, t) + Y ()1 wN(t)),

£2(8(t)) = —Lo( t, fo wy(x, £)dx 4+ ¥ (1)1 DN(t)).

Let # = RN*1 x [?(0, 1) be a Hilbert space with norm || - ||3, =
[+ || . Take v = RN*! x H! (0 1) with norm || - ||, =
12+ - ||H1, and V' = RM*! x H7Y(0, 1). The duality scalar

product between V' and V is denoted by (-, -)y7y = (-, -)3. Then
A :V — V' is aclosed linear operator with domain D(.A) dense
in H. For any & = col{zi){", wi} € V, i = 1, 2, integrating by parts
and using the boundary conditions (2.9c), we have

[{(A&1, E2)v v| = Ifo

= |f0 [a(ﬂ auh)—
+ (WN)T(A + BK; + LC)@Y

< p*| [} wiwhdx] + q*| [ wiwpdx| + pF @ || @Y

< prlwillizlwsllie + g lwillzlwall2 + oy

<@+ g+ u)l&lviélv,

where the penultimate inequality is obtained by the Cauchy-
Schwarz inequality, ©* = ||A + BK; + LC|. Similarly, for any

—Aywy)wdx + (D)) A 0Y |

(x)wl]wzdx

(2.29)

Il 5|

Automatica 148 (2023) 110793

& = col{", w} € V, we have

(AE, &)y = (WV)T(A + BK;y + LO)wN
+f0[dx (x)Lw) — q(x )w]wdx

< —p. Jy (' Pdx + pr |

—pellwli?y + pallwl?, + p*dN §

—DlIEN + (Ps + 1)IIENS,-

For w;(-,t) € D(A;) almost surely, the application of Jensen’s
inequality implies

A

(2.30)

IA

IA

[ (2D 90200412 < (-, £) — wal-, )12, (231)
Besides, the Wirtinger’s inequality implies
lwa-, ) = wale, O1F < 5w, £) = wal-, O, (2.32)

Therefore, for any & = col{ﬁ){v, wi} € V,i= 1,2, from(2.2),(2.4),
(2.31) and (2.32), we can obtain

(&), &1)a + trigT(E1)g(E)) < (1 + 1E113),
IF(£2) — FENIZ, + trilg(62) — gENTIE(E) — g(61)])

< k2l — &3,

for some iy, i > 0, where tr{g(£1)g(&1)} = |g2(61)* +llg1(E0)1%
For any £(t) = col{@"(t), w(-, t)} € V, by (2.2), (2.4) and (2.30),
we have for some k3 > 0

(A&(t), E(f))w v+ (FEW), E(0) 5 + Strig"(E(0)g(E(D)}
= [y [Z(p(0) L w(x. £)) — qUeyw(x. Olw(x, t)dx
+ (N(t ))TAzw () — fi welx, O)AXLTDN(E)
+ fol [gew(x, t) + a(x)1; N (t) — b(x)K; N (£)]w(x, t)dx
+ 2l EOZ + (£
< =pallw( 012, — fy wlx, HAXITDV(E)
+ '“5622 | Jy walx, t)dx + w1 (o)
+res(flw(-, DI ?

(2.33)

(2.34)

+ 1@V,

By Young’s inequality with some €1, &, > 0, and (2.31), we obtain

— [l wlx, O)AXLTDN(E)
1w, ) 2
<3 I]Iw( Ol7, + 281| ol 1N(t )l (2.35)
| fo wx(x, t)dx 4 (1)1 N (t)l
< (1 +e)llw(-, O)I2, +(1+ )Ilﬂ(l)ﬂle(t)l
Substitution of (2.35) into (2. 34) gives
(AE(8), E(O)yr v + (FED)), E(E)a + 3tr{g"(E())g(5())

< —lp. — 9 = BER (4 gy w012,

) (2.36)
+ sa(llw(-, O, + [N ()]
—k*E@Z + ks E)II3,,
62
where k* = p, — 5—1 — 'LO‘Z 2(1+ &) and k4, k5 are some positive

constants. Choosmg &1, & sufficiently small, we obtain «* > 0
provided

02lLo| < +/2ps,

where p, is the lower bound of p(x).

(2.37)

Remark 2.4. Note that the closed-loop system (2.28) contains
a gradient-dependent noise with its intensity upper bounded by
a3]Lg| (see g, component of g). It is well known that for stochastic
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parabolic equations, gradient-dependent noise intensity should
not exceed a certain threshold set by the diffusion coefficient
(see Chow (2007, P. 89)). In order to guarantee the coercivity
condition (2.36) with «* > 0 for well-posedness, we therefore
assume (2.37). Even though condition (2.37) may limit the ob-
server gain design, violation of (2.37) (which leads to violation
of the coercivity condition (2.36) with x* > 0) may lead to an
ill-posed closed-loop system.

By arguments similar to (2.34)-(2.36), we obtain for any &; €
v,i=1,2,
2(A(&1 — &2), &1 — &2)vv + 2(f(51) — f(82), &1 — &2)m
+tr{lg(51) — g(&)I"[g(51) — g(&)1) < kell6r — &115,
with some constant kg > 0. Then by Chow (2007, Theorem 6.7.5),
for any initial value & € L?(£2; ) and & € D(A) almost surely,

(2.29), (2.30), (2.33), (2.36) and (2.38) guarantee that (2.28) has a
unique strong solution satisfying

£ el*(2;C(0,T; 1) NI*[0,T] x £2;V)
forany T > 0, and
E(t) = £(0) + [y [A&(s) + f(£(s))ds + [, &

almost surely, where the stochastic integral fo g(&(s))dw(s) is in
the sense of Itd type and a martingale. From the definition of a
strong solution in Liu (2005) (see Definition 1.3.3 therein), we
know that the strong solution &£(t) € D(A) almost surely and is
adapted to 7, t > 0.

(2.38)

$))dw(s),

2.1.3. Mean-square L? stability analysis

First, we introduce the following mean-square L? stability
definition for the closed-loop system (2.9) subject to control law
(2.22), (2.26).

Definition 2.1. The closed-loop system (2.9) with control law
(2.22), (2.26) is said to be mean-square L?> exponentially sta-
ble with a decay rate § > O if there exists My > 1 such
that for any given initial value w(-,0) e L?(£2;1%(0, 1)) and
w(-, 0) € D(A;) almost surely, the corresponding strong solution
u(t), w(-, t) satisfies the following inequality for t > 0:

E[u?(t) 4 w(-, )51 < Mo Ejw(-, 0)]1%, (2.39)

If (2.39) holds for the solutions to the closed-loop system (2.9)
subject to control law (2.22), (2.26), then due to (2.6), the solution
z(-, t) to the original system (2.1) with input u(t) determined by
(2.9a) satisfies

Ellz(-, 1) < Moe 'E|z%,, t > 0,

for some MO > 1.
Let

en(t) = wy(t) — wy(t), 1<n<N (2.40)

be the estimation error. The last term on the right-hand side of
(2.22) can be presented as

[Zc;wj +y(1

210 [ j{:qq

¢(t) = w(1, ) — chw,»(r)
j=1

N
= () + ) _cilei(t) + dy(0) + w(1u(t).

j=1

Ju(t)]dt — dy(t)

(O1de — o(t, £(O)dWa(0),
(241)
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Then from (2.15) and (2.22), the error system has the form

N
den(t) = [(—hn + qcJen(t) + LD _ciei(t) + £(6))]dt

yar (2.42)

+ o1.a(O)AWI(E) + lhoa(t, E(0))dWa(t), 1<n <N.
Denote
eho(t) = [eq(t), ..., eng(t)]", C1 = [CNgt1---» O],
eNNo(£) = [eng+1(t), - - -, en(t)], Lo = col{01x1, Lo},
WNNO(E) = [Wng41(E), - .., o (E)],
X(t) = col{iwMo(t), eMo(t), wNMNo(t), eNNo(t)},
Lo = col{—Lo, Lo, Oxn—Ng)x1}, K1 = [K1, O12N—Np)],

Ag + BokT —LgCo 0 —LyG

Fe 0 Ag+1gCo O LGy (243)

- —By Ky 0 Aq 0 ’

0 0 0 A

oNo(t) = [o11(t), ..., o1ng(OIT, 1 =[1, 015281,

N No(t) = [oy Ng1(t), - .., o N (O],

E(f) col{Ong+1)x1. 0NO(t), On—ng)x1. 0N MO ()},

= [y(1), Co, Co, C1, C1] € RIXENFD),

By (2.22), (2.26), (2.41), (2.42) and (2.43), we obtain the closed-
loop system

dX(t) = [EX(t) + Lo (£)]dt + Z(t)dwi(t)
+ Looa(t, £(t) + C1X(0))dWs(t), (2.44a)
dwn(t) = [(—An + qo)wa(t) — bprX(£)1dt
+ o1a(£)dWs(£), n > N. (2.44b)

For mean-square [? exponential stability of the closed-loop sys-
tem (2.44), we consider the Lyapunov function

Vie)=IX@lp+p Y w]

n=N+1

(2.45)

where 0 < P € RENHDXC@N+D) "5 - 0 is a scalar. Since u(0) = 0
and w,(t) =0, 1 <n < N, we have

V(0) < Amax(P)X(O)® + p Y w(0)
n=N+1
< max{Amax(P), p}lw(-, 0)]1%

(2.46)
Noting that @2 + €2 = (wy — e;)? + €2 > 0.5w?, we infer that

N

V() = Amin(P)U2(t) + Y (@2(t) + €x(t))]

n=1
[ee)
—l—prz

n=N+1
> min{2m2® p}2(6) + [Jw(-, O3], t = 0.

(2.47)

Remark 2.5. In Katz and Fridman (2020, 2021), the boundary or
point measurements were considered for the deterministic PDEs
with ¢, = 0(1), n — oo, where H! stability was required to
compensate ¢(t) defined in (2.41). In this paper, we consider the
Lyapunov function (2.45) with p large enough to compensate
Z(t) by using (2.60) in the Lyapunov analysis and study the
1? exponential stability, which is justified by the regularity of
solutions.
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By Parseval’s equality we present (2.45) as

V(t) = Va(t) — Va(t) + Va(w(-, 1)),
Vi(t) = IX(0)I3, Va(t) = plIX(6)?,
Vs(w(-, 1) = pllw(, O)IIF,,

I ONgpx1 INg I 0 0
ON—Ng)x1 O 0 IN-Ng NNl

(2.48)

Remark 2.6. Differently from Katz and Fridman (2020, 2021)
for the deterministic PDEs where the series in (2.45) was differ-
entiated term by term, here the Lyapunov function is presented
as (2.48) in order to make it suitable for application of the Itd’s
formula. Additionally, we use the nonlinear term in —£V5(t) (see
(2.49)) to compensate the nonlinear term in £Vi(t) (see (2.50))
by p > 0 large enough.

Calculating the generators £V;(t) and £V,(t) along stochastic
ODE (2.44a) (see Klebaner (2005, P. 149)) we have

LV1(8) 4+ 28V (t) = XT(6)[PF 4+ FTP + 28P1X(¢)
+ 2XT(t)PLo¢(t) + DT ()P 2(t)

+ o3(t, £(t) + C1X(t))LSPLo
(2.4) B (2.49)
< XT(t)[PF + F'P 4 28P + 6 2CTLIPLoC11X(t)

+ 2X"(6)[PLo + 67CTLIPLoJ¢(t)
+ ZT(t)PX(t) 4 65 L5PLos*(t)
and
LVo(t) + 28V5(t) = pXT(¢)ATIF + FTITT 4 28TT1)X(t)
+ 20X (t) + p ZT(OTTTX(t)
+ o2(t, £(t) + 1 X(t))LIIMLg
N
=P (=2hn+2qc + 20)w(t) + p| (1)

n=1
N
— ) _2wn(t)baKrX(t).

n=1
Recalling A, defined in (1.1), we can rewrite (2.7) subject to (2.26)
as
dw(t) = [—Ajw(t) + qew(t) —

+ o1, £ w(t) + Y(-)1X())dws (t),
where w(t) = w(-, t). Note that w(t) is a strong solution to (2.51)
satisfying (2.11) for any T > 0 (see Section 2.1.2). For function
V3(w(t)) defined in (2.48), by arguments similar to (2.18)-(2.20),
we have the following expression for generator £ of (2.51) (see
Chow (2007, P. 228)):

LV3(w(t)) = 2p(—Ayw(t), w(t))
+20qc w15 — 2p (Y (Ju(t), w(-, t))
+ pllor(-, & w(-, £) + Y (Ju(E)II%
<2p) (—hn+ q)wi(t) — 2p(P(Jo(t), w(-, 1))

n=1
+ 257 |w(t) + ¥ (Ju(t)]%

By Parseval’s equality (see Muscat (2014, Proposition 10.29)), we
have

(2.50)

(2.52)

W), wi, ) =Y (W), da) (W(-, £), Gdo(t)

n=1

o0
2.26
S wn(ObakrX(E),

n=1
||w(t)+1/f() u(t)lIZ, = X"(6)[B'B + [|blIR 17 11X(¢)

+Zzw,, t)ba1X(t +Zw

n=N+1 n=N+1

(2.53)
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where
B [BO Ny Ing 0 0 ]
B 0 0 Inong IN-ng T

By (2.52)-(2.53) we arrive at

LV3(w(t)) + 26V3(w(t))
< D P22 + 2qc + 28)wi(t)
n=1

—p)_2wa(t)bakrX(£) + p&7X " (OBTBX(1)

n=1

—i—po1 Z [w

n=N-+1

(2.54)

t) + 2wn(t)ba 1X(t) + b2 1X(1)]?].

Combination of (2.48), (2.49), (2.50) and (2.54) yields

LV(t)+28V(t) < XT(t)&1X(t) +
+2xT( t)[PLo + UZZCTILTPLO]{( )+

+ ZT(t)P — p)Z(1)
GFLIPLoC?(t)

+22p —dnt+qc+5+ 01) w2(t)
nN+1

—pZzwn(t)bnchX(r) + o} Z 2w (6)br1X(8),

n=1 n=N+1

(2.55)

where

Ey = PF + F'P + 26P + p5iB"B (2.56)
+ 63CILIPLoCt + pa2||blI3 17 1. )

Let aq, @y > 0. Applying Young's inequality we have

— D 2un(0)bakrX(r)

n=N+1
o0 o0 2

b
= Y a0+ Y a7 I I

n=N+1 n:N+1
[o]

b3
< Y ey Pwl(n) + Ao'is KX (62,
n=N+1 N+1

[o¢]

> 2bawa(6)1X(1)

n= N+1

< E Olzw

n=N-+1

(2.57)

— IIbIINIJIX(f)I

By substituting (2.57) into (2.55), we obtain

LV(t)+28V(t) < XT(t)(E1 + Z2)X(1)
+2XT(t)[P1Lo+ 2CTLIPLo1E(t) + 6Ly PLos (t)

+ Z 20T w?

n=N+1

(2.58)
26y 4+ ZT(t)P — p)X(t),

where

Yy = —hn +qc + 8+ 367 + FAV° + Za7,
plblZ,

- AR 2.59
Bri= oo Kifcr + =L =211 (2:59)
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As for ¢(t) given in (2.42),
Lemma 1.1 we get

N
- an(twn(n)z
an ]dé}'

by Young’s inequality and

22(t) = (w(1,¢t)

= (fy we(&, 1)

(2.60)
< llwx(- £) — an Ol
<1 Z dnwi(6)
n=N-+1
Then with notation
—27, 20 +26+62(1+ay)
9— Ann—z_)‘glzs_)\inl,nzl,
from the monotonicity of A, and (2.60), we arrive at
[o] o]
2 2
D 20Tawi(t) < —pbsr Y nwi(t) 261)
n=N+1 n=N+1
< —pOn P L3(t)
provided
Thni1 = —Angt +Gc + 8+ 367 + GANT + 262 <0, (262)

Let n(t) = col{X(t), ¢(t)}. From (2.55) and (2.61) we obtain
LV(£) +28V(t) < n'(t) Enontn(t)
(

+ZT(t)P — p)Z(t) < 0 (2.63)
if (2.62) and

oo . |FTirE Povaiciigilo 0

e * —pOy 1P +GZLEPLG ’ (2.64)

P < pl,

hold with & in (2.56) and &5 in (2.59). Summarizing, we arrive
at:

Theorem 2.1. Consider (2.9) with nonlinear noise function
o1(x, t, z) satisfying (2.2), control law (2.26), noisy boundary mea-
surement (2.10) with oy(t, z) satisfying (2.4), (2.37), and initial
value w(-, 0) € [*(£2,1%(0, 1)), w(-, 0) € D(A;) almost surely. Let
8 > 0 be a desired decay rate, Ny € N satisfy (2.16) and N € N
satisfy N > Ng. Assume that Ly and Kt are obtained from (2.24)
and (2.25), respectively. Let a1, az > 0 be subject to (2.62). If there
exist a matrix 0 < P € RCN+UX@N+Y gnd g scalar p > 0 such
that (2.64) hold, then the solution u(t), w(x, t) to (2.9) subject to
the control law (2.22), (2.26) is mean-square L* exponentially stable
and the corresponding observer w(x, t) given by (2.21) satisfies for
t>0

Elw(-, t) = (-, )17, < Moe  Eflw(-, 0)]1%, (2.65)

with some constant My > 1. Moreover, inequalities (2.62) and (2.64)
are always feasible for small enough 1, 65 and large enough N.

Proof. First, by employing Itd’s formula for e?tVi(t), i = 1,2
along stochastic ODE (2.44a) (see Klebaner (2005, Theorem 4.18)),
we have

eXtVi(t 0) + [y €25[LVi(s) + 28Vi(s)lds
+ fg ezf‘ssz( Pioo(s)dwn(s), i=1,2,
Py =P, P,=pI'L

(2.66)

Since w(t) is a strong solution to (2.51) satisfying (2.11) and X(t)
is a solution to stochastic ODE (2.44a), we have col{w(t), X(t)},
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t € [0,T], VT > 0 is a predictable process, and thus, an adapted
process (see Da Prato and Zabczyk (2014, P. 72)). Then q.w —
Y()KrX € ([0, T]; L%(0, 1)) is an integrable adapted process
and

M(t) = [y 010, s, wls) + Y(-)1X(s))dWi(s)

is a continuous [?-martingale (i.e., M(0) = 0, E|M(t)]*> < oo and
E(M(t)|Fs) = M(s) for all t > s > 0, see Chow (2007, P. 163)) in
12(0, 1). By employing It6’s formula for e**'V;(w(t)) along (2.51)
(see Chow (2007, Theorem 7.2.1)), we have
e?'V3(w(t)) = V3(w(0))

+ fo €1LV3(w(s)) + 28Vs(w(s))lds

+ [y €Dy Va(w(s)o1(-, s, wl-, s) + Y()IX(E)dWi (s).
Taking expectation on both sides of (2.66) and (2.67) and using
the definition V(t) = Vi(t) — Vo(t) + V3(w(t)) (see (2.48)), we
arrive at

e EV(t) = EV(0) +E [, e2[LV(s) + 28V(s)]ds

(2.63) (2.68)
< EV(0), t >0,

(2.67)

which implies EV(t) < e 2*EV(0), t > 0. Then (2.39) follows
from (2.46) and (2.47).

We show next the feasibility of (2.62) and (2.64) for large
enough N and small enough &1, 6. First, for given a1, @y > 0 and
small enough &1, (2.62) holds clearly for large enough N. Note
that [BiKr| < By || K7| < ”b“fz|KT|v ILoCil < Lo || C1] < |Lol -
O(+/N). By arguments of Theorem 3.3 in Katz and Fridman (2020),
we obtain that P € REN+DxCN+D which solves the Lyapunov
equation

P(F +81)+ (F+ 8I)'P = —31 (2.69)
satisfies ||P|| = O(1), uniformly in N.

Next, we estimate |[b||%. Since ¢n(x) = Al
[q(x)pn(x) — {p(x)¢,(x)}'], n > 1, by the definition of b, given
in (2.15), we have
Ibal = 271 fy W()X)gn(x) — {P(X)8} ()} 1dx (270)
= Kn‘l[f(; YX)pa(x)dx + [ px);(x)¥ (X)dx],

where the last equality is obtained from integration by parts and
¥(0) = ¢,(1) = 0. Since p,y € C*([0,1]), ¢ € C'([0,1]),
and [¢ullo,1; = O(1), lI¢}llo.1; = O(AS?) (see Orlov (2017) and
Petrovsky (1959, Sec. 23.2)), we obtain from (2.70) that there
exists a positive constant My, which is independent of n such that

|b,| < —*, n > 1. Using (1.3) and integral convergence test, we
have the followmg estimate

* M2 2M?

v v
IbII% < —+ < , N> 1.
! n:XN;—l )Ln p*nZN

(2.71)

Substituting &y = 0.5, = 1, p = N'%2,6; = 6, = N™'2, and
(2.69) into (2.64) and applying Schur complement, we find that
(2.64) hold iff

1 L{PLoC
—3l+ =B'B+ ¢
2N12|b 2 b
+ 55 I iy + 20 17y
(2.72)
(PLo+N~24cTLlPLo)LIP+N—24L PLoCy) <0
+ N1-20y_ 1ps—N=24LLPLg ’
P < N2
Since ||b||? satisfies (2.71), Ay;1 satisfies (1.3), |c1] = O(+/N),

IIP|| = O(1), ILg] = O(1), N — o0, (2.72) hold for large enough N.
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2.1.4. Linear noise

Here we consider the case of linear noise:
oi1(x,t,z) =01z, Y(x,t,z) € [0,1] x RT xR,
oy(t,z) = 62z, Y(t,z) € RY x R,
where &1, 0, are positive constants. In this case, the constraint
P < pl is not needed (see (2.75)). We have closed-loop system
(2.44) with

o1n(t) = o1[wn(t) + by 1X(1)], X(t) = 61GX(t),

(2.73)

O(Ng+1)x1 0 0 0 0
c— By Ny INg 0 0 (2.74)
ON-Ng)x1 O 0 0 0
By 0 0 InoNg  IN-Np

By constructing the Lyapunov function (2.48) and following ar-
guments similar to (2.49)-(2.63) and (2.66)-(2.68), we find that
if (2.62) and

JEO, =2,T; T
i ]+ 8, PLq +65C1LgPLy 0
~Lin -~— _ 2T s
* PON£1Px +305LoPLo

E} =PF +F"P +28P + 6{G'PG (2.75)

+ 63CILiPLoC1, E is defined in (2.59).

hold, the mean-square L? exponential stability of the closed-loop
system can be guaranteed. Moreover, (2.62) and (2.75) are always
feasible for small enough &1, 6, and large enough N. Differently
from the state-feedback case in Section 3.1.2, for the output-
feedback case with linear noise we prove the feasibility of LMIs
for small noise intensity o7;.

2.2. Polynomial dynamic extension

Following Katz and Fridman (2021), we employ the following
change of variables

w(x, t) = z(x, t) — xu(t). (2.76)
We treat u(t) as an additional state variable satisfying
u(t) = v(t), u(0) =0, (2.77)

where v is the new control input. Given v(t), u(t) can be cal-
culated by integrating (2.77). Note that (2.77) implies w(-,0) =
Zo(-). Then based on (2.1), (2.3), (2.76), and (2.77), we arrive at
the following equivalent systems

du(t) = v(t)dt, t >0, u(0) =0, (2.78a)
dw(x, t) = [ (p(x) Zw(x, 1)) + a(x)u(t)
+ (e — a(x))w(x, £) = biu(t)ld (2.78b)
+ o1(x, t, w(x, ) + b(x)u(t))dwWi(t), '
a(x) = p'(x) + x(gc — q(x)), b(x) = x,
w(0,t) =0, wy(1,t)=0, (2.78¢)
with the noisy boundary measurement output
dy(t) = [w(1, t) + u(t)]dt (2.79)

+ Gz(tv w(]7 t) + u(t))dW2(t), t=> O’

where o, satisfies (2.4), (2.37). Similar to the well-posedness
analysis in Section 2.1.2, we can prove also that for (2.78b)
with boundary conditions (2.78c) and initial value w(-,0) €
12(£2,12(0, 1)) and w(-, 0) € D(A;) almost surely, there exists a
unique strong solution w satisfying (2.11). Presenting the solution
to (2.78b)-(2.78c) as (2.12), we have wy(t), n > 1 satisfy

dwn(t) = [(=Xn + qc)wa(t) + aqu(t) — byu(t)]lde
+ o1a(0)dW(1), >0,
wn(o) = (w(v 0)7 ¢n>s
% (2.80)
o1a(t) = (o1(+ £, Y _wj(t)j + b(u(t)), én).

j=1
an = (a’ ¢n>! bn = (bv ¢Tl>
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Recall that p € C?([0, 1]) and q € C([0, 1]). Hence, the following
estimates on |a,| and |b,| hold (see Wang et al. (2022)):

My My
< <

jan < ML, 0 < |by| < M2,
where M; and M, are some positive constants which are inde-
pendent of n.

n>1, (2.81)

Remark 2.7. In the particular case p(x) = 1 and q(x) = 0, a,
and b, can be explicitly obtained by a, = (—1)”““%“, b, =
(=11 *A/—f with A, satisfying (1.4), meaning that (2.81) hold with
M; = +/2qc and M; = V2.

Let § > O be a desired decay rate and Ny € N be such that
(2.16) holds. Let N € N, N > Ny, where N, Ny are the dimensions
of observer and controller, respectively.

Construct a N-dimensional observer of the form (2.21) with
wp(t) satisfying

din(t) = [(—An + qe)wa(t) + ayu(t) — byu(t)dt
N
+ L{1)_giy(t) + u(t)ldt — dy(t)}, t >0,

j=1
wp(0)=0, T<n <N,

(2.82)

where y(t) is given by (2.79), {c,}N_, are defined in (2.23), {l,}N_,
are scalar observer gains.
Recall Ag, By, Co given in (2.23), and let

a =[a,..., GNO]T, Bo = COl{], —Bo},

< 2.
AO — [a(:) A(:)] c R(N0+1)><(N0+l)' ( 83)

Choose Iy, ..., Iy, such that Ly = [4, ..., INO]T satisfies the Lya-
punov inequality (2.24). Let I, = 0, n > Np. Since b, # 0 (see
(2.81)), the pair (Ao, By) is controllable. Let Kp € R™*No+1) satisfy
Pc(Ag + BoKp) + (Ao + BoKp)'Pc < —26P,, (2.84)

where 0 < P, € RMo+1xMNo+1) 'We propose a (Ng+1)-dimensional
controller of the form

v(t) = Kp™o(t),

where WMo(t) is defined in (2.26).
Consider the error system (2.40), (2.42). With notations (2.83),
we further denote

(2.85)

_ T _
a; = [any+1, .- .- an]', Kp = [Kp, O1x2n—Ng)]s
Ag + Bokp ~IgCo 0 —LpCy
= 0 Ag + LG 0 Ly C
F= 0+ loCo o1 || (2.86)
aj1g - BiKp 0 A 0
0 0 0o A

¢, = [1, Gy, Co, Gy, C1] € RIXEN+D),

By (2.42) with ¢(t) given in (2.41), (2.82), (2.85) and the notations
in (2.27), (2.43), (2.86), we have the closed-loop system

dX(t) = [FX(t) + Loc(t)]dt + X(t)dwi(t)
+ Looa(t, £(t) + CX(£))dWs(t), t >0,
dwy,(t) = [(=An + qc)wy(t) + a,1X(1)
— by KCpX(t)]dt + o n(t)dWy(t), n > N.

(2.87)

For stability analysis of the closed-loop system (2.87), we con-
sider the Lyapunov function (2.48). Using arguments similar to
(2.49)-(2.55), and applying Young’s inequality

p Y 2wn(t)an1X(0)

n=N+1 (2.88)

o 2
pllall
<az Yy pAPwi(t) + o7 IXOP,
n=N+1 3MN+1



P. Wang, R. Katz and E. Fridman

where a3 > 0, we obtain

LV(t) + 28V(t) < XT(t)(Eq + E2)X(¢)
+2XT(t)[P]L0 + 670 LyPLo1¢ (t) + 65 LgPLos (1) 289)
2(6) + ST(EXP — ph)Z(e). '

— _)"n + 0‘172‘("3)\‘2.75 +qc 484+ 1+D(2 ‘12’

1 :=PF +F"P 4 25P + p5?B"B + GZCT]LTP}LOCZ,

(2.90)

llal3
a3

— ﬂ(

LI
= 57 171 + —FKpKp)
N+1

(+a)od? IbIg 7
o)

+ 1.

Then with notation

agtos | 24c+28+67(14a)
2025 o )

0, =2 — n>1,

by using (2.60) we have

o0
Z 2pf‘nwﬁ(t) < —péN+1P*§2(f)

n=N+1

(2.91)

provided

Tt = —Ans1 + e + 8 + 367
+ 3OS + 267 < 0.
From (2.89) and (2.91) we arrive at
LV(t)+28V(t)
< 1"(O)Enomn(t) + ZT(E)P — p1)E(t) < 0

if (2.92) and

(2.92)

(2.93)

Ly +e2ciilpLg

B+ 5
2T <0,
* —p&N_Hp* +35LgPLo

(2.94)

hold, where 7(t) is given before (2.63) and £, &, are defined in
(2.90). By arguments similar to (2.66)-(2.68), feasibility of (2.92)
and (2.94) implies, by (2.93) that the solution u(t), w(x, t) to
(2.78) subject to the control law (2.82), (2.85) is mean-square L?
exponentially stable and the corresponding observer w(x, t) given
by (2.21) satisfies (2.65).

For the feasibility of inequalities (2.92) and (2.94) for large
enough N and small enough 64, 62, we need explicit upper bound
estimates for ||a||? and |[b||%. From (1.3), (2.81) and the integral
convergence test, we arrive at

21\/12
lal = Z @
n= N+1 (295)
b2 = Z b2 < > 1.
n=N+1

Then by arguments similar to the proof of Theorem 2.1, the
inequalities (2.92) and (2.94) are always feasible provided N is
large enough and o4, &, are small enough. Summarizing, we have:

Theorem 2.2.  Consider (2.78) with nonlinear noise function
o1(x, t, z) satisfying (2.2), control law (2.85), noisy boundary mea-
surement (2.79) with o,(t, z) satisfying (2.4), (2.37), and w(-,0) €
1*(£22,1%(0, 1)), w(-,0) € D(A;) almost surely. Let § > 0O be
a desired decay rate, Ny € N satisfy (2.16) and N € N satisfy
N > Ny. Assume that Ly and Kp are obtained from (2.24) and (2.84),
respectively. Let oy, oz, a3 > 0 be subject to (2.92). If there exist a
matrix 0 < P € REN+DX@N+Y gnd q scalar p > 0 such that (2.94)
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hold, then the solution u(t), w(x, t) to (2.78) subject to the control
law (2.82), (2.85) is mean-square L?> exponentially stable and the
corresponding observer w(x, t) given by (2.21) satisfies (2.65) with
some constant My > 1. Moreover, the inequalities (2.92) and (2.94)
are always feasible for small enough &1, 6, and large enough N.

Remark 2.8. For the case of linear noise where o7 and o, are
of the form (2.73), we have the closed-loop system (2.87) with
o1(t) and X(t) given by (2.74). By constructing the Lyapunov
function (2.48) and following arguments similar to (2.49)-(2.63)
and (2.66)-(2.68), we find that if (2.92) and
PLg +52cTilpLg
<0,

* —pp*9N+1 + 022LEP]L0

E¥ = PF +F'P + 25P + 62G"PG

+ G2CILIPLoC,, & is given in (2.90),

(2.96)

hold, the mean-square [? exponential stability of the closed-loop
system can be guaranteed. Moreover, (2.92) and (2.96) are always
feasible for small enough &1, 6, and large enough N.

3. State-feedback control

In this section, we consider (2.1) subject to (2.2) and the noisy
measurement of the full state. We consider the state-feedback
control for two reasons: (i). Constructive state-feedback design
has not been done yet; (ii). Our state-feedback LMI design is used
for finding the controller gains in the output-feedback case.

We consider the state-feedback control together with the two
kinds of dynamic extensions studied in Sections 2.1 and 2.2,
respectively. Let § > O be a desired decay rate and let Ng € N
satisfy (2.16). The state-feedback controller will be constructed
by using the first Np modes and the additional state variable u(t)
(see (2.8), (2.15) for the trigonometric extension and (2.77), (2.80)
for the polynomial one).

3.1. Trigonometric dynamic extension

We first consider the modal decomposition method with
trigonometric dynamic extension, which is based on the change
of variables (2.6) subject to (2.5) and leads to (2.7) with dynamic
extension (2.8) and w, subject to (2.15).

3.1.1. Nonlinear noise
For system (2.9), we consider the state-feedback controller of
the form

u(t) = Key(t), y(t) = X(t) + 52X ()sa(t),
X(t) = col{u(t), wy(t), ..., wny ()},
wn(t) = (U)(, t)7 d)n)a

where Ky € R*Mo+1 is the controller gain which will be obtained
from LMIs below, y(t) is the noisy measurement, 62X(t)g»(t) is
the multiplicative random perturbation to X(t) with 6 > 0
representing an upper bound on the noise intensity and ¢,(t) =
%O being a white noise process.

For well-posedness of the closed-loop system (2.9) subject
to the control input (3.1), we consider the state &(t) col
{u(t), w(-, t)} and W(t) = col{wW;(t), W»(t)} to obtain the follow-
ing stochastic evolution equation

d&(t) = [A5(t) + f(E(E))IdE + g(&(6)dw(t), (3:2)

with A = diag{A,, —A1} where A, is given by (1.1), A, = qc — u,
and

(3.1)

FEO) = [gent0 1+ 00 ]KT[col« (.0) Lm)}',fﬂl ]
g(&(t)) = [g(&(t )) S(E(0)],

G1EM) = [0t e w04 pouey |-

CACOIELA I < FR
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Define spaces #, V and V' as in Section 2.1.2 with N + 1 therein
replaced by 1. Then A : Vv — V' is a closed linear operator with
domain D(A) dense in H. For &, &, € V, integrating by parts and
using the boundary conditions w(0,t) = wy(1,t) = 0, we can
check that there exist constants « > 0, 8 > 0 and y such that

[{(A&1, E2)v vl < all&iliviiSiiv,
(A&, Evy < —BlES + v IE5,

For any &1,& € #H, from (2.2) we can check that there exist
positive constants k1, k, such that (2.33) is satisfied. Then by
Chow (2007, Theorem 6.7.4), for any initial value & e [*(£2; )
and & € D(A) almost surely, (3.2) has a unique strong solution
£ € [2(2; C([0, T]; 1)) NL2([0, T] x £2; V) such that £(t) € D(A),
0 <t < T, almost surely and is adapted to F;, t > 0. Thus, we
can present the solution as (2.13) with wj, satisfying (2.15).

With notations Ay, By defined in (2.23) and XM
[0, o1.4(8), ..., aLNO(t)]T, from (2.8), (2.15), and (3.1) we have the
following closed-loop system:

dX(t) = [Ao + BoKr1X(t)dt + ZNo(t)dwi (t)
+ G2BoKX(£)dWs(t), ¢ > 0,
dwn(t) = [(—An + qc)wn(t) — bpKeX(£)]de
+ o1.a(t)dWs(t) — Gabp KX (£)dWa(t), 1 > No.

(3.3)

For the mean-square L[> exponential stability of the closed-loop
system (3.3), we consider the Lyapunov function

[e°]
S 2
XOh+p Y wi

n=Np+1
S 2
= IX(t)lp

V() =
_n=n (3.4)
= pllX(t)" + pllw(-,
Io = [Ongx1, Ing]-

Using arguments similar to (2.49)-(2.55), we have

LV(t) 4 28V(t) < XT(t)@Noan((t)

Z 20w (t) <0

n=Ng+1

O,

+XT(t)P — p)X

provided

= —ANos1 + e +8 + 367

14075 o
+ )‘N0+l+ 61 <0

TN0+1

and

Onon, =1+ 60, <0, P <pl

hold, where

@1 = P(Ag + BoKr) + (Ao + BoKr)'P
+ 28P + pG BBy,

PR

)‘0 75

G, = I<T1<T+)0(712(] + — )Hb”NOIlTJlo (3.8)

+ 0221<TBT1315'01<T + po. ||b||§,01<TT Kr,
Bo = [Bo, Ing], 1o = [1, O1xnpl-

Then by arguments similar to (2.66)-(2.68), feasibility of (3.6) and
(3.7) implies, by (3.5) the mean-square L? exponential stability of
the closed-loop system (3.3). ~

To obtain equivalent LMIs for the design of the gain Ky, we
multiply Oon. from the left and right by P~!. Then, introducing
the notations

Q=P Y=P 'K =QK], p=p" (3.9)
and applying Schur complement, we find that (3.7) hold iff
pl <Q (3.10)
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and

5 08T 5017
1, ‘ Y 5108)  5Q1]
] 1y

GYBl Gy :| -0
)

Xr, =A0Q + QAJ + BoY" + YB{ +25Q, (3.11)
_ diagl P Mot o ap /3 ]
Xr, _d'ag{ iz, Pl e, & i 1

hold. If (3.10) and (3.11) are feasible, the controller gain is ob-
tained by Kr = YTQ ..

We show next that inequalities (3.6) and (3.7) are always
feasible for small enough &1, 5, > 0 and large enough Np. Fix Ny
such that (2.16) holds with Ng replaced by No. Then fix ay, a3 > 0
and let Ny > Ny such that (3.6) holds. We can rewrite Ay and B
as

Ao = diag{AOu»;\Os}a Eo = COI{BOu, EOs},

such that Ags € RMNo+1-No)x(No+1-No) js Hurwitz. Let K; be of the
form

Kr = [Kr. Oy (ny 1 1-fy)] € RVMOFD (3.12)

We have [[KIKr|| = O(1), Ny — oo. Then
~ =~ [Aou+Boukr 0
AO + BOKT - [ BOSRT AOsil '

Since the pair (AO,BO) is controllable and {b,};2, € £2(N), we
can obtain from Katz and Fridman (2020, Theorem 3.1) that the
solution 0 < P € RMot+DxNo+1) ¢

P(Ag + BoKt + 8I) + (Ao + BoKr + 81)'P = —I

satisfies ||P|| 0O(1) uniformly in Ny. Choose p N(J,/ and
61 =0, =N, ", 0 <y < 1. Substituting P, p and &, back into
(3.7) we arrive at

Ng IIbIR K Ky

~I+ N, " BBy + PR + Ny " lIb13 Kf Kr
No+

+N, " (1+
P < NI,

)bl 1510 + N=2 KIBIPBoKr < O,

where Ay, satisfies (1.3) and ||b||N satisfies (2.71). Taking Ng —
oo we get the feasibility. Summarlzlng, we have:

Proposition 3.1. Consider (2.9) with nonlinear noise function
o1(x, t,z) satisfying (2.2), state-feedback controller (3.1), and
w(-, 0) € 1?(£2, L*(0, 1)), w(-, 0) € D(A;) almost surely. Let § > 0
be a desired decay rate and Ny € N satisfy (2.16). Let a1, > 0
subject to (3.6) and there exist matrices 0 < Q € RMNo+Dx(MNo+1)
Y € RMo+Ux1 "and a scalar p > 0 such that LMIs (3.10) and (3.11)
hold. Then the solution u(t), w(x,t) to (2.9) subject to nonlinear
noise function o(x, t, z) satisfying (2.2) and the control law (3.1)
with controller gain Kr = Y'Q ™! is mean-square L> exponentially
stable. Moreover, (3.6) and (3.7) are always feasible for small enough
5’1, 62 and 1/N0

3.1.2. Linear noise
For the case of linear noise with o in the form (2.73), we have
the closed-loop system (3.3) with

01><1

INo(t) = 61GoX(t), Go =
al,n(t) = o1[wy(t) + bn]lox( )]!

where 1 is defined in (3.8). Consider the Lyapunov function (3.4).
Similar to the estimate (3.5), we have £V(t)+28V(t) < 0 provided
(3.6) and

P(Ao + BoKt) + (Ag + BoK7)TP + 25P
+62GyPGy + @, < 0,

01xNy
IN0 ’

(3.13)

(3.14)
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hold, where ®, is defined in (3.8). Since we do not need the
condition P < pl, we take p as the tuning parameter and «q,
o, as the variables. By introducing notations

Q=P Y =P K] = QK{,

and applying Schur complement, we find that (3.14) holds iff

* 5. 0CT 5. vBl 5
X Y 51QG, a7YB oY
Ty ‘ 0 0
|: ] <0,

(3.15)

61Q11-5 &1Q1-5

_ XTZ

X = AoQ + QAT + BoYT + YB + 25Q, (3.16)
PR a“‘?\lgil 1 ay 1
X, = dlag{ PIBI, Q. PIBIR, ” PIBIR, Q PIBIR, }

If (3.6) and (3.16) are feasible, the control gain is obtained by
Kr=Y'Q~". _ 3

The triple (A + 81, 61Gy, Bp) is called stabilizable if there exists
Kr € R*MotD and a (Ng + 1) x (No + 1) matrix P > 0 that satisfy
the generalized Lyapunov equation (see Damm (2004, Definition
1.7.1))

P(Ag + BoKr + 8I) + (Ag + BoKy + 8I)'P
~2T (3.17)
+67GyPGy = —

Note that the controllability of (;\o, E’o) does not imply stabiliz-
ability of (Ag + 81, 561Gy, Bg) for any o1 (see Damm (2004, P. 24)).
Little is known about the conditions that guarantee the existence
of P > 0 that satisfies (3.17) (Zhang & Chen, 2012). However,
if the triple (Ag + 81, 61Go, Bp) is stabilizable for a certain noise
intensity o, then we claim that inequalities (3.6) and (3.14) are
feasible for small enough measurement noise a;. Fix o7 and a5
such that (3.6) holds. Substituting (3.17) into (3.14), we find that
(3.14) holds iff
PIBIR, K Ry

0.75
1N

—I+ p(1+ )Gt IIbIR, 1510

(3.18)
~ 25 TrRT 2
+0; KT [BOPBO + p||b||NOI]KT < 0.

The latter clearly holds for small enough p and o5. In addition,
increasing the dimension of the controller (3.1) does not deterio-
rate the performance of the resulting closed-loop system. Indeed,
let K7 be obtained from the LMIs, Considering (3.1) with Ky and
Ny replaced by [Kr, 0] and No + 1, we have the controller v(t)
unchanged, which implies that the resulting closed-loop system
for t > 0 is still presented as (3.3). The same Lyapunov function
(3.4) leads to LMIs (3.6) and (3.16). Summarizing, we arrive at:

Proposition 3.2.  Consider (2.9) with linear noise perturbation
(2.73), state-feedback controller (3.1), and w(-, 0) € L*(£2, L*(0, 1)),
w(-, 0) € D(Ay) almost surely. Let § > 0 be a desired decay rate and
No € N satisfy (2.16). Let p > 0 be given and there exist matrices
0 < Q € RWNotDxWNo+1) 'y ¢ RMNo+DX1 gnd scalars aq, 5 > 0
such that LMIs (3.6) and (3.16) hold. Then the solution u(t), w(x, t)
to (2.9) with linear noise (2 73) subject to the control law (3.1) with
controller gain Kr = YTQ ' is mean- square L2 _exponentially stable.
Moreover, for given &1 such that the triple (Ag + 41, 0160,30) is
stabilizable, the LMIs (3.6) and (3.16) are always feasible for small
enough o, and p. In addition, if (3.6) and (3.16) hold, the increasing
dimension of the controller does not deteriorate the performance of
the resulting closed-loop system.

3.2. Polynomial dynamic extension

We proceed with the state-feedback control for system (2.78)
using polynomial dynamic extension defined by change of vari-
ables (2.76) with dynamic extension (2.77), and leading to the
ODE:s for wy, given by (2.80).
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3.2.1. Nonlinear noise

For system (2.77), (2.80), we consider the state-feedback con-
troller of the form (3.1) with Kr replaced by Kp. With the notations
Ao, By given in (2.83) and TN = [0, o(t), . . ., o, (£)]", we have
the following closed-loop system:

dX(t) = [Ag + BoKplX(t)dt + ZNo(t)dw(t)
+ 52BoKpX (£)dWs(t), t > 0,
dwy(t) = [(—An + CIC)wn( )+ anlox(t) (3.19)

—b KPX( ) 1dt + o1.a(E)dWV4 (8)
— UzanpX(t)dWZ(t), n > Np,

For the mean-square L% exponential stability of (3.19), consider
the Lyapunov function (3.4). By arguments similar to (2.49)-
(2.55), we have

LV(t) +28V(t) < X"(£)Onom X(t)

0+ Y 2pThwie

n=Np+1

(3.20)

+XT(t)P — p)XE )<0

provided
= —ANgs1+ e +8 + 567

a1+a3 0.75
+ )‘N0+1 + —01 <0

T (3.21)

and

OnonL = @1+ G, <0, P < pl,

©1 = P(Ag + BoKp) + (Ag + BoKp)'P
+28P + p&fBTBO

2 = pai(1+ )bl 1920 (3.22)

la HN

p o 1T

R e e
o

1B, ~o~
a”o KTKp)
+ G2KIByPBoKp + p&. ||b||N01<T1<p,

where By and 1, are defined in (3.8). Feasibility of (3.20) guar-
antees the mean-square L? exponential stability of the solution
u(t), w(x, t) to (2.78) subject to the state-feedback controller (3.1)
with Kr replaced by Kp. By introducing the notations (3.9) with
Kt replaced by Kp and applying Schur complement, we find that
(3.22) hold iff

ol <Q,

|: %, ‘ i} v GYB) &Y -0
* ‘ ’

Xp, =A0Q + QAj + BoY" + YBj +25Q,

=di
) lag{

Moreover, the inequalities (3.21) and (3.22) are always feasible
for small enough 1, 65 > 0 and 1/Np.

51Q8) 5101

~Xp.

2

(3.23)
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3.2.2. Linear noise

For the case of linear noise perturbation with o in the form
(2.73), we have the closed-loop system (3.19) with X™No(t) and
o1.q(t) given in (3.13). By arguments similar to (3.20), we have
that if (3.21) and

P(Ag + BoKp) + (Ao + Bokp)'P + 28P (324)
+62GyPGy + &, < 0, :
hold, where &, is defined in (3.22), the mean-square L? expo-
nential stability of the closed-loop system can be guaranteed. By
introducing notations (3.15) with Kt replaced by Kp and applying
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Table 1
Nonlinear noise: &, for state-feedback control with &, €

No € {2, 4,6, 8,10, 12}: P-DE vs. T-DE.

{0.1,0.2} and
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Table 3
& for observer-based control with Ny =2 and N € {4, 6, 8, 10, 12}: T-DE vs.

max

P-DE.

No 2 4 6 8 10 12
o, =0.1: T-DE 2.793 3.439 3.579 3.623 3.640 3.647
oy = 0.1: P-DE 2.438 3.065 3.231 3.287 3.309 3.318
g, = 0.2: T-DE 2.146 2.452 2.483 2.490 2.492 2.493
o, = 0.2: P-DE 1.714 1.949 1.976 1.982 1.984 1.985
Table 2
Linear noise: &,}mx for state-feedback control with Ny € {1, 2, 3,4, 5, 6}.
5 No
1 2 3 4 5 6
0.1 5.67 10.54 15.15 19.68 24.18 28.66
1 5.51 10.45 15.09 19.63 24.14 28.63
10 3.52 9.55 14.48 19.17 23.77 28.31
Schur complement, we find that (3.24) holds iff
Xr’;l ‘ Y 51060 511y d101) @il 5vB) Gy <0
* ‘ —Xl’; ’
2
Xy, =A0Q + QA + BoY' + VB + 25Q, (3.25)
0. 0.
o —di g{“l*NJEA 1 o %Mo 1 }
P, :

bIZ T plbl% plblZ T opllal T pllblF
PR, " PIbIRy " PIBIR " pllalR T pIbIR

If (3.21) and (3.25) are feasible, the control gain is obtained by
Kp YTQ 1. For given 6; > O such that the triple (Ag +
81, 31Go, By) is stabilizable, the feasibility of (3.21) and (3.24) for
small enough 65 and p follows directly from the analysis above
Proposition 3.2.

4. Numerical example

In this section, to illustrate the effectiveness of the proposed
design method, we consider a 1D rod of length 1 whose one end is
maintained at 0° and another end is controlled by the heat flow.
Assume that there is an exothermic reaction taking place inside
the rod. Then the temperature (denoted by z(x, t)) in the rod is
modeled as (2.1) with p(x) = 1, q(x) = 0 (see, e.g., Haussmann
(1978) and Wu and Zhang (2020)), where q. depends on the rate
of reaction and the stochastic term o(t, x, z(x, t))dW;(t) is due to
the random parameter variation of the reaction term q.z(x, t). We
consider q. = 6, which results in an unstable open-loop system
in the sense of mean-square stability for any noise intensity.

We start with the boundary state-feedback control studied in
Section 3. First, we measure the temperature at the controlled
end with the measurement noise intensity bound 6, = 0.1 and
0.2, respectively. Take @y = a3 = 1, @y = 5 and § = 0.001.
The LMIs (3.10), (3.11) (via trigonometric dynamic extension (T-
DE)) and (3.23) (via polynomial dynamic extension (P-DE)) were
verified, respectively, for different values of Ny to obtain 5,1, (the
maximal value of 1) which preserves the feasibility. The results
are given in Table 1. From Table 1, we can see that the method
via T-DE always allows larger 6., than the method via P-DE.

For linear state-dependent noise with deterministic measure-
ment (i.e., 6o = 0), we choose p 0.1 and decay rate § €
{0.1, 1, 10}. The LMIs (3.6), (3.16) (via T-DE) and (3.21), (3.25)
(via P-DE) were verified, respectively, for different values of Ny to
obtain &}, which preserves the feasibility. The obtained values
for T-DE and P-DE are the same and given in Table 2. Compared
with Liang and Wu (2022), the merits of our method are that (i)
we can manage with any decay rate; (ii) our controller depends
on the first Ny “relatively unstable” modes; (iii) our method is
robust with respect to delays.

For simulations of closed-loop system (2.9) subject to state-
feedback control (3.1) and closed-loop system (2.78) subject to
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N Controller gains (4.2) Controller gains (4.1)
T-DE P-DE T-DE P-DE

4 0.734 0.586 0.921 0.825

6 0.823 0.655 0.966 0.881

8 0.839 0.675 0.979 0.904

10 0.846 0.686 0.986 0918

12 0.850 0.693 0.990 0.927

state-feedback control (3.1) with Kr replaced by Kp, choose initial
condition w(x, 0) = x — 0.5x?, o4(x, t,z) = &, sinz and &5 = 0.1.
Clearly, (2.2) is satisfied. Take Ng = 2. From Table 1 we have
Gmax = 2.793 for T-DE and &}, = 2.438 for P-DE, respectively.

The controller gains Kr (obtained from (3.11)) and Kp (obtained
from (3.23)) are given by

Kr = [40.7622, —413.1891, 40.0737),
Kp = [—271.9261, —405.8638, 38.3947].

By using the FICS (Forward Time Centered Space)
finite-difference scheme and Euler-Maruyama method (see
Higham (2001)) with time step 0.001 and space step 0.05, the
evolutions of E[u?(t) + ||w(-, t)||fz] and a surface plot of the
solution Ew(x, t) are given in Fig. 1 for the T-DE and in Fig. 2 for
the P-DE (here and in the following simulations, E means taking
average over 500 sample trajectories). The simulation results
confirm our theoretical results. In simulations, stability of the
closed-loop system with the same given gains is preserved up
to 6,0, = 40 (for T-DE) and &,,,, = 37 (for P-DE), respectively,
which may illustrate some conservatism of our method.

We next consider the boundary observer-based control. Con-
sider § = 10, which results in Ny > 1 by (2.16). Take Ny = 2. The
observer gain Ly and controller gains are found from (2.24) and

given by

Ly = [—11.3738, —5.2525]T,
Kr =[81.370, —641.700, 5.522],
Kp = [—249.394, —383.730, 20.592].

We choose the controller gains obtained in the state-feedback
case (4.1), i.e.,, Kt Kr, Kp = Kp. Take o o3 0.7,
o, = 6. For the deterministic measurement (i.e., 6, = 0) the LMIs
(2.64) and (2.94) were verified, respectively, with § = 10~ and
gains (4.1), (4.2) for different values of N to obtain 6r},ax which
preserves the feasibility. The results are given in Table 3. For
the noisy measurement with o, 0.1, with the observer gain
(4.2), we find that (2.37) holds. Then the LMIs (2.64) and (2.94)
were verified, respectively, for different values of N to obtain 5,1,
which preserves the feasibility. The results are given in Table 3.
From Table 3, we can see that the method via T-DE always allows
larger 6, than the method via P-DE and the state-feedback
controller designs allow larger noise than the controller design
(2.25) that used in Katz and Fridman (2020, 2021).

For simulations of the closed-loop system with Ny =2, N =4
and o4(t,x,z) = o&ysinz, oy(t,z) = 05z, we have that (2.2)
and (2.4) are satisfied. Taking 6, = 0.1, from Table 3 we have
the upper bounds of &; are 0.921 for the T-DE and 0.825 for
the P-DE, respectively. We fix the initial condition w(x, 0)
x — 0.5x>. The evolutions of E[u*(t) + [lw(:, t)|%,] and a surface
plot of the solution Ew(x, t) are given in Fig. 3 for the T-DE
and in Fig. 4 for the P-DE. The numerical simulations validate
the theoretical results. In simulations, stability of the closed-loop
system is preserved up to &, . = 28 for the T-DE and 5}, = 27
for the P-DE, respectively, that may illustrate the conservatism of
our LMI-based conditions.

(4.1)

(4.2)
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Blu(t) + [[w(, D)F:] VS ¢

Blu?(t) + [lw(-, £)[13.]

Fig. 1. State-feedback control via T-DE:

0.5

B0 + D3] VS (a0

0.6

0.7

E[u?(t) + lw(-, )I%] vs. t and Ew(x, t) vs. (x, t).

0.1

Fig. 2. State-feedback control via P-DE: E[u?(t) + ||w(-, t)||fz] vs. t and Ew(x, t) vs. (x, t).

0.2 0.3 0.4 0.5
t

B?(®) + [wi t)lI7.] VS t

0.6

0.7

Fig. 3. Observer-based control via T-DE: E[u?(t) + ||w(-, t)||f2] vs. t and Ew(x, t) vs. (x, t).

t

ER2() + (- )]:] VS (@,1)

0.8

E[u?(#) + [lw( £)[17.]

Fig. 4. Observer-based control P-DE: E[t2(t) + lw(-, t)l|%] vs. t and Ew(x, t) vs. (x, ).

t

0.8

Ew(z, t)

Euw(z,t)

14

Euw(z,t) VS (z,t)

0.4
0.6 0.8

Ew(z,t) VS (z,t)

Euw(z,t) VS (z,t)

Ew(z,t) VS (z,t)
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5. Conclusions

This paper presented the first LMI-based method for finite-
dimensional observer-based and state-feedback boundary con-
trol for stochastic parabolic PDEs via the modal decomposition
method. Our Lyapunov stability analysis results in constructive
LMI conditions for finding the dimension of observers. The LMIs
are accompanied by rigorous feasibility guarantees. The pre-
sented method can be extended in the future to various control
problems for stochastic PDEs.
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